1 wxt

:illk rwx zinipt dltkn iagxn

dncwd .0

agxn jeza zeilpebezxe‘e zeilnxepezxe‘ zekxrn md df wxta weqrp mda miixwrd mi‘yepd minrtl milelk dl‘ mi‘yep .jkl mixeywd mipeyd mibyenae ,zinipt dltkn lra ixehwe zeilnxepezxe‘ zekxrn ‘yepl yi zifkxn zeaiyg .zix‘ipil dxabl‘ qxewa cnlpd libxd xnega zrax‘ .(dixet ixeh) ipyd wxta ze‘vezd zexeyw eil‘ xy‘ ,wxtd seqa ‘aend ,zeiteqpi‘ zeiceqid zecaerde mibyend on dnk lr zizivnz dxfg mieedn df wxt ly mipey‘xd mitirqd ieyr jkl .df xtqa mipeyd mi‘yepd z‘ gztl ick epl miyexcd zix‘ipild dxabl‘d megzn .‘yepa eizerici oeprxl ax xfr dl‘ mitirqa ‘evnl ‘xewd

zinipt dltkn iagxne miix‘ipil miagxn .1

agxnd e‘) mixlwq dcy lrn ix‘ipild agxnd ‘ed epl yexcd iqiqad ixabl‘d dpand miiynnd mixtqnd dcy cinz didi F eply mixlwqd dcy .(aexl ‘xwp ‘edy itk ixehwed

mixehwe mi‘xwp ix‘ipil agxn ly mixai‘ ,xekfk . C miakexnd mixtqnd dcy e‘ R (linear space) ix‘ipil agxn z‘xwp V dwix ‘l dveaw ,zilnxet dpigan .(vectors)

:mi‘ad mi‘pzd z‘ zniiwn ‘id m‘ F dcyd lrn ipy lkly jk “+” llk jxca zpneqny V lr xeaig zlert zniiw :mixehwe xeaig .1

. V -l jiiyd xehwe ‘ed u + v mekqd , u, v ∈ V mixehwe . (u+v)+w = u+(v +w) miiwzn u, v, w ∈ V lkl :xeaigd zeiaih‘iveq‘ .2 v ∈ V lkly jk “qt‘d xehwe” ‘xwpde ⃗0 oneqnd V -a xehwe miiw :qt‘d xehwe .3 .⃗0 + v = v miiwzn

ly icbpd xehwed” ‘xwpde −v oneqnd xehwe miiw v ∈ V xehwe lkl :icbp xehwe .4

. v + (−v) = ⃗0 -y jk “v

lawle a ∈ F xlwq ici lr v ∈ V xehwe lk litkdl ozip :xehwee xlwq oia ltk .5

. av ∈ V xehwe . u + v = v + u miiwzn u, v ∈ V lkl :zeiaihhenew .6 . a(u + v) = au + av : u, v ∈ V lkle a ∈ F xlwq lkl .7 . a(bu) = (ab)u mbe (a + b)u = au + bu miiwzn u ∈ V lkle a, b ∈ F lkl .8 . 1·v = v : v ∈ V xehwe lk xeare F ly 1 dcigid xlwq xear .9 ix‘ipil agxn el ‘xwp f‘ R miiynnd mixtqnd dcy lrn ix‘ipil agxn ‘ed V m‘ ix‘ipil agxn el ‘xwp f‘ C miakexnd mixtqnd dcy lrn ix‘ipil agxn V m‘e ,iynn ly (linear subspace) ix‘ipil agxn-zz z‘xwp W ⊆ V dveaw-zz .akexn

reci i‘pz . V ly mixlwq dcy eze‘ lrn l”pd mi‘pzd lk z‘ zniiwn ‘id m‘ V agxnd

a, b ∈ F lkle u, v ∈ W lkle W ≠ ∅ :‘ed V ly agxn-zz ‘id W m‘ dwical V ly ix‘ipil agxn-zz ‘ed W :milina df i‘pz ‘hal ozip . au + bv ∈ W miiwzn xehwe ltk zgze mixehwe xeaig zgz dxebqd V ly dwix ‘l dveaw-zz W m‘ wxe m‘ xewqp .yxetna zxg‘ oiivp ok m‘ ‘l‘ akexn ‘ed jli‘e dzrn ix‘ipil agxn lk .xlwqa .ix‘ipild agxnd byenl mixeywd miaeyg mibyen xtqn cer eiykr

sexiv ‘xwp u xehwe .v_1, . . . , v_n ∈ V eidie ix‘ipil agxn V idi :1.1 dxcbddxcbd dxcbd

-y jk a_1, . . . , a_n ∈ F mixlwq miniiw m‘ {v_1, . . . , v_n} mixehwed ly ix‘ipil .u = a_1v_1 + a_2v_2 + · · · + a_nv_n ici lr zpneqn {v_1, . . . , v_n} mixehwed ly ix‘ipil sexiv mdy u mixehwed lk zveaw .span{v_1, . . . , v_n} ici lr yxtpd V ly ix‘ipild agxn-zzd ‘ed W = span{v1, . . . , vn} ,xekfk

. W z‘ zyxet {v_1, . . . , v_n} dveawd ik mb xn‘p . {v_1, . . . , v_n} mixehwed zveaw mi‘xwp v_1, . . . , v_n ∈ V mixehwe ly ziteq dveaw .ix‘ipil agxn V idi :1.2 dxcbddxcbd

dxcbd

oeieeyd m‘ (linearly independent) zix‘ipil miielz izla a_1v_1 + a_2v_2 + · · · + a_nv_n = ⃗0, a_1, a_2, . . . , a_n ∈ F mi‘xwp {v_1, . . . , v_n} mixehwed ,zxg‘ .a_1 = · · · = a_n = 0 xy‘k wx miiwzn .(linearly dependent) zix‘ipil miielz

m‘ wxe m‘ zix‘ipil miielz izla {v1, . . . , vn} mixehwed ik ciin raep zexcbdd izyn .dveawa mixg‘d mixehwed ly ix‘ipil sexiv epi‘ vi xehwed , 1 ≤ i ≤ n lkl

V ix‘ipil agxnl (basis) qiqa z‘xwp {v_1, . . . , v_n} mixehwe zveaw :1.3 dxcbddxcbd dxcbd

.zix‘ipil dielz izla {v_1, . . . , v_n} mixehwed zveaw m‘e V = span{v_1, . . . , v_n} m‘ .n = dim(V ) minyexe V ly (dimension) cnind ‘xwp n irahd xtqnd

akexn e‘ iynn ix‘ipil agxn lkl ik ,zix‘ipild dxabl‘d iceniln i‘cea xekfi ‘xewd zxcbd ok lre mixai‘ xtqn eze‘ yi miqiqa ipy lkl j‘ ,mipey miqiqa seqpi‘ miniiw qiqa yi ix‘ipil agxn lkly gihand htyn miiw ,ok-enk .itivtq qiqaa dielz dpi‘ cnind byen ‘ed zeaiyg lra sqep byen .cnin miiw ix‘ipil agxn lkl okle (!iteq gxkda ‘l) .mixehwe ipy oia ltk zlert zllek dpi‘ ix‘ipil agxn ly dxcbddy oiivp .ziniptd dltknd .zinipt dltkn zniiw ix‘ipil agxn lka ‘l

zinipt dltkn .akexn e‘ iynn ix‘ipil agxn V idi (zinipt dltkn) :1.4 dxcbddxcbd dxcbd

xy‘k ⟨u, v⟩ ici lr zpneqnd V ixai‘ lr zix‘pia dlert ‘id (inner product) :mi‘pzd z‘ zniiwnd ,(!xehwe ‘l) xlwq ‘id dlertd z‘vezy jk ,u, v ∈ V .⟨v, v⟩ ≥ 0 miiwnd iynn xtqn ‘ed ⟨v, v⟩ ,v ∈ V lkl .1 .v = ⃗0 m‘ wxe m‘ ⟨v, v⟩ = 0 ,v ∈ V lkl .2 .⟨au + bv, w⟩ = a ⟨u, w⟩ + b ⟨v, w⟩ :a, b mixlwq bef lkle u, v, w ∈ V lkl .3 .⟨u, v⟩ = ⟨v, u⟩ :u, v ∈ V lkl .4 .zinipt dltkn agxn ‘xwp zinipt dltkn lra ix‘ipil agxn

‘ed eply mixlwqd dcy m‘ . ⟨v, u⟩ ly akexnd cenvd xtqnd z‘ onqn ⟨v, u⟩ iehiad zetqep zepekz dnke dnk opyi . ⟨u, v⟩ = ⟨v, u⟩ dxeva 4 i‘pz z‘ meyxl oaenk lkep f‘ R :dxcbdd on zeraepd ziniptd dltknl

. ⟨u, av + bw⟩ = a ⟨u, v⟩ + b ⟨u, w⟩ : a, b ∈ C lkle u, v, w ∈ V lkl .‘ . ⟨av, av⟩ = |a|^2 ⟨v, v⟩ : a ∈ C lkle v ∈ V lkl .a . ⟨ ⃗0, v ⟩ = 0 : v ∈ V lkl .b , {a_k}^n_{k=1} mixlwq zxcq lkl , {u_k}^n_{k=1} mixehwe ly ziteq dxcq lkl ,illk ote‘a .c

miiwzn v xehwe lkle ⟨ ∑_n k=1 a_ku_k, v⟩ = ∑_n k=1 a_k ⟨u_k, v⟩ ⟨v, ∑_n k=1 a_ku_k⟩ = ∑_n k=1 a_k ⟨v, u_k⟩ .zinipt dltkn iagxnl zeipiite‘ ze‘nbec zrk ‘iap

zeihxcphqd xlwqa ltkde xeaigd zlert mr V = Rn icilwie‘d agxnd :1.1 ‘nbec‘nbec

‘nbec

mixtqn ly xehwe r = (r1, r2, . . . , rn) idi . R mixlwqd dcy lrn ixehwe agxn deedn :‘ad ote‘a ⟨·, ·⟩r zinipt dltkn Rn lr xicbp . rk > 0 , 1 ≤ k ≤ n lkly jk miiynn , Rn -a y = (y1, y2, . . . , yn) -e x = (x1, x2, . . . , xn) mixehwe bef lkl

. ⟨x, y⟩_r = n∑ k=1 r_kx_ky_k , 1 ≤ k ≤ n lkl r_k = 1 xy‘k .ziniptd dltknd ly lwynd xehwe ‘xwp r xehwed , x·y zpneqn dni‘znd ziniptd dltknd f‘ x·y = x_1y_1 + x_2y_2 + · · · + x_ny_n .(dot product) R^n lr zihxcphqd ziniptd dltknd z‘xwpe

xlwqa ltkde xeaigd zlert mr V = C n ,zncewd ‘nbecl dnec ote‘a :1.2 ‘nbec‘nbec

‘nbec

bef lkl .mcewd sirqa enk r idi . C mixlwqd dcy lrn ixehwe agxn deedn zeihxcphqd :xicbp x, y ∈ C n mixehwe

. ⟨x, y⟩_r = n∑ k=1 r_kx_ky_k ziniptd dltknd ,zncewd ‘nbeca enk . C^n lr zinipt dltkn idef ik gkeedl dyw ‘l

‘id C n lr zihxcphqd

.x·y = x_1y_1 + x_2y_2 + · · · + x_ny_n mr f : [a, b] → C zetivxd zeivwpetd lk agxn V = C[a, b] idi :1.3 ‘nbec‘nbec

‘nbec

bef lkl . C mixlwqd dcy lrn ix‘ipil agxn edf .zeihxcphqd xlwqa ltkde xeaigd zelert xicbp f, g ∈ C[a, b] zeivwpet . ⟨f, g⟩ = ∫_b a f(x)g(x) dx . C[a, b] lr zinipt dltkn idef ik wecal dyw ‘l

idi :1.4 ‘nbec‘nbec

‘nbec

.ℓ_2 = { x | | | | x = (x_1, x_2, . . .), x_n ∈ C , ∞∑ n=1 |x_n|^2 < ∞ }

xehdy jk {xn}∞n=1 miakexn mixtqn ly zeiteqpi‘d zexcqd lk agxn ‘ed ℓ2 ,xnelk ly zihxcphqd xeaigd zlert ‘id ℓ2 lr xeaigd zlert .qpkzn ∑_∞ n=1 |x_n|^2 iteqpi‘d

dcy lrn ix‘ipil agxn ‘ed ℓ2 ik gikep xzei xge‘n .xlwqa ltkd zlert mb jke ,zexcq izy xicbp x, y ∈ ℓ2 lkl .(zil‘iaixh dpi‘ xeaig zgz xebq ℓ2 -y dcaerd) C mixlwqd

. ⟨x, y⟩ = x·y = ∞∑ n=1 x_ny_n xzei dyw .ziniptd dltknd zxcbd ly mi‘pzd zrax‘ lk z‘ zniiwn ⟨·, ·⟩ ik gikedl lw uxeey-iyew oeieey-i‘n rapz ef dcaer . x, y ∈ ℓ2 lkl qpkzn ∑_∞ n=1 x_ny_n xehd ik gikedl

.‘ad sirqa gikep xy‘

milibxz

mby gked . C miakexnd mixtqnd dcy lrn miix‘ipil miagxn Vn , . . . , V2 , V1 eidi .1

? W = ⋃_n k=1 V_k lr xn‘l lkez dn .ix‘ipil agxn ‘ed V = ⋂_n k=1 V_k dveawdy gked .2

V = {f | R lrn hlgda ziliaxbhpi‘ f : R → R}

. R lrn ix‘ipil agxn deedn

miiehiad on eli‘ . f : [−1, 2] → C zetivxd zeivwpetd lk agxn C[−1, 2] idi .3 ?‘l eli‘e C[−1, 2] lr zinipt dltkn mixicbn mi‘ad

⟨f, g⟩ = ∫_2 −1 |f(t) + g(t)| dt .‘ ⟨f, g⟩ = ∫_2 −1 f(t)g(t) dt + f(−^1_2 )g(−^1_2 ) .a ⟨f, g⟩ = 3 ∫_2 −1 f(t)g(t) dt .b ⟨f, g⟩ = f(0)g(0) + f(1)g(1) .c

:xicbp . [−π, π] rhwa miinrt zexifbd zeiynnd zeivwpetd lk agxn V idi .4 . ⟨f, g⟩ = f(−π)g(−π) + ∫_π −π f^{′′}(x)g^{′′}(x) dx ? V lr zinipt dltkn idef m‘d

lk lr dtivx zxfbp zelra f : [0, 1] → C zetivxd zeivwpetd lk agxn C1[0, 1] idi .5 xicbp . [0, 1] rhwd

. ⟨f, g⟩ = f(0)g(0) + f^′(0)g^′(0) + f(1)g(1)

? P2 = span{1, x, x^2} agxnd-zz lr zinipt dltkn idef m‘d .‘

? C^1[0, 1] lr zinipt dltkn idef m‘d .a

lk lr dtivx zxfbp zelra f : [0, 1] → C zetivxd zeivwpetd lk agxn C1[0, 1] idi .6

? C^1[0, 1] lr zinipt dltkn xicbn mi‘ad miiehiad oian dfi‘ . [0, 1] rhwd ⟨f, g⟩ = f(0)g(0) + ∫_1 0 f^′(t)g^′(t) dt .‘ ⟨f, g⟩ = f(0)g(0) + f^′(1)g^′(1) .a ⟨f, g⟩ = 2 ∫ 1_2 0 f(t)g(t) dt − ∫_{11} 2 f(t)g(t) dt .b dnxepd byen .2

ep‘ oi‘ ,dnxep idn xicbdl zpn lr .ziniptd dltknd byenl irah ote‘a xeyw dnxepd byen

itk) zirah dxeva dnxep xicbdl ozip zinipt dltkn agxn lka j‘ ,zinipt dltknl miwewf .(d‘xpy

R+ -l V -n divwpet ‘id V -a (norm) dnxep .ix‘ipil agxn V idi :1.5 dxcbddxcbd

dxcbd

:mi‘ad mi‘pzd z‘ zniiwnd ,‖ · ‖ ici lr onqpy .‖v‖ ≥ 0 ,v ∈ V lkl .1 .v = ⃗0 m‘ wxe m‘ ‖v‖ = 0 .2 .‖av‖ = |a| · ‖v‖ ,a ∈ C lkle v ∈ V lkl .3 .(yleynd oeieey-i‘) ‖u + v‖ ≤ ‖u‖ + ‖v‖ ,u, v ∈ V lkl .4 lk xear .(qt‘d xehwen) wgxnd byen e‘ lcebd byen ly dllkd ‘ed dnxepd byen

‘ed ‖u‖ okl . v -e u oiay wgxnd l‘k ‖u − v‖ xtqnd l‘ qgiizdl lkep , u, v ∈ V . u ly lcebd e‘ ,⃗0 -e u oia wgxnd

:zetqep ze‘nbec oldl . C -ae R -a hlgend jxrd od dnxepl xzeia zeheytd ze‘nbecd

xicbp x = (x1, x2, . . . , xn) ∈ V lkl f‘ V = C n e‘ V = Rn m‘ :1.5 ‘nbec‘nbec

‘nbec .‖x‖ = n ∑ k=1 |x_k|^2 .zicilwie‘d dnxepd z‘xwpy V lr dnxep dxicbn ef dgqep ik d‘xp ciin

,zicilwie‘d dnxepd on dpeyd ztqep dnxep eilr xicbp .1.5 ‘nbeca enk V idi :1.6 ‘nbec‘nbec

‘nbec .‖x‖_∞ = max { |x_k| | | k = 1, 2, . . . , n } .zinxetipe‘d dnxepd e‘ seqpi‘d znxep z‘xwp ef dnxep

miizyd on dpeyd ,ziyily dnxep xicbdl lkep V = C n e‘ V = Rn xear :1.7 ‘nbec‘nbec

‘nbec

,zencewd

.‖x‖_1 = n∑ k=1 |x_k| .dnxep ok‘ idefy wecal lw

, f ∈ V lkl f‘ V = C[a, b] m‘ :1.8 ‘nbec‘nbec

‘nbec ‖f‖_∞ = max { |f(x)| | | | a ≤ x ≤ b } .zinxetipe‘d dnxepd e‘ seqpi‘d znxep z‘xwp ‘id mby ,dnxep ‘id

ici lr zirah dxeva dnxep eilr xicbdl ozip f‘ ,zinipt dltkn agxn ‘ed V xy‘k .‖v‖ = √ ⟨v, v⟩ .‘ad aeygd oeieeyd-i‘ z‘ lk mcew gikedl epilr , V -a dnxep ok‘ idef ik gikedl zpn lr .zinipt dltkn agxn V idi (Cauchy-Schwartz ,uxeey-iyew oeieey-i‘) :1.6 htynhtyn

htyn

oeieeyd-i‘ miiwzn u, v ∈ V lkl if‘ .| ⟨u, v⟩ | ≤ ‖u‖·‖v‖

okle) ⟨u, v⟩ ≠ 0 ik gipp .il‘iaixh ote‘a miiwzn oeieeyd-i‘ f‘ ⟨u, v⟩ = 0 m‘ :dgked:dgked

:dgked λ iynn xtqn lk xear if‘ .(akexn xtqn zeidl ieyr a) a = ⟨u, v⟩ onqp .(u, v ≠ ⃗0

miiwzn 0 ≤ ‖u − λav‖^2 = ⟨u − λav, u − λav⟩ = ⟨u, u⟩ − λ ⟨u, av⟩ − λ ⟨av, u⟩ + λ^2 ⟨av, av⟩ = ‖u‖^2 − λa ⟨u, v⟩ − λa ⟨v, u⟩ + λ^2aa ⟨v, v⟩ = ‖u‖^2 − λaa − λaa + λ^2aa‖v‖^2 = ‖u‖^2 − 2λ|a|^2 + λ^2|a|^2‖v‖^2

.iynn λ lkl cala miilily-i‘ mikxr lawny λ dpzyna mepiletk oexg‘d iehiaa opeazp ilnipind jxrd) λ = 1‖v‖_2 zavd ici lr e‘ ,ziaeig-i‘ ‘id df dxwna dhppinixwqicde xg‘n ik raep (mepiletd ly .0 ≤ ‖u‖^2‖v‖^2 − |a|^2 .uxeey-iyew oeieey-i‘ z‘ eplaw , a = ⟨u, v⟩ -e xg‘n . |a| ≤ ‖u‖‖v‖ o‘kn xicbp v ∈ V lkl m‘ .zinipt dltkn agxn V idi :1.7 htynhtyn

htyn ‖v‖ = √ ⟨v, v⟩ .V lr dnxep lawp f‘ . v ∈ V lkl ilily-i‘ ‘ed ⟨v, v⟩ xtqnd ,ziniptd dltknd zxcbd it lr :dgked:dgked

:dgked

m‘ wxe m‘ ‖v‖ = 0 ik xexa .(ilily-i‘ oaenke) ahid xcben √ ⟨v, v⟩ iehiad okl

epgked jkae , v = ⃗0 -l oexg‘d i‘pzd lewy ,ziniptd dltknd zxcbd jnq lr . ⟨v, v⟩ = 0 if‘ . a ∈ C idi eiykr .dnxepd ly 2-e 1 zepekz z‘ .‖av‖^2 = ⟨av, av⟩ = |a|^2 ⟨v, v⟩ = |a|^2 · ‖v‖^2 oeieey-i‘ z‘ gikedl x‘yp .dnxepd ly 3 dpekz z‘ epgked jkae , ‖av‖ = |a| · ‖v‖ okl if‘ . u, v ∈ V eidi .yleynd ‖u + v‖^2 = ⟨u + v, u + v⟩ = ⟨u, u⟩ + ⟨u, v⟩ + ⟨v, u⟩ + ⟨v, v⟩ = ‖u‖^2 + ⟨u, v⟩ + ⟨u, v⟩ + ‖v‖^2

ik ‘vei uxeey-iyew oeieey-i‘ne ,iynn xtqn onqn ⟨u, v⟩ + ⟨u, v⟩ iehiad ik xexa . | |⟨u, v⟩ + ⟨u, v⟩ | | ≤ 2| ⟨u, v⟩ | ≤ 2‖u‖ · ‖v‖ okl ‖u + v‖^2 ≤ ‖u‖^2 + 2‖u‖ · ‖v‖ + ‖v‖^2 = (‖u‖ + ‖v‖)^2 .yleynd oeieey-i‘ z‘ eplawe

dltkn lr zqqeand dnxep ‘id zicilwie‘d dnxepd wx ,zenxepl epzpy ze‘nbecd lk oian

zihxcphqd ziniptd dltknd ‘id ef dnxep zqqean dilr xy‘ ziniptd dltknd .zinipt

.dnxep ok‘ ‘id zicilwie‘d dnxepd ik raep 1.7 htynn okl .1.2 ‘nbeca epxcbd dze‘

.miitivtq xzei mipeieey-i‘ xefbl lkep yleynd oeieey-i‘ne uxeey-iyew oeieey-i‘n

, x ∈ R^n lkl f‘ ,zihxcphqd ziniptd dltknd mr R^n lr lkzqp m‘ :1.9 ‘nbec‘nbec

‘nbec

‘id x ly dnxepd .‖x‖ = √ x·x = n ∑ k=1 x^2_k

-iyew oeieey-i‘n .(qxebzit htyn z‘ xekf) mixivd ziy‘xn x ly wgxnd mb ‘xwp df jxr

, x, y ∈ R^n lkl ik lawp uxeey

. | | | | n∑ k=1 x_ky_k | | | | ≤ n ∑ k=1 x^2_k n ∑ k=1 y^2_k

:d‘ad dxeva df oeieey-i‘ minyex minrtl . (_n ∑ k=1 x_ky_k )_2 ≤ (_n ∑ k=1 x^2_k ) (_n ∑ k=1 y^2_k )

lkl f‘ ,zihxcphqd ziniptd dltknd mr C n lr lkzqp m‘ ,dnec ote‘a :1.10 ‘nbec‘nbec

‘nbec

‘id x ly dnxepd , x ∈ C^n

.‖x‖ = √ x·x = n ∑ k=1 |x_k|^2

, x, y ∈ C^n lkl ik lawp uxeey-iyew oeieey-i‘n

(1.1) . | | | | n∑ k=1 x_ky_k | | | | ≤ n ∑ k=1 |x_k|^2 n ∑ k=1 |y_k|^2 , x, y ∈ C^n lkl ik raep yleynd oeieey-i‘n

(1.2) . n∑ k=1 |x_k + y_k|^2 ≤ n∑ k=1 |x_k|^2 + n∑ k=1 |y_k|^2

ix‘ipil agxn ok‘ ‘ed ℓ2 ik gikedl icka zencewd ze‘veza zrk ynzyp :1.11 ‘nbec‘nbec

‘nbec

ziy‘x gikep . x, y ∈ ℓ2 eidi .zinipt dltkn ok‘ ‘id 1.4 ‘nbeca eilr epxcbdy dltkndye

ik xekfp .zxcben ok‘ x·y ziniptd dltknd ik lk .x·y = ∞∑ n=1 x_ny_n = lim_{m→∞} m∑ n=1 x_ny_n -i‘n ,irah m lkl .(qpkzn ∑_∞ n=1 |x_ny_n| xehd ,xnelk) hlgda qpkzn xehd ik gikep

ik raep (1.1) oeieeyd . m∑ n=1 |x_ny_n| ≤ m∑ n=1 |x_n|^2 m∑ n=1 |y_n|^2 ≤ ∞∑ n=1 |x_n|^2 ∞∑ n=1 |y_n|^2 = ‖x‖‖y‖ . ‖x‖ · ‖y‖ ici lr dlrnln dneqg S_m = ∑_m n=1 |x_ny_n| miiwlgd minekqd zxcq okl

o‘kn .zqpkzn ‘idy ixd ,dler zipehepen ‘id {Sm}∞m=1 miiwlgd minekqd zxcqe xg‘n

ik gikedl x‘yp .ahid zxcben ℓ2 lr ziniptd dltknd okle ,qpkzn ∑_∞ n=1 x_ny_n xehdy ∑_∞ n=1 |x_n + y_n|^2 xehd ik ze‘xdl epilr . x, y ∈ ℓ_2 eidi .xeaig zgz xebq ℓ_2 agxnd

,irah n lkl ik raep (1.2) oeieey-i‘n .qpkzn ∑_m n=1 |x_n + y_n|^2 ≤ [ ( ∑_m n=1 |x_n|^2)^{12} + ( ∑_m n=1 |y_n|^2)^{12}

]_2

≤ (‖x‖ + ‖y‖)^2

lr dlrnln dneqge dler zipehepen ‘id ∑_m n=1 |x_n + y_n|^2 miiwlgd minekqd zxcq okl

. x + y ∈ ℓ_2 ik epgked . (‖x‖ + ‖y‖)^2 ici

ozep C[a, b] zetivxd zeivwpetd agxna uxeey-iyew ly oeieeyd-i‘ :1.12 ‘nbec‘nbec

‘nbec . | | | ∫_b a f(x)g(x) dx | | | 2 ≤ (∫_b a |f(x)|^2dx ) (∫_b a |g(x)|^2dx )

milibxz

.zenxep ok‘ od 1.6-1.8 ze‘nbeca excbedy “zenxepd” ik gked .1

ziniptd dltknd mr f, g ∈ C[a, b] lkl ik gked .‘ .2 ⟨f, g⟩ = ∫_b a f(x)g(x) dx oeieeyd miiwzn . 1 2 ∫_b a ∫_b a |f(x)g(y) − g(x)f(y)|^2 dx dy = ‖f‖^2 · ‖g‖^2 − | ⟨f, g⟩ |^2 . C[a, b] agxnd xear uxeey-iyew oeieey-i‘ z‘ gked mcewd oeieeyd-i‘ ici lr .a

. u, v ≠ ⃗0 -e , u, v ∈ V ,zinipt dltkn lra agxn V idi .3 . a ∈ C xy‘k , u = av m‘ wxe m‘ ⟨u, v⟩ = ‖u‖ · ‖v‖ ik d‘xd .‘ . a ≥ 0 xy‘k , u = av m‘ wxe m‘ ‖u + v‖ = ‖u‖ + ‖v‖ ik d‘xd .a

“ziliawnd weg” miiwzn u, v ∈ V lkly gked .zinipt dltkn agxn V idi .4

.‖u + v‖^2 + ‖u − v‖^2 = 2‖u‖^2 + 2‖v‖^2

miiwzn u, v ∈ V lkly gked .iynn zinipt dltkn agxn V idi .5 . ⟨u, v⟩ = 1 4 ‖u + v‖^2 − 1 4 ‖u − v‖^2 miiwzn u, v ∈ V lkly gked .akexn zinipt dltkn agxn V idi .6 . ⟨u, v⟩ = 1 4 ‖u + v‖^2 − 1 4 ‖u − v‖^2 + i 4 ‖u + iv‖^2 − i 4 ‖u − iv‖^2 ziliawnd weg z‘ miiwnd dnxep agxn lkay gked ,mincewd milibxzd ipy jnq lr .7 .zqqean dnxepd dilr xy‘ zinipt dltkn xicbdl ozip

oeieeyd-i‘ miiwzn xn , . . . , x2 , x1 miiynn mixtqn n lkly gked .8

. | | | | | 1 n n∑ k=1 x_k | | | | | ≤ ( 1 n n∑ k=1 x^2_k

) 1_2

zeilnxepezxe‘ zekxrne zeilpebezxe‘ zekxrn .3

miavip v^-e u ik xn‘p .u, v ∈ V eidie zinipt dltkn agxn V idi :1.8 dxcbddxcbd dxcbd

lr ef dcaer onql ozip .⟨u, v⟩ = 0 m‘ (orthogonal) miilpebezxe‘ e‘ ipyl cg‘ .u ⊥ v ici

ziteqpi‘ dxcq e‘ {u_k}^n_{k=1} ziteq dxcq .zinipt dltkn agxn V idi :1.9 dxcbddxcbd

dxcbd

lkle ,u_k ≠ ⃗0 ,k lkl m‘ zilpebezxe‘ zkxrn z‘xwp V -a mixehwe ly {u_k}^∞_{k=1} f‘ k lkl ‖u_k‖ = 1 i‘pzd mb miiwzn ,jkl sqepa ,m‘ .u_k ⊥ u_j miiwzn k ≠ j

.zilnxepezxe‘ zkxrn z‘xwp dxcqd

.(unit vector) dcigi xehwe ‘xwp (‖u‖ = 1) 1 ekxe‘ xy‘ u ∈ V xehwe lk

ixehwe md dixai‘ lk xy‘ zilpebezxe‘ zkxrn ‘id zilnxepezxe‘ zkxrn ik xnel lkep ,okl lkep (seqpi‘ e‘ irah xtqn n xy‘k) {uk}nk=1 zilpebezxe‘ zkxrn epl dpezp m‘ .dcigi :zkxrnay mixehwed on cg‘ lk “lenxip” ici lr zilnxepezxe‘ zkxrn zelwa dpnn lawl

{e_k}^n_{k=1} okl . e_k ⊥ e_j , k ≠ j lkle , ‖e_k‖ = 1 , k lkl ik xexa . e_k =^{uk}_{‖uk‖} idi , k lkl

xzei dcaer .zixewnd zilpebezxe‘d zkxrnd ly lceb xcq eze‘n zilnxepezxe‘ zkxrn ‘id

. span{e_k}^n_{k=1} = span{u_k}^n_{k=1} -y ‘id daeyg if‘ .V zinipt dltkn agxna ziteq zilpebezxe‘ zkxrn {u_k}^n_{k=1} idz :1.10 dprhdprh

dprh

.zix‘ipil dielz izla {u_k}^n_{k=1} mixehwed zxcq ik gipp :dgked

:dgked .a_1u_1 + a_2u_2 + · · · + a_nu_n = ⃗0, a_1, a_2, . . . , a_n ∈ C k = 1, 2, . . . , n lkl ,if‘ 0 = ⟨ ⃗0, u_k ⟩ = ⟨a_1u_1 + a_2u_2 + · · · + a_nu_n, u_k⟩ = a_1 ⟨u_1, u_k⟩ + a_2 ⟨u_2, u_k⟩ + · · · + a_k ⟨u_k, u_k⟩ + · · · + a_n ⟨u_n, u_k⟩ = a_1·0 + a_2·0 + · · · + a_k· ⟨u_k, u_k⟩ + · · · + a_n·0 = a_k ⟨u_k, u_k⟩ gxkda , 1 ≤ k ≤ n lkly ‘vei . ak = 0 -y ixd , ⟨uk, uk⟩ = ‖uk‖2 ≠ 0 -e xg‘n .zix‘ipil dielz-izla ‘id {uk}nk=1 mixehwed zxcq okle , ak = 0 agxna zix‘ipil dielz izlae ziteq mixehwe zxcq {vk}nk=1 idz :dl‘yd zl‘yp -y jk {ek}nk=1 zilnxepezxe‘ zkxrn zniiw m‘d . V zinipt dltkn

? span{e_k}^n_{k=1} = span{v_k}^n_{k=1}

daeyzd ? {vk}nk=1 zixewnd dxcqd on {ek}nk=1 zkxrnl ribdl jxc zniiw m‘d ,ok m‘e dxcqd on zilnxepezxe‘ zkxrn z‘ mipea ezervn‘ay reci jildze ,ziaeig ‘id zel‘yd izyl .‘ad sirqa dxvwa x‘zp eze‘ ,hciny-mxb jildz ‘xwp zixewnd mincwnd z‘ivn ly ziqgid zelwd ‘ed zilnxepezxe‘ zkxrnl yiy zepexzid cg‘ .ix‘ipil sexivk dci lr yxtpd xehwe lk ly gezita

zilnxepezxe‘ zkxrn {e_1, . . . , e_n} idze zinipt dltkn agxn V idi :1.11 dprhdprh

dprh

.a_k = ⟨u, e_k⟩ ,1 ≤ k ≤ n lkl if‘ u = ∑_n k=1 a_ke_k m‘ .V -a :dgked ⟨u, e_k⟩ = ⟨a_1e_1 + a_2e_2 + · · · + a_ne_n, e_k⟩

= a_1 ⟨e_1, e_k⟩ + a_2 ⟨e_2, e_k⟩ + · · · + a_k ⟨e_k, e_k⟩ + · · · + a_n ⟨e_n, e_k⟩ = a_1·0 + a_2·0 + · · · + a_k·1 + · · · + a_n·0 = a_k

lr yxtpd u xehwe lkl if‘ ,zilnxepezxe‘ zkxrn {e1, . . . , en} m‘y df htynn ‘vei oeieeyd miiwzn dci .u = n∑ k=1 a_ke_k = n∑ k=1 ⟨u, e_k⟩ e_k xehwea wx ielz ‘ed okl . ak = ⟨u, ek⟩ dgqepd ici lr cigi ote‘a rawp ak mcwnd xy‘k , u ∈ span{v1, . . . , vn} m‘ ,illk ote‘a !mixg‘d mixehwed on cg‘ s‘a ‘le ek sexivk u ly gezita ak mincwnd on cg‘ lk f‘ ,zilnxepezxe‘ zkxrn dpi‘ {v1, . . . , vn} xzei dxcbdl qiqa zynyn dpexg‘d dprhd . {v1, . . . , vn} mixehwed lka ielz didi ix‘ipil .dagx

ekeza zilnxepezxe‘ zkxrn {e_k}^n_{k=1} idze zinipt dltkn agxn V idi :1.12 dxcbddxcbd

dxcbd diixet incwn mi‘xwp ⟨u, e_k⟩ mixtqnd .u ∈ V idi .(iteqpi‘ e‘ iteq n xy‘k)

zkxrnl qgia u xehwed ly (generalized Fourier coefficients) millken .dpezpd zilnxepezxe‘d z‘aen ,zeinipt zeltkn iaeyigl zriiqny ,zeilnxepezxe‘ zekxrnl yiy ztqep dpekz .d‘ad dprha

zilnxepezxe‘ zkxrn {e_1, . . . , e_n} idze zinipt dltkn agxn V idi :1.13 dprhdprh

dprh

if‘ ,mixlwq ly odylk zexcq {b_k}^n_{k=1} -e {a_k}^n_{k=1} m‘ .V -a . ⟨_n ∑ k=1 a_ke_k, n∑ k=1 b_ke_k ⟩ = n∑ k=1 a_kb_k zkxrnd xy‘k) illkd dxwnay oiivp .1.11 dprh e‘ 1.10 dprh zgkedl dnec dgkedd .d‘vezd z‘ lawl icka zepey zeltkn n2 yxcdl miieyr llk jxca (zilpebezxe‘ dpi‘

.zinipt dltkn iagxnl qxebzit htyn ly ziciin dllkdk ze‘xl ozip ‘ad htynd z‘

zinipt dltkn agxn V idi (llkend qxebzit htyn) :1.14 htynhtyn

htyn

.mixlwq {a_1, . . . , a_n} eidie ,V -a zilpebezxe‘ zkxrn {u_1, . . . , u_n} idz .‘ if‘ . ‖ ‖ ‖ ‖ n∑ k=1 a_ku_k ‖ ‖ ‖ ‖ 2 = n∑ k=1 |a_k|^2‖u_k‖^2 .V -a zilnxepezxe‘ zkxrn {e_1, . . . , e_n} idz .a u ∈ span{e_1, . . . , e_n} lkl if‘ .‖u‖^2 = n∑ k=1 | ⟨u, e_k⟩ |^2 :dgked

.1.13 dprh lr jnzqp .‘ ‖ ∑_n k=1 a_ku_k‖^2 = ⟨∑_n k=1 a_ku_k, ∑_n j=1 a_ju_j ⟩ = ∑_n k=1 ∑_n j=1 a_ka_j ⟨u_k, u_j⟩ = ∑_n k=1 |a_k|^2‖u_k‖^2

.1.11 dprhne ’‘ sirqn zicin d‘vez .a

e‘ Rn lr zicilwe‘d dnxepd byen ly zirah dllkd df htyn ly ’a wlga ze‘xl ozip

‘ed V -y dgpda) C^n -e W = span{e_1, . . . , e_n} oia miiwd mfitxenefi‘d on ,oky . C^n

ely millkend diixet incwn zxcq mr u ∈ W xehwe lk zedfl lkep ,(akexn ix‘ipil agxn xy‘k , ‖u‖ = ‖(a1, . . . , an)‖ ik oreh dyrnl oexg‘d htynd . (a1, . . . , an) ∈ C n miiw ‘l ,zinipt dltkn iagxnk ,okl . C n lr zihxcphqd dnxepd ‘id oini cvay dnxepd ! C n oiae W oia izedn lcad

milibxz

ziniptd dltknd mr f : [−1, 1] → C zetivxd zeivwpetd agxn C[−1, 1] idi .1 ⟨f, g⟩ = ∫_1 −1 f(x)g(x) dx

ly ef dveaw ik gked . P2(x) = 1 − 3x2 -e , P1(x) = x , P0(x) = 1 eidi .‘

. C[−1, 1] -a zilpebezxe‘ ‘id minepilet

divwpetdy jk c -e , b , a mini‘zn mireaw ‘vn .a

P_3(x) = a + bx + cx^2 + x^3

.zencewd zeivwpetd on zg‘ lkl zavip didz

f, g ∈ P_2 lkl . 2 -l deey e‘ dphw dlrnn miiynnd minepiletd lk agxn P_2 idi .2

xicbp . ⟨f, g⟩ = ∫_∞ 0 f(x)g(x)e^{−x}dx . P2 lr zinipt dltkn idef ik gked .‘

qgia zilnxepezxe‘ zkxrn ‘id {1, 1 − x, 1 − 2x + 12 x2} dveawdy d‘xd .a .ef zinipt dltknl lk lr dtivx zxfbp zelra f : [0, 1] → C zetivxd zeivwpetd lk agxn C1[0, 1] idi .3

. [0, 1] rhwd

ik gked .‘ ⟨f, g⟩ = f(0) · g(0) + ∫_1 0 f^′(x)g^′(x) dx . C^1[0, 1] lr zinipt dltkn ‘id

jk ef zinipt dltknl qgia C1[0, 1] -a {h1, h2, h3} zilnxepezxe‘ zkxrn ‘vn .a -y .span{h_1, h_2, h_3} = span{1, x, x^2}

rvenna aexiw e‘ miilpebezxe‘ milhid .4

xicbp . V -a zilnxepezxe‘ zkxrn {e1, . . . , en} idze ,zinipt dltkn agxn V idi incwnd z‘ epxcbd mcewd sirqa .edylk xehwe u ∈ V idi . W = span{e1, . . . , en} . u ≠ ∑_n k=1 ⟨u, e_k⟩ e_k ik xexa f‘ u /∈ W m‘ . ⟨u, e_k⟩ zeidl u ly millkend dixet

sirqa ? ∑_n k=1 ⟨u, e_k⟩ e_k oial u oia izernyn qgi miiw ,z‘f zexnl ,m‘d dl‘yd zl‘yp

.ef dl‘yl zhxetn daeyz zzl dqpp df

ilpebezxe‘d lhidd ‘xwi ũ xehwed .ũ = ∑_n k=1 ⟨u, e_k⟩ e_k onqp , u ∈ V lk xear . W lr u ly ,u ∈ V lk xear :1.15 dprhdprh

dprh .w ∈ W lkl ,⟨u − ũ, w⟩ = 0 .‘ .w ∈ W lkl ,‖u − w‖^2 = ‖u − ũ‖^2 + ‖ũ − w‖^2 .a

dxwna . w ∈ W xehwe lkl avip u − ũ xehwed ik xne‘ dprhd ly oey‘xd wlgd :dxrd

. u − ũ ⊥ W minyexe , W agxnd-zzl avip u − ũ ik mixne‘ dfk :dgked . 1 ≤ j ≤ n lkl , ⟨u − ũ, e_j⟩ = 0 ik dligz gikep .‘ ⟨u − ũ, e_j⟩ = ⟨u, e_j⟩ − ⟨_n ∑ k=1 ⟨u, e_k⟩ e_k, e_j ⟩ = ⟨u, e_j⟩ − n∑ k=1 ⟨u, e_k⟩ ⟨e_k, e_j⟩ = ⟨u, e_j⟩ − ⟨u, e_j⟩ ⟨e_j, e_j⟩ = ⟨u, e_j⟩ − ⟨u, e_j⟩ = 0 -e , w = ∑nj=1 bjej if‘ ,edylk w ∈ W gwp eiykr m‘

. ⟨u − ũ, w⟩ = ⟨ u − ũ, n∑ j=1 b_je_j ⟩ = n∑ j=1 b_j ⟨u − ũ, e_j⟩ = n∑ j=1 b_j · 0 = 0

, (u − ũ) ⊥ (ũ − w) ik ciin ‘vei jkn . w ∈ W lkl , (u − ũ) ⊥ w ,’‘ wlg it lr .a

lawp ’‘.1.14 htynn okl .ũ − w ∈ W ik ‖u − w‖^2 = ‖u − ũ + ũ − w‖^2 = ‖u − ũ‖^2 + ‖ũ − w‖^2 .dniizqd htynd zgkede

xak eze‘) wgxnd byen ly d‘ad dxcbdd xg‘l e‘eai dpexg‘d d‘vezd ly miyeniy

.(1.2 sirqa epybt oia (distance) wgxnd ,u, v ∈ V lkl .zinipt dltkn agxn V idi :1.16 dxcbddxcbd

dxcbd

.‖u − v‖ ilily-i‘d iynnd xtqnd ‘ed v -e u

dixhne‘bn epl xkend wgxnd byenl qgia wcven didi “wgxn” mya yeniydy icka :oldl hxtpy zeiceqi zepekz xtqn lra zeidl eilr ,zicilwie‘ wgxnl deey v -e u oia wgxnd :ilelin ote‘a . ‖u − v‖ = ‖v − u‖ , u, v ∈ V lkl .‘

. u -e v oia

.qt‘ ‘ed envrl u oia wgxnd :xnelk . ‖u − u‖ = 0 , u ∈ V lkl .a ,qt‘ ‘ed v -e u oia wgxnd m‘ :xnelk . u = v f‘ ‖u − v‖ = 0 m‘ , u, v ∈ V lkl .b

. u = v if‘ w -e u oia wgxnd :xnelk . ‖u − w‖ ≤ ‖u − v‖ + ‖v − w‖ , u, v, w ∈ V lkl .c . v ziyily dcewpn w -e u ly miwgxnd mekql deey e‘ ohw cinz

yleynd oeieey-i‘n zelwa zraep ’c dpekz .dnxepd zxcbdn ciin zeraep b-‘ zepekzd .‖u − w‖ = ‖u − v + v − w‖ ≤ ‖u − v‖ + ‖v − w‖ .V -a zilnxepezxe‘ zkxrn {e_1, . . . , e_n} ,zinipt dltkn agxn V idi :1.17 htynhtyn

htyn ũ = ∑_n k=1 ⟨u, e_k⟩ e_k xehwed if‘ .u ∈ V idi .W = span{e_1, . . . , e_n} -e cigid xehwed ‘ed ũ ,z‘fn dxzi .W -l jiiyd u -l xzeia aexwd xehwed epid .ilnipin u -n ewgxn xy‘ W -a wlgd on ciin raep df . w ∈ W lkl , ‖u − ũ‖ ≤ ‖u − w‖ ik ze‘xdl epilr :dgked:dgked

:dgked , w ∈ W lkl .1.15 dprh ly ipyd ‖u − w‖^2 = ‖u − ũ‖^2 + ‖ũ − w‖^2 m‘y oeieey eze‘n xexa ,ũ ly zecigid iabl . w ∈ W lkl , ‖u − ũ‖ ≤ ‖u − w‖ okle

. w = ũ okle , ‖ũ − w‖ = 0 if‘ , w ∈ W xear , ‖u − ũ‖ = ‖u − w‖ “xzeia aexwd” bivpd ‘ed ũ xehwed :‘id sirqd zligza epl‘yy dl‘yl zg‘ daeyz , u z‘ bviil ieyr ũ cvik oiapy xg‘l lawzz dl‘yl xzei d‘ln daeyz . W -l jiiyd u -l

.dxhn efi‘le

dnxepd , C[−1, 1] ix‘ipild agxnd xear :1.12 ‘nbec‘nbec

‘nbec ‖f‖ = (∫_1 −1 |f(x)|^2 dx )^1_2

ziniptd dltkndn zraep . ⟨f, g⟩ = ∫_1 −1 f(x)g(x) dx W = span{1, x} agxnd-zza f ∈ C[−1, 1] xear xzeia aehd aexiwd z‘ ‘evnl icka

miniiwnd b∗ -e a∗ mixlwq ‘evnl epilr ‖f − (a^∗ + b^∗x)‖ ≤ ‖f − (a + bx)‖ ilnxepezxe‘ qiqa zeedn e2(x) =

√_3 2 x -e e_1(x) =^{1√}_2 zeivwpetd . a, b ∈ C lkl

miniiwnd d∗ -e c∗ mixlwq z‘ivnl dlewy ef diira okl . W agxnl

‖f − (c^∗e_1 + d^∗e_2)‖ ≤ ‖f − (ce_1 + de_2)‖

‘ede ef diiral cigi oexzt miiwy raep 1.17 htynn . c, d ∈ C lkl .c^∗ = ⟨f, e_1⟩ , d^∗ = ⟨f, e_2⟩ if‘ f(x) = x^3 ,lynl ,m‘

c^∗ = ⟨f, e_1⟩ =

∫_1 −1 x^3 1 √ 2 dx = 0

.d^∗ = ⟨f, e_2⟩ = ∫_1 −1 x^3 √ 3 2 x dx = √ 6 5 okl c^∗e_1(x) + d^∗e_2(x) = √ 6 5 √ 3 2 x = 3 5 x .l”pd dnxepl qgia W jeza x3 -l xzeia aehd aexiwd ‘ed

‘id 1.15 dprhn ciin zraepy ztqep d‘vez

if‘ .V zinipt dltkn agxna zilnxepezxe‘ zkxrn {e_1, . . . , e_n} idz :1.18 dprhdprh

dprh

oeieeyd-i‘ miiwzn u ∈ V lkl . n∑ k=1 | ⟨u, e_k⟩ |^2 ≤ ‖u‖^2 lawpe 1.15 dprh ly ’a wlga w = ⃗0 aivp :dgked:dgked

:dgked .‖u‖^2 = ‖u − ũ‖^2 + ‖ũ‖^2

’a.1.14 htynn . ‖ũ‖2 ≤ ‖u‖2 okl

‖ũ‖^2 = n∑ k=1 | ⟨u, e_k⟩ |^2 .dprhd zraep o‘kne

m‘ wxe m‘ miiwzn ∑_n k=1 | ⟨u, e_k⟩ |^2 = ‖u‖^2 oeieeyd ik ze‘xl dyw ‘l . u ∈ span{e_1, . . . , e_n} hciny-mxb jildz

mixehwe ly zix‘ipil dielz izla dxcq {v1, . . . , vn} idze zinipt dltkn agxn V idi mixehwe ly {e1, . . . , en} zilnxepezxe‘ dxcq lawp ezervn‘a xy‘ jildz x‘zp . V -a -y jk V -a .span{v_1, . . . , v_n} = span{e_1, . . . , e_n} dfk ote‘a ek xehwed z‘ dpap , 1 ≤ k ≤ n , k alya xy‘k mialy n -n akxen jildzd miiwziy .span{v_1, . . . , v_k} = span{e_1, . . . , e_k} , v_1 ≠ ⃗0 ik raep zix‘ipil dielz izla ‘id {v_1, . . . , v_n} dxcqdy dcaerd on :1 aly

ici lr e1 z‘ xicbdl lkep okle

.e_1 = v_1 ‖v_1‖ . span{v_1} = span{e_1} ike ‖e_1‖ = 1 ik xexa . W_1 lr v_2 ly ilpebezxe‘d lhidd ṽ_2 = ⟨v_2, e_1⟩ e_1 idie W_1 = span{e_1} idi :2 aly

ik lawp zxg‘y meyn v2 − ṽ2 ≠ ⃗0 jkl sqepae , v2 − ṽ2 ⊥ e1 ,‘.1.15 dprh it lr xicbp m‘ okl .zix‘ipil dielz izla {v1, v2} dveawdy dcaerl dxizqa v2 ∈ W1

e_2 = v_2 − ṽ_2 ‖v_2 − ṽ_2‖

,zexg‘ milina . span{e1, e2} = span{v1, v2} -e , ‖e2‖ = 1 , e2 ⊥ e1 -y lawp f‘ ici lr yxtpy agxn-zzd eze‘ z‘ zyxetd zilnxepezxe‘ dxcq ‘id {e1, e2} dxcqd

. {v_1, v_2}

lhidd ṽk = ∑_{k−1} j=1 ⟨v_k, e_j⟩ e_j idie W_{k−1} = span{e_1, . . . , e_{k−1}} idi :k aly

jkl sqepae , vk − ṽk ⊥ Wk−1 ,‘.1.15 dprh it lr . Wk−1 lr vk ly ilpebezxe‘d xicbp m‘ ,okl . vk − ṽk ≠ ⃗0

e_k = v_k − ṽ_k ‖v_k − ṽ_k‖ dxcq ‘id {e1, . . . , ek} -ye span{e1, . . . , ek} = span{v1, . . . , vk} ik aey lawp f‘ .zilnxepezxe‘

{e_1, . . . , e_n} zilnxepezxe‘d zkxrnd z‘ lawp ea n alyl cr ote‘ eze‘a jiyndl lkep

.dievxd

milibxz

xicbp α, β, γ ∈ C lkl . f ∈ C[−π, π] idz .1 .F (α, β, γ) = 1 π ∫_π −π |f(x) − α − β cos x − γ cos 10x|^2dx ef dcewp ‘vne (α0, β0, γ0) zg‘ dcewpa weica xzeia ohw jxr zlawn F ik gked xy‘k

f(x) = sin x .b f(x) = x^3 .a f(x) = cos^2 x .‘ f(x) = | sin x| .e f(x) = |x| .d f(x) = 1 − 2 cos x .c

ziniptd dltknd z‘ xicbp C[0, 2π] agxna .2 . ⟨f, g⟩ = ∫_{2π} 0 f(x)g(x) dx

.zilnxepezxe‘ zkxrn ‘id S = {_{1√} 2π ,^{cos 2x√}_π ,^{sin x√}_π } dveawd ik gked .‘

z‘ ‘vn . [0, 2π] rhwa f(x) = x idze , S ici lr yxtpd agxnd-zz W idi .a

.(ilnipin ‖f − g‖ xnelk) f -l daexw ikd ‘idy S ici lr zyxtpy g divwpetd

ziniptd dltknd mr C[−π, π] idi .3 ⟨f, g⟩ = 1 π ∫_π −π f(x)g(x) dx g ∈ W divwpet ‘vn . f(x) = |x| idze , W = span{1, sin x, cos x, x} idie

.xzeia ohwd didi ‖f − g‖ ly jxrdy jk xicbp α, β, γ ∈ C lkl .4 .F (α, β, γ) = 1 π ∫_π −π |x − α − β cos x − γ sin 2x|^2dx .ef dcewp ‘vne cala zg‘ dcewpa ilnipin jxr zlawn F ik d‘xd zeivwpetd zepezp C[−1, 1] agxna .5

f_0(x) = 1, f_1(x) = x+a, f_2(x) = x^2+bx+c, f_3(x) = x^3+Ax^2+Bx+C

dltknl qgia C[−1, 1] -a zilpebezxe‘ zkxrn ‘id {f0, f1, f2, f3} dveawd ik recie ziniptd . ⟨f, g⟩ = ∫_1 −1 f(x)g(x) dx

. c , b , a z‘ ayg .‘ xicbp α, β, γ, δ ∈ C lkl .a .F (α, β, γ, δ) = ∫_1 −1 |x^4 − αf_0(x) − βf_1(x) − γf_2(x) − δf_3(x)|^2dx

.ef dcewp ‘vne ,weica zg‘ dcewpa xzeia ohw jxr zlawn F -y gked

zeiteqpi‘ zeilnxepezxe‘ zekxrn .5

zkxrn {e1, e2, . . .} idz . dim(V ) = ∞ ik gipp df sirqa .zinipt dltkn agxn V idi ,iziira ‘ed iteqpi‘ cnin ixehwe agxnl qiqad byen ik oiivp .ekeza ziteqpi‘ zilnxepezxe‘

e‘ V xear zyxet dveawk elit‘ e‘ qiqa l‘k zilnxepezxe‘d zkxrnl qgiizdl oi‘ okle

.ef ziziira dcewpl xefgp xzei xge‘n . V ly agxn-zz xear ,qpkzn ∑_∞ n=1 | ⟨u, e_n⟩ |^2 xehd ,u ∈ V lkl (Bessel ,lqa oeieey-i‘) :1.19 htynhtyn htyn

oeieeyd-i‘ miiwzn jkl sqepae . ∞∑ n=1 | ⟨u, e_n⟩ |^2 ≤ ‖u‖^2 , m lkl .1.18 dprh ly ziciin d‘vez idef :dgked:dgked

:dgked .S_m = m∑ n=1 | ⟨u, e_n⟩ |^2 ≤ ‖u‖^2 illk rwx :1 wxt 26

zipehepen dxcq idefe xg‘n . ‖u‖2 xtqnd ici lr dlrnln dneqg {Sm}∞m=1 dxcqd ,xnelk jkl sqepae ,iteq leabl zqpkzn ‘idy ixd ,dler . lim_{m→∞} m∑ n=1 | ⟨u, e_n⟩ |^2 ≤ ‖u‖^2 .lqa ly oeieeyd-i‘ z‘ lawp jkn laqxt oeieey miiwzn ik mixne‘ f‘ ∑_∞ n=1 | ⟨u, e_n⟩ |^2 = ‖u‖^2 miiwzne dcina

:‘id lqa oeieey-i‘n ziciin d‘vez . u xear (Parseval) zkxrn {e_1, e_2, . . .} idz (Riemann-Lebesgue ,bal-onix ly dnld) :1.20 htynhtyn

htyn

if‘ .u ∈ V idie ,V zinipt dltkn agxna ziteqpi‘ zilnxepezxe‘ . lim_{n→∞} ⟨u, e_n⟩ = 0 f‘ qpkzn xeh m‘ ik reci .qpkzn ∑_∞ n=1 | ⟨u, e_n⟩ |^2 xehd lqa oeieey-i‘ it lr :dgked:dgked

:dgked

.seqpi‘l s‘ey n xy‘k qt‘l s‘ey ely i- n -d xai‘d yie iziira ‘ed iteqpi‘ cninn ix‘ipil agxna qiqad byen ,sirqd zligza epxn‘y itk sexiv” edn xicbp cvik ‘id df xywda zelery zepey‘xd zeirad zg‘ .dax zexidfa ea lthl dveaw {u1, u2, . . .} idz ,zinipt dltkn agxn V idi :dl‘yd z‘ ccgp ?“iteqpi‘ ix‘ipil edylk oaen wiprdl lkep m‘d .mixlwq zxcq {an}∞n=1 idze ,ekeza mixehwe ly ziteqpi‘ mixehwe ly iteqpi‘ mekqa xaecn ?“ ∑_∞ n=1 a_nu_n ” iehial a_1u_1 + a_2u_2 + · · · + a_nu_n + · · ·

ly iteqpi‘ mekq ednl oaen wiprdl gilvp m‘ mb !mixtqn ly iteqpi‘ mekqa ‘wec e‘le miqiqal yiy zeievx zepekz xtqn exnyii df oaen zgzy ‘cel jkl sqepa epilr didi ,mixehwe wx ielz oaenky) dnxepa zeqpkzdd byen z‘ epzxfrl qiibp ef dxhn z‘ biydl icka .miiteq

.(dnxepd byena

xn‘p .V dnxep mr agxna mixehwe ly ziteqpi‘ dxcq {w_m}^∞_{m=1} idz :1.21 dxcbddxcbd

dxcbd

m‘ w ∈ V xehwel dnxepa zqpkzn dxcqd ik . lim_{m→∞} ‖w − w_m‖ = 0 .‖w − w_m‖ < ϵ ,m ≥ m(ϵ) lkly jk m(ϵ) irah xtqn miiw ϵ > 0 lkl ,xnelk

.“iteqpi‘ ix‘ipil sexiv” ednl zernyn zzl lkep zrk

,V dnxep mr agxna mixehwe ly ziteqpi‘ dxcq {u_1, u_2, . . .} idz :1.22 dxcbddxcbd

dxcbd

xehwel dnxepa qpkzn ∑_∞ n=1 a_nu_n xehd ik xn‘p .mixlwq zxcq {a_n}^∞_{n=1} idze

w_m = ∑_m n=1 a_nu_n miiwlgd minekqd zxcq m‘ ,w = ∑_∞ n=1 a_nu_n meyxpe ,w ∈ V

m‘ w xehwel dnxepa qpkzn ∑_∞ n=1 a_nu_n xehd ,zexg‘ milina .w -l dnxepa zqpkzn . lim_{m→∞} ‖ ‖ ‖ ‖ w − m∑ n=1 a_nu_n ‖ ‖ ‖ ‖ = 0

zniiwy ‘ed “{u1, u2, . . .} ziteqpi‘d dxcqd ici lr yxtp w xehwed” iehiad zernyn

‘ed a_1u_1 + · · · + a_mu_m sexivd , m lk xeary jk {a_n}^∞_{n=1} mixlwq ly dni‘zn dxcq

lra agxna mixehwe oia daxiwd .lcbe jled m -y lkk , w xehwel aeh xzeie xzei aexiw

xeary ‘id zncewd dprhd ly zwiecnd zernynd okle ,odipiay wgxnd it lr zccnp dnxep

, m ≥ m(ϵ) lkly jk m(ϵ) miiw ,eppevxk ohw , ϵ > 0 lk

.‖w − (a_1u_1 + a_2u_2 + · · · + a_mu_m)‖ < ϵ

.zilnxepezxe‘ zkxrn iabl epl dievxd dpekz gqpl epzexyt‘a zrk

zinipt dltkn agxna ziteqpi‘ zilnxepezxe‘ zkxrn {e_1, e_2, . . .} idz :1.23 dxcbddxcbd

dxcbd

miiwzn u ∈ V lkl m‘ V -a dxebq ‘id zkxrndy xn‘p .V . lim_{m→∞} ‖ ‖ ‖ ‖ u − m∑ n=1 ⟨u, e_n⟩ e_n ‖ ‖ ‖ ‖ = 0

. span{e_1, . . . , e_m} agxna u -l xzeia aexwd xehwed ‘ed ∑_m n=1 ⟨u, e_n⟩ e_n ik xekfp

lr ‘ad wxta hrn ‘l gexhl jxhvp .lreta dneiw z‘ epl dgihan dpi‘ dpekzd zxcbd mvr

dlewyd ,ztqep dpekz gqpp miizpia .epl daeygd ‘nbeca zniiwzn ok‘ ‘idy gikedl zpn

.zexibqd zpekzl

V zinipt dltkn agxna dxebq {e_1, e_2, . . .} zilnxepezxe‘d zkxrnd :1.24 dprhdprh dprh

oeieeyd miiwzn u ∈ V lkl m‘ wxe m‘ . ∞∑ n=1 | ⟨u, e_n⟩ |^2 = ‖u‖^2 .u ∈ V lkl laqxt oeieey meiwl dlewy zexibqd zpekz ,xnelk u_m = ∑_m n=1 ⟨u, e_n⟩ e_n idie , V_m = span{e_1, . . . , e_m} idi ,irah m lkl :dgked:dgked

:dgked

lawp , w = ⃗0 my aivp m‘ ,a.1.15 dprh it lr . Vm lr u ly ilpebezxe‘d lhidd

‖u‖^2 = ‖u − u_m‖^2 + ‖u_m‖^2

okle . ‖ ‖ ‖ ‖ u − m∑ n=1 ⟨u, e_n⟩ e_n ‖ ‖ ‖ ‖ 2 = ‖u‖^2 − m∑ n=1 | ⟨u, e_n⟩ |^2 dprhd if‘ lim_{m→∞} ‖ ‖ ‖ ‖u − m∑ n=1 ⟨u, e_n⟩ e_n ‖ ‖ ‖ ‖ 2 = 0 dprhl dlewy . lim_{m→∞} ( ‖u‖^2 − m∑ n=1 | ⟨u, e_n⟩ |^2 ) = 0 laqxt oeieeyl dlewy limm→∞ (‖u‖2 − ∑_m n=1 | ⟨u, e_n⟩ |^2) = 0 dprhd ik epl xexa

. ‖u‖^2 = ∑_∞ n=1 | ⟨u, e_n⟩ |^2 .zenlyd byen ‘ed ziteqpi‘ zilnxepezxe‘ zkxrnl xeywd sqep aeyg byen

xn‘p .V zinipt dltkn agxna zilnxepezxe‘ zkxrn {e_1, e_2, . . .} idz :1.25 dxcbddxcbd

dxcbd

i‘pzd z‘ miiwnd cigid xehwed m‘ V -a dnly ‘id zkxrnd ik (1.3) ⟨u, e_n⟩ = 0, n ∈ N .u = ⃗0 qt‘d xehwe ‘ed

zkxrn zepal ce‘n lwy al miy .edylk “qiqa” xear epl dievx zenlyd zpekzy xexa

z‘ wexfpe ‘idylk zilnxepezxe‘ zkxrn gwp heyt) dxebq ‘l mbe dnly ‘l zilnxepezxe‘

.(el lewy epi‘e) zexibqd byenn xzei ylg ‘ed zenlyd byeny xxazn .(dixai‘n cg‘

dnly ‘id if‘ V -a dxebq zilnxepezxe‘ zkxrn ‘id {e_1, e_2, . . .} m‘ :1.26 dprhdprh

dprh

.V -a

dprh it lr .(1.3) i‘pz z‘ miiwny xehwe u ∈ V idi .dxebq zkxrndy gipp :dgked:dgked

:dgked

1.24

‖u‖^2 = ∞∑ n=1 | ⟨u, e_n⟩ |^2 = ∞∑ n=1 |0|^2 = 0

. u = ⃗0 gxkda okle

aexw gxkda epi‘ ∑_m n=1 ⟨u, e_n⟩ e_n mekqd if‘ dxebq dpi‘ {e_1, e_2, . . .} zkxrnd m‘

axwzn l”pd mekqd ea ote‘d ,dxebq zkxrnd m‘ mb minrtl .lecb m dnkl xyw ‘la , u -l daeh zilnxepezxe‘ zkxrn ‘evnle zeqpl yi f‘e ,zenieqn zexhnl aeh witqn epi‘ u -l .xzei

.laqxt oeieey ly dllkda wxtd z‘ miiqp

{e_1, e_2, . . .} idze zinipt dltkn agxn V idi (llken laqxt oeieey) :1.27 dprhdprh dprh

.b_n = ⟨v, e_n⟩ -e ,a_n = ⟨u, e_n⟩ ,u, v ∈ V eidi .V -a dxebq zilnxepezxe‘ zkxrn if‘ . ⟨u, v⟩ = ∞∑ n=1 a_nb_n zedfa ynzyp :dgked:dgked

:dgked (1.4) ⟨u, v⟩ = 1 4 ‖u + v‖^2 − 1 4 ‖u − v‖^2 + i 4 ‖u + iv‖^2 − i 4 ‖u − iv‖^2 ixd V -a dxebq {e_1, e_2, . . .} zilnxepezxe‘d zkxrnde xg‘n .(1.2 sirqa 6 libxz d‘x)

mi‘ad mipeieeyd zrax‘ lk miraep 1.24 dprhny

‖u + v‖^2 = ∑_∞ n=1 |a_n + b_n|^2 ‖u − v‖^2 = ∑_∞ n=1 |a_n − b_n|^2 ‖u + iv‖^2 = ∑_∞ n=1 |a_n + ib_n|^2 .‖u − iv‖^2 = ∑_∞ n=1 |a_n − ib_n|^2 zedfa yeniy ici lre ,(1.4) dgqepa dl‘ zeiedfa yeniy ici lr

a_nb_n = 1 4 |a_n + b_n|^2 − 1 4 |a_n − b_n|^2 + i 4 |a_n + ib_n|^2 − i 4 |a_n − ib_n|^2 .d‘vezd z‘ lawp

milibxz

-y jk v ∈ V idie , V zinipt dltkn agxna zilpebezxe‘ zkxrn {un}∞n=1 idz .1 v = ∞∑ n=1 a_nu_n , n lkl ik gked .a_n = 1 ‖u_n‖^2 ⟨v, u_n⟩ f_n : [0, 1] → R divwpet xicbp , n ∈ N lkl .2

f_n(x) =

0, 0 ≤ x ≤^1_n √ n,^1_n < x <^2_n

0,^2_n ≤ x ≤ 1

j‘ [0, 1] rhwd lk lr qt‘l zizcewp zqpkzn {f_n}^∞_{n=1} zeivwpetd zxcq ik gked

dnxepa qt‘d zivwpetl zqpkzn dpi‘ .‖f‖ = (∫_1 0 |f(x)|^2dx )^1_2

rhwd lk lr qt‘l deey dcina zqpkzny C[0, ∞) agxna zeivwpet zxcq ‘vn .3

dnxepa qt‘d zivwpetl zqpkzn dpi‘ j‘ , [0, ∞) .‖f‖ = (∫_∞ 0 |f(x)|^2dx ) 1_2

xicbp . V -a dxebq zilnxepezxe‘ zkxrn {en}∞n=1 idze zinipt dltkn agxn V idi .4

f_{2n−1} = e_{2n} − e_{2n−1} √ 2 , f_{2n} = e_{2n} + e_{2n−1} √ 2 , n = 1, 2, 3, . . . . V -a dxebq zilnxepezxe‘ zkxrn ‘id mb {f_n}^∞_{n=1} ik gked

.zinipt dltkn agxn V idi .5 . | | |‖u‖ − ‖v‖ | | | ≤ ‖u − v‖ , u, v ∈ V lkl ik gked .‘

xnelk) u ∈ V xehwel dnxepa zqpkznd , V -a mixehwe zxcq {un}∞n=1 idz .a

. lim_{n→∞} ‖u_n‖ = ‖u‖ ik gked .(lim_{n→∞} ‖u − u_n‖ = 0

31 zillk dxfgl milibxz

zillk dxfgl milibxz C(D) idie , R^2 -a geztd dcigid lebr D = {(x, y) ∈ R^2 | x^2 + y^2 < 1} idi .1

xicbp f, g ∈ C(D) lkl . f : D → C zetivxd zeivwpetd lk sqe‘ ⟨f, g⟩ = ∫ ∫ D f(x, y)g(x, y) dx dy idz irah n lkle f_n(x, y) = (x + iy)^n . C(D) lr zinipt dltkn ‘id ⟨f, g⟩ ik gked .‘ . C(D) -a zilpebezxe‘ zkxrn ‘id {f_n}^∞_{n=0} zeivwpetd zxcq ik gked .a

xicbp f, g ∈ C[−1, 1] lkl .2 ⟨f, g⟩ = ∫_1 −1 f(x)g(x) √ 1 − x^2 dx

. C[−1, 1] lr zinipt dltkn idef ik gked .‘

ici lr C[−1, 1] -a Tn divwpet xicbp , n ∈ N lkl .a

.T_n(x) = cos(n arccos x)

zeivwpetd zxcq ik gked .(Chebyshev) ayia’v mepilet z‘xwp Tn divwpetd

. C[−1, 1] agxna zilpebezxe‘ zkxrn ‘id {T_n}^∞_{n=1}

dlrnn mepilet dyrnl ‘id Tn(x) , n lkl ik gked , θ = arccos x davdd ici lr .b

. x dpzyna n

:md (Legendre) xcp’bl ly minepiletd .3

P_n(x) = 1 2^nn! d^n dx^n (x^2 − 1)^n

ik gked .‘

∫_1 −1 P_m(x)P_n(x) dx = 0, m ≠ n 2 2n+1 , m = n

ziniptd dltknd mr C[−1, 1] agxna zilpebezxe‘ zkxrn ‘id {Pn}∞n=1 okle . ⟨f, g⟩ = ∫_1 −1 f(x)g(x) dx idz .a f(x) = 0, −1 ≤ x < 0 1, 0 < x ≤ 1 .xcp’bl ly minepiletd ly ix‘ipil sexvk f z‘ ‘ha : C N -a xehwe xicbp m = 0, 1, . . . , N − 1 lkl .oezp irah xtqn N idi .4 .u_m = ( 1, e �2πim_N , e �4πim_N , . . . , e �2(N�1)πim N )

:ik gked dltknd mr C N agxna zilpebezxe‘ zkxrn deedn {um}N−1m=0 mixehwed zxcq .‘ .zihxcphqd ziniptd

. ‖u_m‖^2 = N , m = 0, 1, . . . , N − 1 lkl .a . u =^1_N ∑_{N−1} m=0 ⟨u, u_m⟩ u_m , u ∈ C^N lkl .b ly zihxwqicd dixet zxnzdd ‘xwp {⟨u, u_m⟩}^{N−1}_{m=0} mincwnd xehwe :dxrd .(Discrete Fourier Transform) u