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Issues in Neural Computation

Outline

? Basic issuesin computations by real neurons

? Computers and the Theory of Computation

? Arti¯cial neural networks and their computational abilities

? Summary and future trends
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Issues in Neural Computation

I. Issues in Comput ation by Real Neur ons
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The Neur on

Structures:
cell body, axon, dendrite, spines

Synapses:
excitatory, inhibitory

Synapses onto:
cell body, dendrite trunk, spine
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Neural Connections

? Synapsesare the main
gateway for communication
between neurons

? Signals
between neurons at synapses
can be altered by experience

? Approximately 1012 neurons
and 1015 synapsesin humans

? Input to
a neuron is analog and output
is discrete (¯res yes/no)
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Synaptic Comput ation

Possible synaptic arrangemen ts subserving logic operations

e - excitatory
i - inhibitory

A - e2 and not (i1 or i2)

B - (right branch)
e5 and not (i5 or i7)
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Neural Cir cuits - Model Retina

Observ ation: The complexity
of neural computation
is due to both the complexity
of individual neurons,and to
the interaction of many neurons
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Neural Comput ation - Center Surr ound

Receptiv e ¯eld Cen ter surround cell

Each neuronreceivesinput from re-
stricted ¯eld

Neuron respondsstrongly to
bright center/dark surround
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Neural Comput ation - Orient ation

Input from center surround cells aligned in speci¯c orientation yields
orientational response
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Neural Comput ation - Direction

Motion in null direction inhibits neural ¯ring
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Brain Modularity - Visual Areas

? Vision
(e.g. object recognition)
is the result of
many parallel streamsof
information processing,
¯nally yielding
a single uni¯ed percept

? Bottom-up
and Top-down
interactions abound
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Levels of Description

Functional understanding
of computational
processesis facilitated
by understanding
the level of analysis

But, keep
in mind, that high-level
of feedback rendersclear
level picture problematic
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Learning in Neural Systems

Learning: A systemlearnsa task from experienceif its
performanceat the task improveswith experience

Wh y is learning essential? It is impossible to pre-specify all possible
environments. Adaptivit y in the face of change is essential.

Observ ation The behavior of neural networks dependson how neurons
in°uence each other

This in°uence is mediated through the synapsesbetween
the neurons

Learning It is widely believed that learning takesplace through the
modi¯cation of synaptic strengths

Learning may also occur through the addition and attri-
tion of neurons and synapses
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I I. Computers and Comput ation
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The Central Pr ocessing Unit

b b
u u
s s

Data 

bus

Adress

bus

ALU

Instruction

decoder

Accumulator

Prog. counter

Instruction

register

Timing and control

Input

lineslines

Control

Temporary
register

Basic op erations:
? Fetch, decode, and execute
program instrucstions
? Transfer data to and from
memory
? Transfer data to and from
input/output sections
? Respond to external interrupts
? Provide overall timing and
control signals

ALU: Arithmetic/Logic unit

Add, shift, compare, increment, decrement, logical operations, clear, preset
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Logic Gates

NOT AND OR

0 1 0 0 0 0 0 0

1 0 0 1 0 0 1 1

1 0 0 1 0 1

1 1 1 1 1 1
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More Complex Logic

X OR Using (NOT,AND, OR)

0 0 0 (A ^ (» B )) _ ((» A) ^ B )

0 1 1 ^ - and

1 0 1 _ - or

1 1 0 » - not
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Comput ation by Logic Gates

Binary addition: Including carry-in and carry-out bits

Adding n-bit num bers Becauseof carry-in and carry-out lines,
can be usedto add n-bit numbers
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Some Coarse Comparisons

Brain Computer

Computational unit Neuron/Synapse Logical Gate

# Comp. units 1012=1015 107

# connections 1015 108

Time scale 10¡ 3 seconds 10¡ 9 seconds

Storage 1016 bits 1010 bits

Arithmetic operations 1017/sec. 1012/sec.

Note: Comparison with a single microcomputer

Caveat: Architectures are very di®erent. Comparisonsshould be
taken with a (large) grain of salt
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Some Future Estima tes

Brain Computer

Computational unit Neuron/Synapse Logical Gate

# Comp. units 1012=1015 109

# connections 1015 1010

Time scale 10¡ 3 seconds 10¡ 10 seconds

Storage 1016 bits 1011 bits

Arithmetic operations 1017/sec. 1013/sec.
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Conceptual Differences

Brain Computer

Evolved Designedfor computation

Many special purposemodules Mostly generalpurpose

Highly inter-connectedlocally Sparselyinterconnected(bus)

Highly modular Modular

Adaptiv e (learning) Program ¯xed

Processing& memory combined Processing& memory separate

No central clock Global clock cycle

Interacting with environment Passive (input/output)
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Major Issues

Computation What typesof computations can be performed by
networks? E±ciency issuescrucial.

Represen tation The optimal type of representation dependson the
problem at hand (e.g., think of multiplication using Roman
numerals).

Learning Given data, how do we e±ciently construct a network and
determine its parameters?
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Comput ation

Function A mapping between elements of
oneset (the domain) to thoseof an-
other set (the range)

Computable function A function speci¯ed by a rule, so
that for any input, the output can
be computed in a ¯nite amount of
time

Noncomputable function No such rule can be given (e.g., a
random association)
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Comput ation

A physical system computes a function f when:

? The system possessa set of internal states

? Given an input x from a domain X , the system performs a
sequenceof movesand outputs a quantit y y belonging to the
range of the function Y

? The system provides an output after a ¯nite amount of time
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I I I. Neural Netw orks
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Ar tificial Neural Netw ork Resear ch

Ob jectiv e: Study simpli¯ed models of real neurons,networks and
modules

Motiv ation: Understand by synthesis and mathematical analysis

Broad divisions:

Computational Neuroscience Model speci¯c biological
systems(e.g., retina)

Cognitiv e and psychological mo deling High-level modeling.

Mathematics and Engineering Theoretical advantagesand
limitations
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Ar tificial Neural Netw ork Resear ch

Keep in mind:

Any model contains simpli¯cations. The level of simpli¯-
cation shouldbe tailored to the problem oneis interested
in.

Everything should be made as simple as possible, but
not simpler (Einstein)
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Comput ation by Neural Netw orks - A Brief Histor y

1943 McCulloch-Pitts (neural network as ¯nite state machines)

1949 Hebb (local learning rule)

1958 Rosenblatt (learning by a single neuron)

1969 Minsky and Papert (limitations of simple schemes)

1982 Hop¯eld (associative memory and analog computation)

1986 Rumelhart et al. (learning in complex networks)

1989 Cybenko (universal approximation)

1991 Siegelmanand Sontag (networks as universal computing
devices)
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Neural Netw orks as Directed Graphs

Input

Output

Internal

Directed graph
G = (V; E)
V -nodes
E µ V £ V- edges.

Cycle Sequence(v1; : : : ; vn ) s.t. (vi ; vi +1 ) 2 E and (vn ; v1) 2 E .

Directed acyclic graph No cycles
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Netw ork Definitions

Input

Output

Internal

No de t yp es Digital and analog

Input nodes no in-coming edges

In ternal nodes both in-coming and out-going edges

Output nodes no out-going nodes

Fan-in Number of connectionsleading into node

Fan-out Number of connectionsleading out of node
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Feedf or ward netw orks

Feedforw ard net work Directed acyclic graph

0
1

1

2

2

3

Input

Internal

Output 

Size Number of gates(excluding inputs)

Depth Max. number of directed edgesbetweenany two
gates

Layers All nodesat the samedepth from input
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Layered Feedf or ward Netw ork

Observ e: One can always view a directed acyclic graph as a
multi-la yered network

0
1

1

2

2

3
3

DAG

Layered Network
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Dynamics

Up date: Each node updates its state basedon current input and
producesand output

General graph Dynamical system - complex behavior

DA G Simple behavior. Convergenceafter number of stepsequal to
depth .

Up date mo des:

Parallel: Nodes in each layer update their state sim ultaneously
(at tick of a clock)

Sequential: Nodes in each layer update their state indep enden tly
in time
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Distinctions of Ar tificial Neural Netw orks

? Parallel processing

? Large fan-in

? Simple processors

? Programming ´ Learning

? Neural Networks o®era physical realization of the abstract
theory of computation (seebelow)
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Activ ation Functions

Activ ation: Each node a®ectsother nodes proportionally to
the strength of its weights

qi (n) activation of neuron i at time n

wij strength of connectionbetweennode iand node j
at time n

qi (n)wij (n) E®ectof neuron j on neuron i at time n

Á(u) Activ ation function

-1 1

(u)

u

f

qi (n + 1) = Á

0

@
X

j :i Ã j

wij (n)qj (n) + b

1

A
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Implementing Logic with Neural Netw orks

Let u = (u1; u2; : : : ; ud) 2 f 0; 1gd.

Linear threshold elemen t

H(w > u + b) =

8
<

:
1 if w > u + b ¸ 0

0 if w > u + b < 0

NOT(ui ) = H (¡ ui + 1=2)

AND(u) = H

Ã
dX

j =1

uj ¡ (d ¡ 1=2)

!

; OR(u) = H

Ã
dX

j =1

uj ¡ 1=2

!

Observ e: Since any Boolean function can be implemented using AND, OR
and NOT, the sameholds for networks

Adv antage Implementation by networks may be much more e±cient
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Computing Simple Functions

Assumption: A ¯nite domain, e.g. f x1; : : : ; xdg

xi 2 f 0; 1g

Observ ation: There are 22d
possibleBoolean functions

Question: Can all functions be computed by a neural
network?

Activ ation function: Denote inputs to node i by q(i )

qi = H(w > q(i ) + b) =

8
<

:
1 if w > q( i ) + b ¸ 0

0 if w > q(i ) + b < 0

Theorem: A network with a singlehidden layer of 2d nodes
can compute any Boolean function. Essentially a look-up
table.
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Computing Simpler Functions

Symmetric Functions: f (x1; x2; : : : ; xd) is independent of the
order of the arguments (e.g., xor , parit y)

f (x1; x2; x3) = f (x3; x1; x2)

Parit y:

f (x1; : : : ; xd) =

8
<

:
1 if

P
i xi even

0 if
P

i xi odd

? Any symmetric function can be computed with d hidden
nodes. Parit y requires exponentially many logic gates!

Speci¯c classes of functions: Can be computed with small
networks
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Computing Real Functions

Assumption: Input f x1; : : : ; xdg, xi 2 R

Observ ation: There is an uncountable in¯nit y of such
functions

Question: Can all functions be computed by a neural
network?

Activ ation function:

Á(x) = ¾(w > x + b) (¾ non-polynomial)

¾(u) = (1 + exp(¡ u)) ¡ 1 (logistic)

Theorem: Any continuous function can be computed, to arbi-
trary accuracy, by network with a single hidden layer
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Computing over infinite domains

Observ ation: We have discussedonly ¯nite dimensional
inputs

Question: What happens if the input domain is po-
tentially in¯nite?

Example: Is the number of 0's in an input stream
even/odd?

Is the input sentence grammatically cor-
rect?

Finite State Mac hine A system characterized by a ¯nite number
of internal states, which reads in an input string and producesan
output.
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Finite St ate Ma chines

q ¡ state of the system q(0) ¡ initial state

x ¡ input to the system q(n + 1) = f [q(n); x(n)]

belongsto input alphabet y(n + 1) = g[q(n); x(n)]

y ¡ output of the system

Decision problems: y 2 f 0; 1g

0

0

1

1
q

0 1
q

Graphical description: Associate a directed graph with a FSM

? To each state associate a node

? If qi 7! qj upon observing
input x, put an edgebetween qi and qj .
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Computing with Finite St ate Ma chines

0

0

1

1
q

0 1
q

Set y(n) = 1 i® q(n) = q0

What is computed? Given an input f 0; 0; 1; 0; 1; : : :g, y(n) = 1 i®
the length of the input is even

Other examples:

? Determine whether the input contains more than two 0's

? Determine whether the initial and ¯nal inputs are 1
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Computing with Finite St ate Ma chines
Observ ation: Finite state machines can compute a large family of
functions. Capture the essenceof computation.

Recurren t neural net works:

Input

Output

Internal

w

w
ij

ji

i
j

q
q

qi (n + 1) = H

0

@
X

j

wij qi (n) + bi

1

A

McCullo ch and Pitts (1943): Every ¯nite state machine
can be implemented using a ¯nite recurrent network
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Learning a r ule fr om Examples

Observ ation: A program for a neural network is a speci¯cation
of weights and an initial condition

Up to now, have not dealt with how to set the
weights

Learning: One approach to constructing a 'program'

Basedon a set of examples, learn the weights

3

Input OutputLearning

System

W Ob jectiv e: Given
examplesof digits, ¯nd set
of weights w such that future
digits are classi¯ed correctly
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The Per ceptr on Learning Rule I

x
x

x

y

1
1

2

d d

w

w

The setup: A single neuron
y = sgn

¡
w > x + b

¢

w = (w1; w2; : : : ; wd)
x = (x1; x2; : : : ; xd)

Data: (x1; t1); : : : ; (xn ; tn ), t i 2 f¡ 1; +1g

Ob jectiv e: Find set of weights (w; b) for which

sgn
¡
w > x i + b

¢
= yi , i = 1; 2; : : : ; n

yi
¡
w > x i + b

¢
> 0
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The Per ceptr on Learning Rule I I

Perceptron Learning Algorithm: (for simplicit y b = 0)
? Set k := 0 and w(k) arbitrarily

? Rep eat

{ Selectarbitrary x i

{ If yi w(k)> x i · 0 then w(k + 1) = w(k) + yi x i

{ Set k := k + 1

? Un til yi w(k)T x i > 0; 8i 2 f 1; 2; : : : ; ng

Perceptron Con vergence Theorem: (Rosenblatt 1958) The
Perceptron algorithm convergesin ¯nite time, if a solution exists.
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The Back-Pr opagation Learning Rule

Learning: For a ¯xed multi-la yered architecture, specify
how the weights are modi¯ed

Di±cult y: Credit assignmen t - how does one determine
which neuron is responsible for an error at the
output?

w(n + 1) = w(n) + ¢( n; data)

Back-Propagation rule: For neurons i and j

wij (n + 1) = wij (n) + ±i qj

±i = computed basedon network's error

Applications: Easy implementation and application to many
real-world problems
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Beyond Finite St ate Ma chines?

Observ ation: Finite state machines are limited to simple, but
non-trivial, tasks

Example: No ¯nite state machine can acceptonly sequences
of the form f 0n 1n g, n ¸ 1

Question: What types of machines can addressthese more
challenging problems?

Answ er: Needto endow the ¯nite state machine with a po-
tentially in¯nite tape which it can useas a mem-
ory device - the so-calledTuring machine

June 2002 48



Issues in Neural Computation

A Turing Ma chine

0 0 01 1 1

Finite

State
Machine

# # ####

Access

Head

June 2002 49



Issues in Neural Computation

The Opera tion of a Turing Ma chine
? Initially the input tape contains the input data (surrounded by #

symbols)

? The head is initially at the leftmost symbol of the input string

? At each step the machine

{ Reads the current symbol

{ Checks the state of the ¯nite state machine

{ Writes a new symbol to the current cell

{ Moves the head one step to the right or left

{ Changesthe state of the ¯nite state machine

? The machine halts when it reaches a pre-speci¯ed halt state

? The output is de¯ned as the sequenceextending from the the current
head position to the ¯rst # on the right of the head
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Neural Netw orks and Effective Comput ability

Siegelman and Sontag (1991,1995) A ¯nite recur-
rent neural network with rational weights can compute,
in real time, any function computable by a Turing ma-
chine.

? The universal network possessesat most 884 nodes

? The computation time is essentially unchanged

? The potential in¯nit y of rational valuesplays the role of the
in¯nite tape in the Turing machine

The Ch urc h-T uring Thesis: Any function that can
be e®ectively (algorithmically) computed, can be com-
puted by a Turing machine
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Summary

? Biological systemso®era proof of concept for what real neural
systemscan do

? The Theory of Computation provides a precisecharacterization
of the notion of computation by a physical system

? Many arti¯cial neural networks are only a caricature of real
biological systems

? Extracting the essential features of computation and learning by
real neural networks is an important and (always?) open problem
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Current and Future Trends

? Study and model speci¯c brain regions, and try to characterize the
computations performed by them

? Consider more realistic neural models baseon spiking neuron models.
Can spike timing be used for computation?

? Use notions from Information Theory , rather than the Theory of
Computation, to understand the nature of information processingin
the brain

? Intro duce and study embodied agents operating in realistic
environments.

? Design structures and networks using evolutionary ideas, rather than
assumesomeuniversal architecture. Combine Evolution and Learning
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