8 wxt

a”wl zkxrn ly daebze miqt‘ ,miahw

ly miqt‘de miahwd mewin oepkz :mialyl dirad z‘ zwlgn zekxrn gezipe oepkzl daeyg dyib .miievxd miqt‘de miahwd z‘ dl yi xy‘ zkxrn oepkz okn xg‘le ,zeyixcl dprzy ick zkxrnd .zkxrnd zebdpzd lr mzrtyd zpigan miqt‘de miahwd mewin zernyn z‘ oiadl cnlp df wxta ze‘l e‘ ,ipkn ‘ven ze‘l eze‘ xindle (ilnyg lynl) dqipk ze‘ lawl ‘ed zkxrnd ciwtz m‘ zekxrn zrtyd dn oiadl ick .dqipkd ze‘ ixg‘ ”aewri’’ zkxrnd ‘veny dvxp if‘ ,xaben ilnyg zkxrnd zebdpzd z‘ exicbi xy‘ micnnd .dbxcnl daebzd lr ybc df wxta miyp ,df oaena zepey onf dnk :dbxcn zqipkl zkxrnd daibn xdn dnk dl‘ya miwqer md illk ote‘a .8.2 sirqa excbei .’eke zekrec ody cr onfde zecepzd lceb edn ,(dqipkd lceb) 1-l daexw daebzdy cr gwel

oey‘x xcqn zkxrn 8.1

.miqt‘ ‘ll oey‘x xcqn zkxrn---xzeia dheytd zkxrna opeazp

‘id dly zxeqnzd zivwpet xy‘ zkxrn dpezp 8.1.1 dnbec

H(s) = 1 s + λ

ROC_H = {ℜe (s) > −λ} .

(8.1.1)

ok m‘ ‘id mldl daebzd .ilily ‘edy (−λ)-a ‘ed ahewd xnelk .(iynn) λ > 0 ik gipp

h(t) = e^{−λt}u(t) .

(8.1.2) ipy xcqn zkxrn miqt‘e miahw ,t ≥ 0 xear ,‘id dbxcnl daebzd

S(t) = (h ∗ u)(t) =

∫_t −∞ h(τ) dτ

(8.1.3) = ∫_t −∞ e^{−λτ} u(τ) dτ

(8.1.4) = ∫_t 0 e^{−λτ} dτ

(8.1.5) = − 1 λ e^{−λτ} | | | t 0 (8.1.6) = 1 λ ( 1 − e^{−λt} ) . (8.1.7)

lkk .^1_λ -l df dxwna---reawl zt‘ey dbxcnd zaebz eli‘e ,lecb t xear 0-l zt‘ey mldd zaebz λ > 0-y oeeik zt‘ey (mldd zrtyd mez xg‘l) dqipk ‘ll zkxrndy oaena xzei dxidn zkxrnd zaebz jk ,xzei lecb λ-y xzei dlecb zexidna---miiepiy ‘ll xnelk---”aivi” avnle ,xzei dlecb zexidna 0 daebz ‘edy dgepn avnl 1/e ick cr axwzz dbxcnl daebzdy cr yexcd onfk τ daebzd onf z‘ lynl xicbp .dbxcn zqipk ly dxwna e‘ e^{−λτ} = e^{−1} xy‘k dxwi df .(lecb t-a) iteqd jxrl τ = 1 λ . (8.1.8)

xnelk ,‘edylk qt‘ mb yi zkxrnl m‘

H(s) = s + a s + λ = a s + λ + s s + λ

(8.1.9)

ik lawp if‘

h(t) = ae^{−λt}u(t) + d dt ( e^{−λt}u(t) ) (8.1.10) = ae^{−λt}u(t) + ( −λe^{−λt}u(t) + δ(t) ) (8.1.11) = (a − λ)e^{−λt}u(t) + δ(t) .

(8.1.12)

dgpda oiicr) zkrec dzlc zqipkl daebzd aey ,xg‘ dxwn lka .dzlc ‘id mldd zaebzy lawp a = λ xear iteqd jxrl zaxwzne (δ -d llba) 1 jxra dligzn df dxwna dbxcnl daebzd .λ-a dielzd zexidna (λ > 0-y .λ ici lr zrawpd zexidna

d‘eeyin ici lr zx‘eznd zkxrn lk zegtl) xzei zillk zkxrn ly mld zaebz meyxl ozipy oeeik mekqk (dqipka xzeia ddeabd zxfbpd xcqn ohw epi‘y xcqn ‘ed ipiit‘d mepiletdy efk zil‘vpxtic miraew md---dnbecak zx‘yp miahwd ly zernynd ,(miiwlg mixayl wext ici lr) el‘k miieha ly ‘vnp ahewd mewiny lkk .aivid jxrl dly zeqpkzdd avw e‘ (dzlcl) daebzd ly dkircd avw z‘ dlecb zexidna zaviizn zkxrnd jk (xzei ilily iynnd ewlg xnelk) akexnd xeyina xzei dl‘ny .df xaqd hxtp jynda .xzei

Version 1.0 100 16 May 2006 ipy xcqn zkxrn miqt‘e miahw

ipy xcqn zkxrn 8.2

ipy xcqn zil‘ivpxtic d‘eeyna opeazp ÿ + bẏ + cy = x

(8.2.1) md ipiit‘d mepiletd iqt‘ .miiynn md mincwnd lk xy‘k 1 2 ( −b ± √ b^2 − 4c ) . (8.2.2) .swz mcewd sirqd ly gezipde ,miiynn md miyxyd if‘ b^2 ≥ 4c m‘ xzei illk ote‘a e‘ c ≤ 0 m‘ oey‘x xcqn zekxrn izyl zeaebz ly mekqk (dbxcnd zaebz e‘) mldd zaebz z‘ meyxl ozip xnelk md miyxyd ea dxwnd z‘ okl ogap .zedf zepwqnd okle ,(miiynnd miipydn cg‘ yxey mr zg‘ lk) dpzyne ω_n iaeige iynn dpzyn xicbdl lkep ok lr .c > 0 if‘ miakexn miyxyd m‘ ,hxta .miakexn ‘id mzxcbdy ξ iynn ω^2_n = c

(8.2.3) 2ξω_n = b .

(8.2.4) xnelk b^2 < 4c ‘ed epze‘ oiiprnd megzd 4ξ^2ω^2_n < 4ω^2_n → ξ^2 < 1 .

(8.2.5) dxevdn ipy xcqn zil‘ivpxtc d‘eeyn ogap ,ok m‘ ÿ + 2ξω_nẏ + ω^2_ny = ω^2_nx

(8.2.6) ik al miyp .(miiehiad z‘ hrn hytl crein x ly mcwnd) .|ξ| < 1 miiwne iynn ξ-e iaeig ω_n xy‘k ,|ξ| < 1 dxwna ‘ed eply oiiprdy zexnl ,sqepa .ipy xcqn zix‘pil d‘eeyn lkl mi‘zn epi‘ df xe‘z :dixet zxnzd revia ici lr xczd zaebz z‘ aygp .ξ ly jxr lkl ahid zxcben d‘eeynd (jω)^2Y (ω) + 2ξω_njωY (ω) + ω^2_nY (ω) = ω^2_nX(ω)

(8.2.7) H(jω) = ω^2_n (jω)^2 + 2ξω_njω + ω^2_n

(8.2.8) = ω^2_n (jω − c_1)(jω − c_2)

(8.2.9) c_1 = −ξω_n + ω_n √ ξ^2 − 1

(8.2.10) c_2 = −ξω_n − ω_n √ ξ^2 − 1 .

(8.2.11)

dxeva meyxl gep xczd zaebz z‘ .miakexn miyxy ly cenv bef ietvk lawp ξ lr eply mi‘pza H(jω) = 1 ( 1 −^{ω2}_{ω2n} ) + j2ξ^ω_{ωn} . (8.2.12)

Version 1.0 101 16 May 2006 ipy xcqn zkxrn miqt‘e miahw zxeqnzd zivwpet wexit ici lr

H(s) = ω^2_n s^2 + 2ξω_ns + ω^2_n

(8.2.13)

hrn xg‘l ,milawn |ξ| < 1 miiwn jekiyd mcwn m‘ :mldd zaebz z‘ lawl xyt‘ miiwlg mixayl dxabl‘

h(t) = ω_n √ 1 − ξ^2 e^{−ξωnt} sin ( ω_n √ 1 − ξ^2t ) u(t) .

(8.2.14)

ozep xiyi aeyig mle‘ ,xzei jex‘ dbxcnd zaebz aeyig

s(t) = (h ∗ u)(t)

(8.2.15) = { 1 + ω_n 2 √ 1 − ξ^2 e^{−ξωnt} [ e^{jωn}

√_{1−ξ2t}

c_2 − e^{−jωn}

√_{1−ξ2t}

c_1 ]} u(t)

(8.2.16)

= { 1 − e^{−ξωnt} √ 1 − ξ^2 sin [ ω_n √ 1 − ξ^2t + θ ]} u(t) .

(8.2.17)

(8.2.18)

znerl .ω_n jxra avwa od zecepzd (ohw ξ) ohw jekiy xear ik el‘ ze‘gqepn xexa .θ = cos^{−1}(ξ) xy‘k dleki dbxcnd zaebz ,sqepa .zeihi‘ od zecepzde ω_n ‘ed dkircd avw (|ξ| ≈ 1) lecb jekiy xear z‘f drtez eplawe dqipkd jxr lr dler daebzd jxr df dxwna :t ly miniieqn mikxr xear zilily zeidl .overshoot ly zeqpkzd avw :dbxcn zaebza zeixwird zertezd izy z‘ milawn ep‘ ipy xcqn zkxrn xear zkxrndy gipp .izenk ote‘a ef zebdpzd mix‘znd miccn xtqn ok m‘ xicbp .zecepze iteqd jxrl xy‘ iteq jxrl zt‘ey dbxcnd zaebz lecb t xeary gippe ,meqg ze‘ ‘id dbxcnd zaebzy jk daivi xicbp .ξ > 0-y calae ,df sirqa zx‘eznd ipy xcqn zkxrna avnd edf .(steady state) y_{ss} -a onqp zrk .y_{ss}-n 90% ly jxrl dribn daebzdy cr onfd ‘ed (Rise time) dilrd onf - t_r •

.daebzd ly ilniqknd jxrd lawzn ea onfd ‘ed (peak) ‘iyl onfd - t_p •

.mifeg‘a ‘hean aexl .y_{ss} iteqd jxrl lrn ziaxnd dbixgd ‘id (overshoot) dlrnl dbixgd - OS •

”xepiv’’ jeza zaviizn daebzd d‘lde epnn xy‘ onfd ‘ed (settling time) zeaviizdd onf - t_s • yxcpd weicl m‘zda ,5% e‘ 2% ,1% :miccea mifeg‘ ‘ed laewn agex .iteqd jxrd aiaq oezp .zkxrndn

.dbxcn - dqipkd ly jxrd qgia d‘ibyd xnelk 1 − y_{ss}-k zxcben ,cinznd avnd z‘iby - e_{ss} •

Version 1.0 102 16 May 2006 ipy xcqn zkxrn miqt‘e miahw :d‘ad dxeva t_r z‘ aygl xyt‘ ( 8.1.1) zkxrnd xear 8.2.1 dnbec

e^{−λtr} = 0.1

(8.2.19) t_r = − log 0.1 λ (8.2.20)

OS dbixgd .zipehepen dxeva dler daebzd oky iteq oi‘ ‘ed t_p-y oaenk .irahd qiqad lr ‘ed mzixbeld xy‘k mikxrd z‘ lawn xy‘) α ly d‘iby jxr xear :dilrd onf aeyigl ddf zeavizdd onf aeyig .daiq dze‘n 0 ‘id (0.05 e‘ 0.01, 0.02

e^{−λts} = α

(8.2.21) t_s = − log α λ . (8.2.22)

.e_{ss} = 0 ,seqal

zegtl) zkxrnd zebdpzd ξ^2 > 1 m‘ .ξ > 0-y dligz gipp ( 8.2.6) ipy xcqn zkxrnd xear 8.2.2 dnbec zkxrndy xn‘p mikxrd ly df megza .zecepz dpiidz ‘l oky ,oey‘x xcqn zkxrnl dnec (zizeki‘ dpigan .akexnd xeyind ly l‘ny cva mipey j‘ miiynn miahw ipy zkxrnl df avna .(overdamped) xzi oeqixa ‘id zkxrnl df dxwnae ihixw oeqix ‘xwp df avn :ξ^2 = 1 xy‘k ‘ed zecepz zllekd zebdpzdl df avnn xarnd oeqix zz avna ep‘e zecepz dpiidz if‘ ξ < 1 m‘ .akexnd xeyind ly l‘ny cva midf miiynn miahw bef izla zkxrnd .akexnd xeyind ly l‘ny cva (micenv) miakexn miahw bef zkxrnl df dxwna .(underdamped) xivd lr (micenv) minecn miahw bef zkxrnl df dxwna .zixefgn ‘id daebzd df dxwnae ξ = 0 m‘ zpqexn .akexnd xeyind ly dnecnd .ξ^2 < 1 cer lk dpiidz zecepz .akexnd xeynd ly oini cva md miahwde daivi dpi‘ zkxrnd ξ < 0 m‘ ,seqal

onfd xeyina daebz ,miqt‘e miahw ztn 8.3

zilpeivx zxeqnz zivwpet zlra zkxrn lk dlewy dxevae ,x”cn ici lr zx‘eznd zkxrn lk ik al miyp dxeva x‘zl ozip

H(s) = C

∏_N n=1(1 + s/α_n) ∏_M m=1(1 + s/β_n)

= C^′

∏_N n=1(s + α_n) ∏_M m=1(s + β_n)

(8.3.1)

reawd zxfra zkxrnd z‘ x‘zl ozip okl .(−β_m) md zkxrnd iahwe (−α_n) md zkxrnd iqt‘ xy‘k .zkxrnd ly miqt‘de miahwd mewin z‘ x‘znd-miqt‘e miahw ztn-hehxy zxfrae C cva miqt‘de miahwd x‘ye ,akexnd xeyind ly oini cva miakexn micenv miqt‘ bef df hehxya .(miakexn) micenv miahw befe miiynn miqt‘ ipy ,iynn ahew millek md .l‘ny miritynd miahw yi m‘de ,zkxrnd zaebz lr miqt‘de miahwdn cg‘ lk rityn cvik :dl‘y ?xzei

Version 1.0 103 16 May 2006 ipy xcqn zkxrn miqt‘e miahw

� ℜe s

�Im s

× 0 ×

× 0 0

0 miqt‘e miahw ztn :8.1 xei‘

zxeqnz zivwpet mr ipy xcqn zkxrna aey opeazp z‘f xewgl ick

T_0(s) = ω^2_n s^2 + 2ξω_ns + ω^2_n . (8.3.2)

dycg zkxrn lawpe (−a) dcewpa qt‘ zkxrnl siqep zrk

T (s) = T_0(s) + s a T_0(s) = ω^2_n s^2 + 2ξω_ns + ω^2_n ( 1 + s a ) . (8.3.3)

dxeva z‘f meyxp m‘

T (s) = ω^2_n s^2 + 2ξω_ns + ω^2_n + s a ω^2_n s^2 + 2ξω_ns + ω^2_n

(8.3.4)

ef daebz ly zxfbpd ztqeza ,T_0 ly dbxcnl daebzd ‘id dbxcnl daebzd ik zeix‘pildn xexa if‘ T zkxrnd ly dbxcnl daebzd if‘ s(t)-a dbxcnl T_0 ly daebzd z‘ onqp m‘ ,xnelk .(reaw letk) ‘id y(t) = s(t) + 1 a ṡ(t) .

(8.3.5)

dxevdn oiicr ‘id daebzd ik d‘xp dad

y(t) = [ 1 + A_1e^{−λ1t} + A_2e^{−λ2t} ] u(t) .

(8.3.6)

-nz zivwpeta xaecny oeeikny al miype ,( 8.3.5) d‘eeyna ( 8.2.17)--( 8.2.15) z‘ aivp z‘f ze‘xl ick mincwnd xnelk :δ likdl dleki dpi‘ dbxcnd zaebz ,dpknd xcqn ynn ohw dpend xcq dxear zxeq .(minld oefi‘n mb ze‘xl ozip z‘f) zqt‘zn dzlcd zxfbpy el‘k md mincwna iepiyd .λ_1, λ_2 onfd ireaw lr ‘l j‘ ,mincwnd lr drityn qt‘d ztqezy ‘id dpwqnd .iteqd jxrd lr rityi ‘l aivid dxwna mle‘ (’eke dbixg) epxcbdy miccna iepiy oaenk mexbi ze‘xl xyt‘ if‘ ,akexnd xeyind ly l‘ny cva mi‘vnp miahwd xnelk ,daivi ‘id zkxrnd m‘ .ohw t xear dler s(t)-y (izlgzd jxre iteq jxr ihtyna yeniy jez) dbxcnd zaebzl illkd iehiadn mb (akexnd xeyind ly l‘ny cva ‘ed eptqedy qt‘d xnelk) a > 0 m‘e ,ziaeig ‘id zxfbpd okl dbxcnl daebzdy lawpe ,zcxei zxfbpd if‘ a < 0 m‘ z‘f znerl .mixvw mipnfa dler T ly daebzd l‘ny cva qt‘ ztqed oia izedn ipey yi df oaena .dilr jk xg‘ wxe ,qt‘l zgzn l‘ dcixia dligzn .akexnd xeyind ly ipnid eciva qt‘ ztqed oial (minimum phase zkxrn) akexnd xeyind ly

Version 1.0 104 16 May 2006 xcz zaebz miqt‘e miahw l‘ny cva xzei wegx ‘vnp qt‘dy lkk xnelk ,xzei lecb a-y lkk ik eplaiwy iehiadn xexa sqepa ,dlecb drtyd didz ziy‘xl aexw qt‘l ,jtidle .xzei dphw ezrtyd didz jk ,akexnd xeyind ly zrke ,dpknd xcql deey dpend xcqy jkl mexbz ipy qt‘ ztqez ik al miyp .mixvw mipnfa zegtl .zkxrnd zebdpzda izedn iepiy didi zrk xicbp ?sqep ahew ztqed drityn cvik

T (s) = ω^2_n s^2 + 2ξω_ns + ω^2_n 1 1 + s/β . (8.3.7)

mincwn mr) miixewnd miahwl mini‘znd mixa‘ ipy lawp miiwlg mixayl wexit dyrp m‘ zrk dxevdn iehia sqepae (mixg‘ A_3 1 + s/β . (8.3.8)

dxevdn iehia oziz dketd dxnzd onfd xeyina

y(t) = [ B_0 + B_1e^{−λ1t} + B_2e^{−λ2t} + B_3e^{−βt} ] u(t) .

(8.3.9)

dxeva rtyen zeidl leki aivid avnl daebzd zqpkzn eay avwd oiicr :daivi zkxrnde β > 0-y gipp rityi dnecnd xivl xzei aexwd ahewd ,xnelk .ξω_n -n ohw |ℜe β| m‘ dxwi df .β ici lr zizedn didz drtydd ,lecb iynn wlg lra ‘ed β z‘f znerl m‘ .zeqpkzdd avw lr xzei zizedn dxeva .dhren :miqt‘de miahwd ztn jxc ,xzei deab xcqn zekxrn xear zeyrl ozip dnec gezip ,cala ohw t-a zebdpzdd lr ‘id miqt‘d ly drtydd ,dpknd xcqn ynn ohw dpend xcq cer lk .zeqpkzdd avw lr mirityn mpi‘ mde .zkxrnd ly onfd ireaw lr zizedn dxeva miritynd md dnecnd xivl miaexwd miahwd

df‘te xabd miqt‘ miahw 8.4

dxear H(s) zxeqnz ziivwpet dpezpy gipp .xczd zaebz ly df‘tde xabdd z‘ hexit xzia zrk x‘zp lr zx‘ezn zkxrnd xy‘k dxewy itk---zilpeivx divwpet ‘id H ik gipp) .zeqpkzdd megza ‘vnp jω xnelk .zkxrnd ly invr ze‘ ‘ed e^{jω0t} ipenxdd ze‘d ik xkfp .(mireaw mincwn mr zix‘pil x”cn ici ‘id efk dqipkl daebzd

y(t) = H(jω_0)e^{jω0t}

(8.4.1) = c P (jω_0) Q(jω_0) e^{jω0t}

(8.4.2) = c ∏_M

i=0(jω_0 + β_i) ∏_N

i=0(jω_0 + α_i) e^{jω0t}

(8.4.3)

{−α_i} dpknde {−β_i} dpend iyxey mewin itl dltknk dpknd mepilete dpend mepilet z‘ epnyx xy‘k szeyn mxeb oi‘ xnelk mevnv xg‘l ‘id zxeqnzd zivwpety ,libxk ,migipn ep‘y oaenk .dn‘zda

Version 1.0 105 16 May 2006 xcz zaebz miqt‘e miahw reawa epynzyd ik al miyp .zkxrnd iqt‘ md {−β_i}-e zkxrnd iahw md {−α_i} okl .dpknle dpenl xtqnd z‘ meyxp .1 deey didi mdly xzeia deabd mcwndy jk minepiletd ipy z‘ lnxpl ick c cg‘ meyxp xnelk .miqt‘d xear mb z‘f dyrpe ,ziefe lceb itl xnelk ,zixlet dxeva jω_0 + α_i akexnd

jω_0 + β_i = |jω_0 + β_i|e^{ϕzi}

(8.4.4) jω_0 + α_i = |jω_0 + α_i|e^{ϕpi} .

(8.4.5)

meyxl lkep zrk .i-i-d ahewd ly ϕ^p_i df‘td mb denke ,ω_0 xcza dielz i-d qt‘d ly ϕ^z_i df‘tdy oaenk :jk xczd zaebz z‘

H(jω_0) = c

∏_M

i=0(jω_0 + β_i) ∏_N

i=0(jω_0 + α_i)

(8.4.6)

= |c|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i| e^{j∠\c+j PMi=1 ϕzi −j PNi=1 ϕpi}

(8.4.7)

‘ed xczd zaebz ly lcebd ,hxtae

|H(jω_0)| = |c|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i|

(8.4.8)

(8.4.9)

‘id df‘tde

∠\H(jω_0) = ∠\c + M∑ i=1 ϕ^z_i − N∑ i=1 ϕ^p_i .

(8.4.10)

.jω_0 dcewpd oial (−β_i) dcewpa qt‘d oia wgxnd weica ‘ed |jω_0 + β_i| = |jω_0 − (−β_i)| lcebd mle‘

ℜe s �

� Im s jω_0 � × (−β_i)

β_i β_i + jω_0 � � � � � � �

� � � � �

oey‘x xcqn mxeb ly lceb :8.2 xei‘

ly miwgxnd zltkn oia qgid ici lr ω_0 oezp xcza xczd zaebz ly lcebd z‘ aygl ozip xnelk ω_0 dcewpdn zkxrnd iahw ly miwgxnd zltkn oial ,dnecnd xivd lr ω_0 dcewpdn zkxrnd iqt‘ .dnecnd xivd lr .(’eke zeizaiq ,zeaivi oebk) zexg‘ zegpda ielz epi‘ ‘ed j‘ ,jω_0 ∈ ROC ik yexc df aeyig jxevl mixcza deab xabdl mexbi dnecnd xivl aexw mwennd ahew ik ciin wiqdl ozip ( 8.4.8) d‘eeynn .mini‘znd mixcza wfg zegipl mexbi dnec mewina qt‘ z‘f znerl .dnecnd ewlgl miaexwd

Version 1.0 106 16 May 2006 xczd zaebz hehxy miqt‘e miahw .(Notch filter ‘xwp dfk opqn) ω_0 xczd ly daexw daiaq wx meqgi xy‘ ,hxq mqeg opqn opkzp 8.4.1 dnbec ohw lceb xgap .ziynn dpi‘y zkxrn opkzp---akexn ahew mr oey‘x xcqn zkxrn lawl ick---zehytd ornl xnelk dnecnd xivl xzei aexw cigi qt‘e (−α) = −100ε + jω_0-a cigi ahew zlra zkxrna opeazpe ε ≪ 0.01 .(−β) = −ε + jω_0

ℜe s �

�Im s jω_0 0 ×

−ε −100ε 2 xcqn opqn :8.3 xei‘

ef zkxrn xear ik lawp ( 8.4.8) aeyigdn

|H(jω)|^2 =

(ω − ω_0)^2 + ε^2 (ω − ω_0)^2 + 10000ε^2 . (8.4.11)

ik lawp ω ≈ ω_0 xear

|H(jω)| ≈ ( ε^2 10000ε^2

)_{1/2} = 0.01 ,

(8.4.12)

m‘ hxta) ω_0-l c‘n aexw epi‘y ω xeary ixd ,ohw ε-y oeeik z‘f znerl .yexck wfg zegip eplaiw xnelk lawp (|ω − ω_0| ≫ 100ε

|H(jω)| ≈ ( (ω − ω_0)^2 (ω − ω_0)^2

)_{1/2} = 1 .

(8.4.13)

.ω_0 aiaq mpi‘y mixcza1-l aexiwa deey xnelk) zeeir ‘ll j‘ ω_0 xcz aiaq lecb zegip lra opqn eplaw

miahw ly sqe‘k miiwlg mixayl wexitl zpzip zkxrnd zaebz xy‘k wx ‘l mi‘zn epiptly xe‘zd zexeywd zertezd z‘ oiadl ick .xzei deab xcqn miiynn miahw mpyi xy‘k mb ‘l‘ ,oey‘x xcqn .ipy xcqn zkxrn zebdpzd z‘ oiadl ic ,miaexne miakexn miahwa

dcea znxb‘ic---xczd zaebz ly zitxb dbvd 8.5

dxeva meyxl ozip xczd zaebz ziefe lceb z‘ ( 8.4.8) itl

|H(jω_0)| = |c|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i|

(8.5.1)

∠\H(jω_0) = ∠\c + M∑ i=1 ϕ^z_i − N∑ i=1 ϕ^p_i .

(8.5.2)

.miiqiqad mihpnl‘d xe‘za ligzp

Version 1.0 107 16 May 2006 xczd zaebz hehxy miqt‘e miahw oey‘x xcqn iynn ahew 8.5.1 dxeva xczd zaebz z‘ meyxp c jω + α = c/α 1 + jω/α . (8.5.3)

ote‘a ,e‘) mdipa qgid m‘ π ‘id df‘tl c/α ly dnexzd okl .iynn c lcebd ,ziynn zkxrndy m‘ (ziefe lceb) ixlet meyixa okl .iaeig qgid m‘ 0 e‘ ,ilily (dltknd ,lewy c jω + α = |c/α| √ 1 + ω^2/α^2 e^{jπu(−cα)−j tan−1(ω/α)}

(8.5.4)

meyxp if‘ akexn c m‘ xzei illk ote‘a .dbxcnd zivwpet ‘id u xy‘k c α = | | c α | | e_{j(ϕc−ϕα)} (8.5.5)

xzei illkd dxwna okl .α ly oniqd itl ,π e‘ 0 ‘ed ϕ_α-e c akexnd xtqnd ly df‘td ‘id ϕ_c xy‘k lawp c jω + α = |c/α| √ 1 + ω^2/α^2 e^{j(ϕc−ϕα)−j tan−1(ω/α)} .

(8.5.6)

xczd z‘ xy‘k ,dligz dpknd zrtyd z‘ wecap .‘ad oaena ,efk zkxrn ly zihxcphq dxevl eprbd ly divwpetk df‘t ly dxev dze‘e xabd ly dxev dze‘ zekxrnd lkl if‘ .ω/α ly zecigia cecnp .(df‘ta dreaw dffd ,lceba ltk) dreaw drtyd idef mle‘ ,dpendn mirtyen el‘ milcby oaenk .xczd zeidl dligzn drtydd .(mireaw df‘tde xabdd) rityn epi‘ dpknd ohw ω xeary ‘id zillkd dxevd .ω = α-l miaxwzn xy‘k zizernyn :jenp xcza xabdl qgia ,cxi xabdd ω = α xcza | | H(jω)|^{ω=α} H(jω)|_{ω≪α} | | = | | (c/α)/(1 + j) (c/α)/1 | | = 1√ 2 . (8.5.7)

lawp xzei deab xcza √ 1 + ω^2/α^2 ≈ ω/α

(8.5.8)

.ω-a zix‘pil dxeva cxei xabdd okle z‘ licbpe jiynp xy‘k .ohw ω-a df‘tdn π/4-a dphw ω = α dcewpa df‘td ik d‘xn dnec oeayg .jenp xcza ziefdn π/2-a dphw ziefd ik lawp α-l xarn ω dxevdn oey‘x xcqn qt‘ xear dnec avnd

c(jω + α) = cα(1 + jω/α) .

(8.5.9)

df‘td .lecb ω xear ω/α zix‘pil dxeva dlere ,ω = α jxad xcza √ 2-a dler xabdd oaenk o‘k xy‘k .xzei mideab mixcza π/2 cra dlcbe jxad xcza π/4-a dlcb

Version 1.0 108 16 May 2006 xczd zaebz hehxy miqt‘e miahw ipy xcqn zkxrn 8.5.2 .micenv miakexn zebef e‘ ,miiynn e‘ md (miqt‘d oke) miahwd ,ziynn zkxrna miwqer ep‘y oeeik dielz zebdpzdd zrky oeeikn z‘f .(micenv miqt‘ bef e‘) micenv miahw bef xear xzei akxen avnd dxeva miakexn miahw cnv mr zkxrn meyxp .ξ xhnxta mb ‘l‘ ,jxad xcza wx ‘l

H(jω) = 1 ( 1 −^{ω2}_{ω2n} ) + j2ξ^ω_{ωn}

(8.5.10)

= e^{−j tan−1}

2ξω/ωn 1−ω2/ω2n √ (1 −

(_{ω2}

ω^2_n

)_2

+ 4ξ^{2 ω2}_{ω2n} . (8.5.11)

xear xnelk ,|1/2ξ| ly ‘id dzgpdd ω = ω_n jxad xcza ik d‘xn ccea ahew ly dxwnl dnec aeyig dzgpdd if‘ |ξ| = 1/ √ 2 m‘ !dxabd lawp xzei ohw ξ xear mle‘ ,dzgpd didz ok‘ ivg lrn elceby |ξ| ok‘e) miiynn miahw bef enk ‘id dzgpdd if‘ |ξ| = 1 m‘ .ccea ahewa enk-1/ √ 2 didz jxad xcza daxda deab xcza .ξ zegipd mxeba dielz ‘id mb df‘td zcixi .(!miiynn miahw bef lawp df dxwna befn milawn epiidy itk dzgpd aey xnelk ,ω^2_n/ω^2 aexiwa ‘ide oey‘xd xa‘d ici lr zhlyp dzgpdd aexiwa ‘id zebdpzdd deabe jenp xcza xnelk .π-a dcxi df‘tde ,jxa xcz eze‘ mr miiynn miahw drtydd miipia ixcza .df‘td lre dzgpdd lr rityn ξ jxad xcza .ξ-a zelz ‘ll ,miahw ipy ly enk .jxad xczl miaexwd mixcza cgeinae---zizernyn ξ ly mixayl wxtp---dheyt dxe‘kl ‘id zilpeivx xcz zaebz mr ziynn zkxrnl df gezip ly dagxd -xe‘ewl xearl xzei gep mle‘ .aygna hxta ,revial ozip xacdy oaenk .cxtpa xai‘ lka lthpe miiwlg mixcz xear) xczd lye xabdd ly zinzixbel dl‘wq ly ‘ed xzeia laewnd dpand .zepey zehpic weic xzia .df‘td xear zix‘pil dl‘wqe ,(cala miiaeig

‘ed (db xeviwa e‘) Decibels milaivca elceb ,α iaeig jxr xear 8.5.1 dxcbd

20 log_{10} α .

(8.5.12)

m‘ ik epi‘x :xabdd lr ef dxcbd zrk lirtp .’eke 20db ‘ed 10 it xabd ,0db ‘ed 1 it xabd lynl jk if‘ miheyt miahwe miqt‘ wx zllek xczd zaebz

|H(jω_0)| = |C|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i|

(8.5.13)

∠\H(jω_0) = ∠\c + M∑ i=1 ϕ^z_i − N∑ i=1 ϕ^p_i .

(8.5.14)

Version 1.0 109 16 May 2006 xczd zaebz hehxy miqt‘e miahw lawp miakexn micenv zebef oial ,miiynn miqt‘e miahw oia cixtp m‘

|H(jω_0)| = |c| ∏ |q_i(jω)| ∏ |p_k(jω)|

(8.5.15)

q_i(jω) = jω + β_i heyt iynn qt‘ ( 1 −^{ω2}_{ω2i} + j2ξ_i^ω_{ωi} ) miakexn micenv miqt‘ bef

(8.5.16)

p_k(jω) = jω + α_k heyt iynn ahew ( 1 −^{ω2}_{ω2k} + j2ξ_k^ω_{ωk} ) miakexn micenv miahw bef

(8.5.17)

mzixbeld zepekzn ,lawp milaivca xabdd z‘ aygp m‘ okl

|H(jω)|_{db} = |C|_{db} + ∑ i |q_i(jω)|_{db} − ∑ k |p_k(jω)|_{db}

(8.5.18)

∠\H(jω) = ∠\c + ∑ i ∠\(q_i(jω)) − ∑ k ∠\(p_k(jω)).

(8.5.19)

.llekd sxbd z‘ hhxyl icnl lw didi mixaegndn cg‘ lk gzpp m‘ zrk ef dyiba .zihehtniq‘d dcea znxb‘ic ‘id el‘d mitxbd ipy z‘ axwl daeyg ziqcpd dhiy ikxr xear aexiwe ,lecb e‘ ohw ω xear mikxra yeniy jez mixa‘dn cg‘ lk zrtyd z‘ miaxwn ep‘ .xczd ly zinzixbel dl‘wqa xaecn ik xkfp .miipiad mixcza .jxad xczl cr df aexiw jiynpe---jenp xcza reaw ‘ed xabdd ik epi‘x heyt ahew xear ici lr oezp heyt ahew ly xabd xzei mideab

20 log 1 |1 + jω/α|

= 20 log 1 √ 1 + ω^2/α^2

(8.5.20)

≈ −10 log ( ω^2/α^2 ) (8.5.21) = 20 log α − 20 log ω .

(8.5.22)

.xcza zinzixbel dl‘wq len milaivca lcebd z‘ mihhxyn xy‘k (−20) ly retiy mr xyi ew edf dnec aeyig .20db/decade ly iaeig retiy ihehtniq‘ ote‘a ozep heyt iynn qt‘ ik lawp dnec dxeva (−40db/dec) ly ,d‘lde jxad xczn ,dcixi ozep miakexn miahw cnv (ihehtniq‘ aexiwa aey) ik ozep .ddf lceba dilr ozep miqt‘ cnve zix‘pile (xczd dpzyn ly) zinzixbel dlwqa :xzei heyt df‘td xear ihehtniq‘d aexiwd dxeva zcxei myne ,jxad xcz iptl zg‘ dcwc cr dreaw df‘td oey‘x xcqn ahew xear ,df‘ta dilr yi j‘ dnec avnd heyt qt‘ xear .(π/2 ly dcixi) jxad xcz ixg‘ zg‘ dcwc cr zix‘pil zligz o‘k mb j‘ ,oeqixd mcwna wfg ote‘a dielzd zebdpzdl enxbi miakexn miahw bef .df‘ta .eixg‘ dcwc dneiqe jxad xcz iptl dcwc ‘ed df‘ta iepiyd

Version 1.0 110 16 May 2006

9 wxt

iyrn opqn :znkqn dnbec

‘yepd z‘ mkqp ,dixete qltl zexnzd llek ,xczd megza zekxrn gezipl zehiy epxkdy xg‘l .opqn ly oepkze gezipl dnbeca cg‘ md .xczd megza zex‘eznd ,zeizaiqe onfa zereaw zeix‘pil zekxrn md Butterworth ippqn .mzeyinb lya ipy cvne ,yeninde oepkzd zehyt meyn z‘f :dqcpda xzeia milaewnd mippqnd ibeqn xiarn opqna weqrp ep‘ .zepezp zeyixc itl opqn opkzpe mze‘ gzpp ,mippqn ly ef dgtyn xicbp jynda opkzl ozipy meyn mbe ,iqiqae heyt opqn edfy meyn mb ,miillk mippqn oepkzl dpit oa‘ idef :mikenp (lynl xcza dffd ici lr) ezn‘zd f‘e ,dligz mikenp xiarn opqn oepkz ici lr mixg‘ miax mippqn .zeyixcl

eizepekze opqnd 9.1

:jk xcben Butterworth opqn

dly xczd zaebz xy‘ zizaiqe onfa dreaw ,zix‘pil zkxrn ‘ed N xcqn Butterworth opqn 9.1.1 dxcbd ,‘edylk ω_0 > 0 xear zniiwn H_N (jω)

|H_N (jω)|^2 .= 1 1 + (jω/jω_0)^{2N} . (9.1.1)

miiwnd illk opqn xear

|H(jω)|^2 = 1 1 + Λ (jω/jω_0) , (9.1.2)

.qegiid xcz ω_0-le ,zegipd zivwpet Λ-l ‘xwp

:ze‘ad zepekzd z‘ miwiqn ep‘ dxcbddn xak mle‘ .dfk opqn ynnl cvik d‘xp jynda

.ω xczd ziilr mr zipehepen dxeva cxei opqnd ly |H(jω)| xczd zaebz lceb .1 . | | |H(jω) | | |_{ω=0} = 1 miiwn ‘ede ω = 0 xcza ‘ed xczd zaebz ly iaxnd jxrd .2 dpan Butterworth :ω_0 xcza 1/ √ 2 -l cxei xczd zaebz lceb .3 | |H(jω0) | | = 1 √ 2 . (9.1.3)

.20N dB /decade ‘ed (dcea znxb‘c d‘x) ihehtniq‘d zegipd .4

zniiwn xczd zaebz .5

∂^k |H(jω)|^2

∂ω^k | | | ω=0 = 0 1 ≤ k ≤ 2N − 1.

(9.1.4)

.qt‘ xcza maximally flat zilniqwn zegihy lra ‘xwp ef dpekz lra mikenp xiarn opqn

opqnd dpan 9.2

zxnzd zepekzn .(ziynn mld zaebz mr zkxrn xnelk) ziynn zkxrn ici lr opqnd z‘ ynnl dvxp dixet

|H(jω)|^2 = H(jω) · H^∗(jω) = H(jω) · H(−jω).

(9.2.1)

:opqnd ly zxeqnzd zivwpet lr zeyixcd z‘ meyxp ,opqnd ly miahwd mewin z‘ aygl ick

H(s) · H(−s) = 1 1 + (s/jω_0)^{2N} . (9.2.2)

ici lr mipezp mde ,ω_0 ‘ed H(s)H(−s) ly miahwd lk ly lcebd ik ziciin raep o‘kn

s_k = ω_0 exp ( j [ π(2k + 1) 2N + π 2 ]) 0 ≤ k ≤ 2N − 1.

(9.2.3)

.ze‘ad zepekzd z‘ miniiwn opqnd reaix ly miyxyd xnelk

.ω_0 eqeicxy lbrn lr ,π/N ly mieey miizieef migeexna ,minwenn miyxyd lk .1

ik al miyp zrk .(jω_1/jω_0)^{2N} ≠ −1-y meyn s = jω dnecnd xivd lr miyxy oi‘ ,ziy‘x .2 ‖|H‖|^2 ly ahew ‘od s_k m‘ ik raep dpnne ( 9.2.1) dgqep z‘ milawn ep‘ zeiynnd zyixcn ‘ed (akexnd cenvd) s^∗_k mb if‘ ahew ‘od s_k m‘ ik raep zeiynndne ,yxey ‘ed (−s_k) mb if‘ ,jk m‘ .2 e‘ 0 e‘ ‘ed miiynnd miyxyd xtqn ω_0 qeicxa lbrn lr md miyxyd lky oeeik .yxey miyxy oi‘ f‘e ,4-a wlgzn miyxyd xtqn f‘e miakexn miyxyd lky e‘ :zeiexyt‘ izy opyi zexyt‘d .4-a wlgzn miyxyd xtqny dxwnd weica df oky ibef N m‘ dxwi df .miiynn gxkda okle ,4-a wlgzn epi‘ miyxyd xtqn df dxwna :miiynn miyxy ipy yiy ‘id diipyd .ibef i‘ ‘ed N

Version 1.0 112 16 May 2006 oepkz Butterworth miahwd ,xnelk .ahew ‘ed (−σ − jω_i) mb if‘ ,ahew ‘ed σ + jω_i m‘ ik raep opqnd ly dxcbddn miahwd z‘ xgap ,aivi opqn ynnl ick .(σ + jω_i, −σ − jω_i) dxevdn zebefa miriten H(s)H(−s) ly ixd ,dnbecl .H(−s) iahw okl eidi miahwd x‘y .H(s) ly miahwd zeidl ilily iynnd mwlg xy‘ :1–3 xcqn Butterworth ippqn ly zxeqnzd zeivwpet H_1(s) = ω_0 s + ω_0 , (9.2.4) H_2(s) = ω^2_0 (s + ω_0 exp(jπ/4)) (s + ω_0 exp(−jπ/4))

(9.2.5) = ω^2_0 s^2 + √ 2ω_0s + ω^2_0 , (9.2.6) H_3(s) = ω^3_0 (s + ω_0) (s + ω_0 exp(jπ/3)) (s + ω_0 exp(−jπ/3))

(9.2.7) = ω^3_0 s^3 + 2ω_0s^2 + 2ω^2_0 s + ω^3_0 . (9.2.8)

opqnd oepkz 9.3

opkzl ‘id epzti‘yy xekfp .mippqn oepkza milaewn mipeixhixw dnk xicbdl epilr opqn opkzl ick .mikenp xiarn opqn ,H iyrn mikenp xiarn opqn xear 9.3.1 dxcbd :Transition band xarnd megz ,0 ≤ ω ≤ ω_p :Passband dxardd megz :xcz inegz dyely xicbp .1 .ω_s ≤ ω :Stopband zegipd megze ω_p ≤ ω ≤ ω_s :dxardd megza ,1 oial opqnd lceb oia iaxind wgxnd ‘id H opqnd ly δ_p zeilbd .2 δ_p .= max

0≤ω≤ω_p

||H(ω)| − 1|.

(9.3.1)

:zegipd megza H ly iaxind lcebd ‘ed δ_s zegipd mxeb .3 δ_s .= max_{ω≥ωs} |H(jω)|.

(9.3.2)

.(1 ‘edy) ilpinepd elcebn 1/ √ 2-l cxi opqnd lceb eilrn xczd ‘ed oerhwd xcz .4 :discrimination factor dpgadd mxeb .5 d .= [ (1 − δ_p)^{−2} − 1 δ^{−2}_s − 1

]_{1/2} . (9.3.3) .qt‘l mit‘ey (mdipy e‘) zegipd mxeb e‘ zeilbd xy‘k qt‘l s‘eye ,iaeig ‘ed d Version 1.0 113 16 May 2006 oepkz Butterworth

megz m‘ wx 1-l deeye ,1-n ohw zeiaihwlqd mxeb .κ .= ω_p/ω_s :selectivity factor zeiaihwlqd mxeb .6 .mlrp xarnd

dpgadd mxeb df dxwnay oaenk .oerhwd xczl mieey mde ω_p = ω_s-e δ_s = δ_p = 0 ,il‘ci‘ opqn xear .mixcben mpi‘ zeiaihwlqd mxebe ,cala xabda miaygzn ep‘ ,zegipd mxeb ode zeilbd od ,opqnd ly ”d‘iby”d zxcbda ik al miyp .df‘tdn minlrzne ,H(jω) ly hlgend jxra xnelk epzxhn .ω_p < ω_s, δ_p > 0, δ_s > 0 ly mikxrd epl mipezp .d‘ad ‘id xeztl dqppy oepkzd ziira mi‘pza cenrpy jk ω_0-e N ‘evnl epilr ,xnelk .el‘ mi‘pza cenri xy‘ Butterworth opqn opkzl ‘id ipehepen ‘ed opqnd ly lcebdy oeeik .opqnd xcq zriawa ligzp .miyexcd

|H_N (jω)| = 1 √ 1 + (jω/jω_0)^{2N} , (9.3.4)

od zeyixcd .ω_s-e ω_p zecewpa elceb z‘ wecal witqn 1 1 + (_{ωp}

ω_0

)_{2N} ≥ (1 − δp)^2 ,

(9.3.5) 1 1 + (_{ωs}

ω_0

)_{2N} ≤ δ^2s .

(9.3.6)

lawp o‘kn ( ω_p ω_0

)_{2N}

(1 − δ_p)^2 ≤ 1 − (1 − δ_p)^2

(9.3.7) ( ω_p ω_0

)_{2N} ≤ 1 − (1 − δ_p)^2

(1 − δ_p)^2

= (1 − δ_p)^{−2} − 1

(9.3.8) ( ω_s ω_0

)_{2N} ≥ 1 − δ^2_s

δ^2_s

= δ^{−2}_s − 1 .

(9.3.9)

milcbd jezn aeyigl mipzip mdipy :κ zeiaihwlqd mxebe d dpgadd mxeb ly zexcbda zrk xkfp lawpe mipexg‘d miiehiad ipy z‘ wlgp .mipezpd ( ω_s ω_p

)_{2N} ≥ δ^{−2}_s − 1 (1 − δ_p)^{−2} − 1 = 1 d^2

(9.3.10) N ≥ log 1/d log 1/κ . (9.3.11)

jezn ω_0 z‘ ulgl lkep zrk .df oeieey miiwnd xzeia ohwd mlyd zeidl jixv jk m‘ opqnd xcq :( 9.3.9)--( 9.3.5) ze‘gqep

ω_p [ (1 − δ_p)^{−2} − 1

]_{−1/2N} ≤ ω_0 ≤ ω_s [ δ^{−2}_s − 1

]_{−1/2N} . (9.3.12)

.oerhiwd xcz ‘ed ω_0 df opqn xear ,epi‘x xaky itk .(oexzt yi if‘ δ_s < 1/2, δ_p < 1/2 m‘) :mi‘ad mialydn akxen zeyixca cenriy jk opqnd ly oepkzd jildz ,mekiql

Version 1.0 114 16 May 2006 oepkz Butterworth .zeiaihwlqd mxeb z‘e dpgadd mxeb z‘ ayg mipezpd jezn .1 .(dlrn itlk lbr) opqnd xcq z‘ ayg .2 .oerhwd xcz z‘ ayg .3 .miahwd mewin z‘ ayg .4

Version 1.0 115 16 May 2006