2 wxt

dixet ixeh

dncwd .0

zeivwpet axwl e‘ bivdl icka dixet ixeha miynzyn ep‘ .dixet ixeh lr cnlp df wxta xehd la‘ ,zewfg ixehl e‘ minepiletl minec dixet ixeh df oaena .iteq rhw lr zexcbend zilnxepezxe‘ zkxrnl zg‘ ‘nbec ‘ed dixet xehd .xzei illke xzei wfg dn oaena ‘ed dixet j‘ .mcewd wxta epgzty dixe‘zd ly meyii ‘ed .zinipt dltkn mr agxna dxebq ziteqpi‘ o‘’f ici lr dpey‘xl xcbed dixet xehd .odilr cnlpy ,elyn zeitivtq zepekz mb yi dixet xehl .dpy 200-k iptl (Jean Baptiste Joseph Fourier, 1768-1830) dixet sfe’b hqihta ze‘eeyna zenieqn zeira xeztl icka l”pd mixehd z‘ gzity qcpdne i‘wihnzn did dixet dktdna szzyd dixet) .df beqn cg‘ yeniy ‘iap wxta oexg‘d sirqa .zeiwlg zeil‘ivpxtic eel xy‘ “minkgd” cg‘l aygp f‘ ‘ed .1798 zpya miixvnl oeiletp mr ylt mbe ziztxvd

(.zizgzd miixvn ly lyend did ‘ed dn ztewzl .eiyeaka el eriiqe oeiletp z‘

zexcbd .1

zelawnde [−π, π] rhwa zexcbend oirhewnl zetivxd zeivwpetd agxn z‘ onqp E ici lr dl yi m‘ oirhewnl dtivx z‘xwp f : [−π, π] → C divwpet ik xikfp . C -a mikxr miniiw zetivx-i‘ zcewp lka ,jkl sqepa ,m‘e zetivx-i‘ zecewp ly iteq xtqn xzeid lkl

ep‘ “zetivx-i‘ zcewp” gpena ik yibcp .(il‘nyd leabde ipnid leabd) miiccv-cgd zeleabd

zeleabd da xy‘ x dcewp lk .ef dcewpa zxcben dpi‘ divwpetdy zexyt‘d z‘ mb millek izy lk ly (dltkn mbe) mekq ik xexa . f ly dvitw zcewp z‘xwp mipey miiccv-cgd

oirhewnl dtivx divwpet ly dltkne ,oirhewnl dtivx divwpet ‘ed oirhewnl zetivx zeivwpet

oirhewnl dtivx divwpet lk .ix‘ipil agxn ‘ed E okl .oirhewnl dtivx divwpet ‘id xlwqa

dxeva cinz bivdl ozip , C -a mikxr zlawn xy‘ , f f = u + iv z‘xwp u divwpetd . [−π, π] rhwa oirhewnl zetivxe zeiynn zeivwpet od v -e u xy‘k

f ly dnecnd wlgd z‘xwp v divwpetd . u = Re(f) minyexe f ly iynnd wlgd

. v = Im(f) minyexe

xicbp f, g ∈ E lkl (2.1) . ⟨f, g⟩ = 1 π ∫_π −π f(x)g(x)dx ,onix ly lxbhpi‘d ly zeiceqid zepekzd jnq lr .oirhewnl dtivx f·g ik miiw lxbhpi‘d

zkxrn bivp .zinipt dltkn agxn ‘ed E okl . E lr zinipt dltkn idef ik gikedl lw

.zeilnxepezxe‘d z‘ gikep ‘ad htyna . E -a dxebq zilnxepezxe‘

zeivwpetd zxcq :2.1 htynhtyn

htyn { 1 √ 2 , sin x, cos x, sin 2x, cos 2x, sin 3x, cos 3x, . . . }

.E agxna zilnxepezxe‘ zkxrn deedn

lk ly dnxepdye zeilpebezxe‘ od dxcqa zepey zeivwpet izy lk ik gikedl epilr :dgked:dgked

:dgked

:ipyd xaca ligzp . 1 deey dxcqa divwpet ‖ ‖ ‖ ‖ 1 √ 2 ‖ ‖ ‖ ‖ 2 = 1 π ∫_π −π | | | | 1 √ 2 | | | | 2 dx = 1 2π ∫_π −π dx = 1 , n ∈ N lkle

‖ sin nx‖^2 = 1 π ∫_π −π | sin nx|^2dx = 1 π ∫_π −π 1 − cos 2nx 2 dx = 1

.‖ cos nx‖^2 = 1 π ∫_π −π | cos nx|^2dx = 1 π ∫_π −π 1 + cos 2nx 2 dx = 1 zyng z‘ gikedl epilr dxcqa zepey zeivwpet izy lk ly zeilpebezxe‘ gikedl zpn lr

:ze‘ad zeprhd

n ∈ N ,^{⟨ 1}√_2 , sin nx^⟩ = 0 .‘ n ∈ N ,^{⟨ 1}√_2 , cos nx^⟩ = 0 .a

m, n ∈ N , ⟨sin mx, cos nx⟩ = 0 .b m, n ∈ N , m ≠ n , ⟨sin mx, sin nx⟩ = 0 .c . m, n ∈ N , m ≠ n , ⟨cos mx, cos nx⟩ = 0 .d

ligzp .ze‘nbeck okezn miizy gikep .envr ipta lw libxz ‘id dl‘ zeprhn on zg‘ lk :’‘ dprha ⟨_{1√} 2 , sin nx ⟩ = 1 π ∫_π −π 1 √ 2 sin nx dx = 1 π √ 2 [ − cos nx n | | | | π −π ]

= − cos nπ + cos n(−π) nπ √ 2 = 0 if‘ . m ≠ n -e m, n ∈ N eidi .’d dprh z‘ eiykr gikep ⟨cos mx, cos nx⟩ = 1 π ∫_π −π cos mx cos nx dx

= 1 π ∫_π −π cos(m + n)x + cos(m − n)x 2 dx

= 1 2π [ sin(m + n)x m + n + sin(m − n)x m − n | | |^π −π ]

= 0 .dnec zeprhd x‘y zgked

dyw ef dcaer . E -a dxebq zkxrn mb ‘idy jkn zraep l”pd zkxrnl dlecb zeaiyg l”pd zkxrnd dzid ‘lnl‘ .2.6 sirqa wx ‘ln ote‘a dze‘ gikep okle df alya gikedl .ziyeniy e‘ daeyg dzid m‘ wtq , E -a dxebq

bivdl ozip f‘ dxebq zilnxepezxe‘ zkxrn ‘id {en}∞n=1 m‘y zrcl epgkep mcewd wxta ‘id zillkd ezxevy “iteqpi‘ ix‘ipil sexiv” ici lr f lk . ∞∑ n=1 ⟨f, e_n⟩ e_n :eply zkxrnd ly dxwna ⟨f, en⟩ en xehd ixai‘ mdn weica wecap

if‘ e_n(x) =^{1√}_2 m‘ .1 . ⟨f, e_n⟩ e_n = 1 π (∫_π −π f(t) 1 √ 2 dt ) 1 √ 2 = 1 2π ∫_π −π f(t)dt if‘ , n = 1, 2, 3, . . . , en(x) = sin nx m‘ .2 . ⟨f, e_n⟩ e_n = 1 π (∫_π −π f(t) sin nt dt ) sin nx if‘ , n = 1, 2, 3, . . . , en(x) = cos nx m‘ .3 . ⟨f, e_n⟩ e_n = 1 π (∫_π −π f(t) cos nt dt ) cos nx dxevd on didi eply zkxrnd xear ∑_∞ n=1 ⟨f, e_n⟩ e_n xehd okl

(2.2) a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

xy‘k

(2.3) a_n = 1 π ∫_π −π f(x) cos nx dx, n = 0, 1, 2, . . .

.b_n = 1 π ∫_π −π f(x) sin nx dx, n = 1, 2, . . . .ilnxet my df xehl ozip

a_n -d xy‘k ,f -l mi‘znd (2.2) xehd .E -l zkiiyd dpezp divwpet f idz :2.2 dxcbddxcbd

dxcbd

lr ef dcaer onqpe f ly (Fourier Series) diixet xehd ‘xwp ,(2.3)-a excbed bn -de ici f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

:zexrd

dgqepdn lawzn a0 xtqnde xg‘n dgep ‘id a^02 dxeva xehd ly iytegd reawd zaizk .‘ :‘id a0 xear dgqepd ,mipt lk lr .(cos 0 = 1 ixdy) (2.3)-a an ly zillkd

. a_0 =^1_π ∫_π −π f(x)dx qpkzi xehdy gxkd mey oi‘e xg‘n wiecn oeieey ‘le ∼ epnyx f ly dixet xehd zxcbda .a ‘edy gxkd mey oi‘ , x ly mieqn jxr xear qpkzn ‘ed m‘ mbe , x ly jxr lk xear

37 zexcbd .1

. [−π, π] rhwd lk lr dtivx divwpet ‘id f xy‘k mb dpekp ef dcaer . f(x) -l qpkzi

mikxrl xehd zeqpkzd z‘ gihadl icka f divwpetd lr miwfg xzei mi‘pz miyxcp deey dcina zeqpkzd enk) znieqn dxevn didi zeqpkzdd beqy gihadl icka e‘ miievx

.(zizcewp zeqpkzd e‘ .(diipn-oa ‘ed mxtqny) b_n -e a_n mincwnd ici lr oihelgl rawp f ly dixet xehd .b

m‘y xexa .(2.3) ze‘gqepay minieqnd milxbhpi‘d ici lr mirawp mnvr mincwnd

mbe E agxnd jeza zx‘yp ‘id f‘ zecewp ly iteq xtqna f divwpetd ikxr z‘ dpyp

zepeyd , E jeza zeivwpet izy lkly o‘kn .jkn d‘vezk epzyi ‘l minieqnd milxbhpi‘d .dixet xeh eze‘ yi ,mikxr ly iteq xtqna dipyd on zg‘ divwpet dyrnl xicbn , x lkl qpkzn ‘ede dcina , f ∈ E divwpet lk ly (2.2) xehd .c lkl , g(x + 2π) = g(x) miiwn xnelk) 2π ‘ed dxefgn xy‘ , R lk lr zixefgn lk lr zxcbend zixefgn divwpet ‘id dnvr f ik aeygl minrtl gep ,jk awr .(x ∈ R xy‘k ,dcigid lbrn lr zxcbend divwpet ‘id f -y oitelgl e‘ , 2π ‘ed mb dxefgnye , R .lbrnd lr dcewpl dni‘znd ziefd z‘ oiivn x ‘id (2.1) dgqepa epxcbdy ziniptd dltknd on zraepy dnxepd .d .‖f‖ = ( 1 π ∫_π −π |f(x)|^2dx ) 1_2

zizedf ‘id f f‘ ‖f‖ = 0 m‘y dpekzd dxqg E lr (ziniptd dltknle) ef dnxepl .zecewp ly iteq xtqnl ile‘ hxt ,qt‘ zizedf f f‘ ‖f‖ = 0 m‘y ‘ed oekpy dn .qt‘

.(’b dxrd d‘x) zecewp ly iteq xtqna wx zelcapd E -a zeivwpet oia zedfl ‘xewd lr

dly dixet xehd z‘ divwpetl mi‘znd jildzdy ze‘xl ozip dixet xehd ly dxcbddn ly dixet xehl deey f + g ly dixet xehd f‘ f, g ∈ E m‘ ,xnelk .ix‘ipil jildz ‘ed

af ly dixet xehd f‘ a ∈ C m‘ .(mincwnd mekq ly oaena) g ly dixet xehd cere f

zltkd ici lr milawzn af ly dixet xehd incwn ,xnelk) a letk f ly dixet xehl deey zepekzd on zelwa zeraep dl‘d zepekzd izy .(a xlwqa f ly dixet xehd ly mincwnd .mieqnd lxbhpi‘d ly zeiqiqad

zeivwpet xtqn ly dixet xehd z‘ aygp ,dixet xehd ly zepey zepekz lr cnlpy iptl .zeheyt

z‘ gztp . E -a z‘vnp f ik xexa . [−π, π] rhwa f(x) = x idz :2.1 ‘nbec‘nbec

‘nbec

a_n -e a_0 mincwnd z‘ aygl (ievxe) jxhvp ,miax mixwna enky ,oiivp .dly dixet xehd

.cxtpa (n ≥ 1)

a_0 = 1 π ∫_π −π x dx = 0 , n ≥ 1 xear

a_n = 1 π ∫_π −π x cos nx dx = 1 π [ x sin nx n | | | π −π − ∫_π −π sin nx n dx ]

= 1 π [ x sin nx n | | | π −π + cos nx n^2 | | | π −π ] = 0 x cos nx -e x zeivwpetd ly zeibef-i‘d on ciin lawl epleki elld ze‘vezd izy z‘ ik oiivp : n ≥ 1 , b_n mincwnd aeyigl eiykr xearp .2.2 sirqa xefgp ef dcaerl . [−π, π] rhwa

b_n = 1 π ∫_π −π x sin nx dx = 1 π [ − x cos nx n | | | | π −π + ∫_π −π cos nx n dx ]

= 1 π [ − x cos nx n | | | | π −π + sin nx n^2 | | | | π −π ] = −2π cos nπ nπ = 2(−1)^{n+1} n ici lr oezp f(x) = x ly dixet xehd okl .x ∼ ∞∑ n=1 2(−1)^{n+1} n sin nx . [−π, π] rhwd ly dcewp lka divwpetl deey epi‘ xehdy mi‘ex ef dpey‘x ‘nbeca xak

.dl‘ zecewpa zqt‘zn dpi‘ dnvr divwpetd eli‘e qt‘zn xehd x = ±π rhwd zevwa .rhwd ly zinipt dcewp lka x -l qpkzn ok xehd ,jynda gikepy itk ,la‘

divwpetl ddf f(x) = 5 − 3 sin 2x + 8 cos 3x divwpetd ly dixet xehd :2.2 ‘nbec‘nbec

‘nbec

xzein o‘k aeyigd j‘ .aeyig ici lr mb ef d‘vez lawl ozip .(df dxwna iteq ‘ed okle) dnvr dxevd on divwpet lk ,illk ote‘a .(?recn) oihelgl f(x) = A_0 2 + M∑ n=1 A_n cos nx + M∑ n=1 B_n cos nx

ixhnepebixh mepilet z‘xwp , B_M ≠ 0 e‘ A_M ≠ 0^-e irah xtqn ‘ed M xy‘k

:eidi ely mincwnd ,zxne‘ z‘f .dl ddf dly dixet xehd ,efk divwpet lk iabl . M dlrnn .a_n = A_n, n ≤ M 0, n > M b_n = B_n, n ≤ M 0, n > M

dixet xehd z‘ aygp . f ∈ E -y xexa . [−π, π] rhwa f(x) = |x| idz :2.3 ‘nbec‘nbec

‘nbec

: a_n mincwnd ly aeyiga ligzp . f ly

a_0 = 1 π ∫_π −π |x| dx = 2 π ∫_π 0 x dx = 2 π π^2 2 = π : n ≥ 1 xear

a_n = 1 π ∫_π −π |x| cos nx dx = 2 π ∫_π 0 x cos nx dx

= 2 π [ x sin nx n | | | π 0 − ∫_π 0 sin nx n dx ]

= 2 π [ cos nx n^2 | | | π 0 ] = 2 π [ (−1)^n − 1

n^2 ]

= −^4_{πn2} , ibef-i‘ n 0, ibef n

f(x) = |x| ly dixet xehd okl .(2.2 sirq mb d‘x) b_n = 0 ik wecal ozip n ≥ 1 xear

ici lr oezp .|x| ∼ π 2 − ∞∑ k=1 4 π(2k − 1)^2 cos(2k − 1)x

xehwe ly xzeia aehd aexiwl dxeyw zilnxepezxe‘ zkxrn ly zeiqiqad zepekzdn zg‘

.(1.17 htyn d‘x) zkxrnd ixai‘n wlg ici lr yxtpd agxn-zzl jiiyd xehwe ici lr oezp

:d‘ad d‘vezd z‘ ozep dixet ixeh ly dxwnl 1.17 htyn ly heyt mebxz

iehiad ly menipind ,m ∈ N lkl if‘ .f ∈ E idz :2.3 htynhtyn

htyn 1 π ∫_π −π | | | | f(x) − [ A_0 2 + m∑ n=1 (A_n cos nx + B_n sin nx) ]| | | 2 dx ,B_n = b_n -e A_n = a_n zecewpa lawzn ,(C -a) B_n -e A_n mipzynd ly divwpetk .[−π, π] rhwa f ly dixet incwnd md b_n -e a_n xy‘k

.jynda ef dcaera ynzyp

milibxz

. [−π, π] rhwa ze‘ad zeivwpetd on zg‘ lk ly dixet xehd z‘ ‘vn .1

f(x) = 0, −π ≤ x ≤ 0 e^x, 0 < x ≤ π .a . f(x) = | sin x| .‘

f(x) = 0, −π ≤ x ≤ 0 x, 0 < x ≤ π .c f(x) = cos x, −π < x < 0 sin x, 0 < x < π .b divwpetd ly dixet xehd z‘ ‘vn , −π ≤ p ≤ π iynn lk xear .2 .f_p(x) = 0, −π ≤ x ≤ p 1, p < x ≤ π idie 2π zixefgne oirhewnl dtivx divwpet f idz .3 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

. [−π, π] rhwa f ly dixet xehd

idie , x ∈ R lkl , g(x) = f(x + π) xicbp .‘ g(x) ∼ A_0 2 + ∞∑ n=1 [A_n cos nx + B_n sin nx]

. b_n -e a_n ici lr B_n -e A_n z‘ ‘ha . [−π, π] rhwa g ly dixet xehd

idie , h(x) = f(x) cos x xicbp .a h(x) ∼ α_0 2 + ∞∑ n=1 [α_n cos nx + β_n sin nx]

. b_n -e a_n ici lr β_n -e α_n z‘ ‘ha . [−π, π] rhwa h ly dixet xehd

dveawd ik gked .dpezp zief θ idz .4 { 1 √ 2 , cos(x + θ), sin(x + θ), cos(2x + θ), sin(2x + θ), . . . }

ziniptd dltknl qgia E agxna zilnxepezxe‘ zkxrn ‘id ⟨f, g⟩ = 1 π ∫_π −π f(x)g(x) dx

idie f ∈ E idz .5 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

{α_n}^∞_{n=0} dxcqe {A_n}^∞_{n=0} dxcq zniiw ik gked . [−π, π] rhwa f ly dixet xehd -e −^π_2 < α_n ≤^π_2 -y jk f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx] = A_0 + ∞∑ n=1 A_n cos(nx − α_n)

-e −^π_2 < β_n ≤^π_2 -y jk {β_n}^∞_{n=1} dxcqe {B_n}^∞_{n=0} dxcq zniiw ,dnec ote‘ae .f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx] = B_0 + ∞∑ n=1 B_n sin(nx + β_n)

zetqep ze‘nbece ,zeibef-i‘ ,zeibef .2

xekfp .zibef-i‘ e‘ zibef divwpetd xy‘k xzei heyt ‘ed dpezp divwpet ly dixet xehd gezit miiwzn (mi‘zn) x lkl m‘ x = a dcewpl aiaq zibef z‘xwp f divwpet ik .f(a − x) = f(a + x) miiwzn x lkl m‘ x = a dcewpl aiaq zibef-i‘ f -y xn‘p .f(a − x) = −f(a + x) f df dxwna . a = 0 ea gikyd dxwnl oeekzp f‘ x = a dcewpd z‘ xikfp ‘le dcina . f(−x) = −f(x) , x lkl m‘ zibef-i‘ f -e , f(−x) = f(x) , x lkl m‘ zibef ‘id

od zeibef zeivwpetl zeihxcphqd ze‘nbecd f(x) = x^{2n}, f(x) = cos nx, n ∈ N od zeibef-i‘ zeivwpetle .f(x) = x^{2n−1}, f(x) = sin nx, n ∈ N ly ze‘ad zepekzd zeraep −1 -a ltkd zepekzn .“zibef-i‘”-e “zibef” zenyd xewn o‘kn .zeibef-i‘e zeibef zeivwpet

.zibef divwpet ‘id zibef divwpeta zibef divwpet ly dltkn .‘

.zibef-i‘ divwpet ‘id zibef-i‘ divwpeta zibef divwpet ly dltkn .a .zibef divwpet ‘id zibef-i‘ divwpeta zibef-i‘ divwpet ly dltkn .b

, b > 0 lkl if‘ zibef-i‘ divwpet ‘id g m‘ .c . ∫_b −b g(x)dx = 0 , b > 0 lkl if‘ zibef divwpet ‘id g m‘ .d . ∫_b −b g(x)dx = 2 ∫_b 0 g(x)dx ivg zeibef-i‘ e‘ zeibef ly dxwnay ze‘xny ,ze‘ad ze‘vezd z‘ lawp dl‘d zepekzd on .miqt‘zn xehd incwnn

.E agxna divwpet f idz :2.4 dprhdprh

dprh

‘ed f ly dixet xehd if‘ zibef f m‘ .‘ f(x) ∼ a_0 2 + ∞∑ n=1 a_n cos nx

xy‘k .a_n = 2 π ∫_π 0 f(x) cos nx dx .miqepiqew xeh ‘xwp dfk xeh ‘ed f ly dixet xehd if‘ zibef-i‘ divwpet ‘id f m‘ .a f(x) ∼ ∞∑ n=1 b_n sin nx

xy‘k .b_n = 2 π ∫_π 0 f(x) sin nx dx .miqepiq xeh ‘xwp dfk xeh

xnelk . [−π, π] rhwa oniqd zivwpet f(x) = sgn(x) idz :2.4 ‘nbec‘nbec

‘nbec

.f(x) = 1, 0 < x ≤ π 0, x = 0 −1, −π ≤ x < 0

.aygl jxhvp bn mincwnd z‘ ! n lkl an = 0 okle zibef-i‘ divwpet ‘id f ik xexa

b_n = 1 π ∫_π −π sgn(x) sin nxdx = 2 π ∫_π 0 sin nxdx

= 2 π [ − cos nx n | | | | π 0 ] = 2 π [ 1 − (−1)^n n ]

= 0, ibef n 4 nπ , ibef-i‘ n

-y o‘kn .f(x) ∼ ∞∑ k=1 4 (2k − 1)π sin(2k − 1)x

okle zibef divwpet ‘id f ik xexa . [−π, π] rhwa f(x) = x2 idz :2.5 ‘nbec‘nbec

‘nbec

a_n ly aeyigd z‘ . n ≥ 1 ea dxwna ligzp .aygl yi a_n mincwnd z‘ ! n lkl b_n = 0

.miwlg itl divxbhpi‘a letk yeniy ici lr rvap

a_n = 1 π ∫_π −π x^2 cos nxdx = 2 π ∫_π 0 x^2 cos nxdx

= 2 π [ x^2 sin nx n | | | | π 0 − 1 n ∫_π 0 2x sin nx dx ] = − 4 πn ∫_π 0 x sin nx dx

= − 4 πn [ − x cos nx n | | | π 0 + 1 n ∫_π 0 cos nx dx ]

= − 4 πn [ − π(−1)^n n + sin nx n^2 | | | π 0 ] = 4(−1)^n

n^2 . a_0 z‘ aygp eiykr

.a_0 = 1 π ∫_π −π x^2dx = x^3 3π | | | π −π = 2π^2 3 -y o‘kn .x^2 ∼ π^2 3 + ∞∑ n=1 4(−1)^n

n^2 cos nx milibxz

:ze‘ad zeivwpetd on zg‘ lk ly dixet xehd z‘ ‘vn .1

f(x) = sin^x_2 .b f(x) = π^2 − x^2 .a f(x) = x |x| .‘

. 0 ≤ p ≤ π xear , f_p(x) = cos px ly dixet xehd z‘ ‘vn .2

idie , f ∈ E idz .3 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

zeivwpetd izy z‘ xicbp . [−π, π] rhwa f ly dixet xehd g(x) = f(x) + f(−x) 2 , h(x) = f(x) − f(−x) 2 . [−π, π] rhwa h ly dixet xehd z‘e g ly dixet xehd z‘ ‘vn

akexn dixet xeh .3

. cos nx -e sin nx zeiynnd zeivwpetdn zakxend zilnxepezxe‘ zkxrna epwqr dzr cr

dltknd .‘weec zeakexn zeivwpet md dixai‘ xy‘ daeyg zilnxepezxe‘ zkxrn eiykr bivp dpey zvw didz mrtd ziniptd . ⟨f, g⟩ = 1 2π ∫_π −π f(x)g(x) dx , x ∈ R lk xear ,ditl xy‘ xlie‘ zgqep z‘ xekfp

.e^{ix} = cos x + i sin x

qgia zilnxepezxe‘ zkxrn deedn {einx} ∞ n=−∞ zeivwpetd zveaw ik gikedl ce‘n lw

dxevd on ‘ed ef zkxrnl mi‘znd xehd , f ∈ E lkl ,okl .l”pd ziniptd dltknl (2.4) f(x) ∼ ∞∑ n=−∞ c_ne^{inx} xy‘k

(2.5) .c_n = 1 2π ∫_π −π f(x)e^{−inx}dx, n = 0, ±1, ±2, . . .

xy‘k f ly akexnd dixet xehd ‘xwp (2.4) xehd .f ∈ E idz :2.5 dxcbddxcbd

dxcbd

.(2.5) dgqepa excbed cn mincwnd

45 akexn dixet xeh .3

ik al miyp z‘f ze‘xl icka .dpey zvw dxeva libxd dixet xehd ‘l‘ epi‘ df xeh

e^{i0x} = 1 e^{inx} = cos nx + i sin nx, n = 1, 2, 3, . . . .e^{−inx} = cos nx − i sin nx, n = 1, 2, 3, . . . , n = 1, 2, 3, . . . lkl if‘ .(2.3) dgqepa enk b_n -e a_n eidi

c_n = 1 2π ∫_π −π f(x)e^{−inx}dx

= 1 2π [∫_π −π f(x) cos nx dx − i ∫_π −π f(x) sin nx dx ]

= a_n − ib_n 2 -e c_{−n} = 1 2π ∫_π −π f(x)e^{inx}dx

= 1 2π [∫_π −π f(x) cos nx dx + i ∫_π −π f(x) sin nx dx ]

= a_n + ib_n 2 raep jkn

.a_n = c_n + c_{−n}, b_n = i(c_n − c_{−n}) okl f(x) ∼ ∞∑ n=−∞ c_ne^{inx} = c_0 + ∞∑ n=1 [ c_ne^{inx} + c_{−n}e^{−inx} ]

= c_0 + ∞∑ n=1 [c_n(cos nx + i sin nx) + c_{−n}(cos nx − i sin nx)]

= c_0 + ∞∑ n=1 [(c_n + c_{−n}) cos nx + i(c_n − c_{−n}) sin nx]

= a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

. f ly libxd dixet xehd oiae f ly akexnd dixet xehd oia lcad mey oi‘y okl ‘vei

‘ed .xzei irah mb minrtle ,yeniyl xzei gep minrtl ‘ed akexnd dixet xehd ,z‘f zexnl lr zxcbend divwpet dzid eli‘k 2π zixefgn divwpet lka ze‘xl ozipy dcaerd z‘ hilan

.(daeh dxeva zeixefgnd zrtez z‘ swyn lbrnd ixde) akexnd xeyina dcigid lbrn

jldna . [−π, π] rhwa f(x) = x ly akexnd dixet xehd z‘ aygp :2.6 ‘nbec‘nbec

‘nbec

, n ≠ 0 , n ∈ Z lkl .miwlg itl divxbhpi‘a ynzyp aeyigd

c_n = 1 2π ∫_π −π xe^{−inx}dx = 1 2π [ xe^{−inx} −in | | |^π −π + 1 in ∫_π −π e^{−inx}dx ]

= 1 2π [ πe^{−inπ} −in − −πe^{inπ} −in + e^{−inx} n^2 | | | π −π ] = 1 2π [ πe^{−inπ} + πe^{inπ} −in ]

= i cos nπ n = (−1)^ni n , n = 0 xear .c_0 = 1 2π ∫_π −π x dx = 0 okl .x ∼ ∞∑ n=1 (−1)^ni n e^{inx} + −∞∑ n=−1 (−1)^ni n e^{inx} ‘nbeca ep‘vn eze‘) f(x) = x ly dixet xehd on lawl epleki efd d‘vezd z‘ ik oiivp

.(dlrnl epgkedy) n ∈ N , c_{−n} =^{an+ibn}_2 -e c_n =^{an−ibn}_2 mipeieeydne (2.1

milibxz

akexnd dixet xeha yeniy ici lr Re(f) ly akexnd dixet xehd z‘ ‘vn . f ∈ E idz .1

. f ly

. f ly akexnd dixet xehd z‘ ‘vn . f(x) = 0, −π ≤ x < 0 e^{ix}, 0 ≤ x < π idz .2

idie , f ∈ E idz .3 f(x) ∼ ∞∑ n=−∞ c_ne^{inx} , f(x) ly miakexnd dixet ixehd z‘ ayg . [−π, π] rhwa f ly akexnd dixet xehd . f(−x) -e , f(x)

eidie , 2π zeixefgne f, g ∈ E eidi .4 f(x) ∼ ∞∑ n=−∞ a_ne^{inx}, g(x) ∼ ∞∑ n=−∞ b_ne^{inx} xicbp iynn x lkl . [−π, π] rhwa g -e f ly miakexnd dixet ixehd .h(x) = 1 2π ∫_π −π f(x − t)g(t) dt

. 2π zixefgne oirhewnl dtivx h ik gked .‘

gked . [−π, π] rhwa h ly akexnd dixet xehd h(x) ∼ ∑_∞ n=−∞ cne inx idi .a

. n ∈ Z lkl , c_n = a_nb_n ik

. f(x) = e^x ly akexnd dixet xehd z‘ ‘vn .5

:ze‘ad zeprhd z‘ gked . f(x) = ∑_∞ n=−∞ cne inx idz .6

. c_{−n} = c_n if‘ cala miiynn mikxr zlawn f m‘ .‘ . c_{−n} = −c_n if‘ cala minecn mikxr zlawn f m‘ .a

.iynn cn if‘ zibefe ziynn f m‘ .b

.dnecn cn if‘ zibef-i‘e ziynn f m‘ .c

dlkixic htyne zizcewp zeqpkzd .4

dgihan (epgked ‘l oiicry dcaer) zixhnepebixhd zilnxepezxe‘d zkxrnd ly zexibqd zpekz

a_n m‘ ,xnelk . f divwpetl dnxepa qpkzn E agxna f divwpet lk ly dixet xehd ik epl f‘ f ly dixet xehd incwn md b_n -e . lim_{m→∞} ‖ ‖ ‖ ‖f(x) − ( a_0 2 + m∑ n=1 [a_n cos nx + b_n sin nx] )‖ ‖ ‖ = 0 jk mb z‘f meyxl lkep . lim_{m→∞} ∫_π −π | | | |f(x) − ( a_0 2 + m∑ n=1 [a_n cos nx + b_n sin nx] )| | | 2 dx = 0 miaxwzne mikled xehd ly miiwlgd minekqd ik myexd z‘ zezn‘n zepexg‘d ze‘gqepd

.zizcewp zeqpkzd gxkda ef oi‘ ,2.1 ‘nbeca xak epi‘xy itk j‘ .oaen edyfi‘a f divwpetl dcewp lkay xnelk . f -l zizcewp qpkzi f ly dixet xehdy migihand mi‘pz bivp df sirqa oeieeyd miiwzi [−π, π] rhwd ly x .f(x) = a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

ly znvnevn xzei dwlgnl epnvr z‘ liabdl jxhvp zeqpkzd ly dfk beq biydl icka wx ‘l‘) rhwa zecewpd lka miiwzz cinz ‘l zizcewpd zeqpkzdd jk mb .zeivwpet

.(rhwd ly “zeaehd” zecewpa

mi‘pzd z‘ zeniiwnd f : [−π, π] → C zeivwpetd lk agxn zeidl E′ z‘ xicbp :mi‘ad

. f ∈ E .1

:iteqe miiw ‘ad leabd , x ∈ [−π, π) lkl .2

. lim_{h→0+} f(x + h) − f(x+) h :iteqe miiw ‘ad leabd , x ∈ (−π, π] lkl .3

. lim_{h→0+} f(x−) − f(x − h) h , x dcewpa f ly ipnid leabde il‘nyd leabd z‘ mipiivn f(x+) -e f(x−) miiehiad

dcewp lka f ly zen‘eznd zeiccv-cgd zexfbpd meiwl milewy mipexg‘d mi‘pzd .dn‘zda

. [−π, π] rhwa

xehd ,x ∈ (−π, π) lkl if‘ .f ∈ E′ idz (Dirichlet ,dlkixic htyn) :2.6 htynhtyn

htyn

jxrl qpkzn f ly dixet . f(x−) + f(x+) 2 jxrl qpkzn xehd x = ±π rhwd zevwa . f(π−) + f((−π)+) 2 :zexrd f ik gipp ,mcew epxkfdy itk ,m‘ .cgein dxwn zn‘a mpi‘ x = ±π rhwd zevw .‘ , f(π+) = f((−π)+) ik xexa zeixefgnd on f‘ , 2π zixefgn ‘idy jk R lk lr zxcben

okle . f(π−) + f(π+) 2 = f(π−) + f((−π)+) 2 . x = −π ipyd dvwd lr mb dlg ddf dxrd

xehd . f(x−)+f(x+)

2 = f(x) okle , f(x−) = f(x+) if‘ x dcewpa dtivx f m‘ .a

dtivx f ,htynd i‘pzl sqepa ,m‘y o‘kn .ef dcewpa f(x) jxrl qpkzi f ly dixet dcewp lka qpkzi f ly dixet xehd f‘ , f(−π) = f(π) zniiwne [−π, π] rhwd lka

. f(x) -l [−π, π] rhwa x

xy‘ xfr zeprh xtqn lk mcew gikep okl .zakxene dkex‘ ‘id dlkixic htyn zgked jyndae ,onvr ipta zeaeyg od dl‘d zeprhd on wlg .xzei dgep dxeva dze‘ bivdl epl eriiqi

m lkl . 2π zixefgn ‘ide , R lk lr zxcben f ik gipp ep‘ .zexg‘ zexhnl mb oda ynzyp

ici lr f ly dixet xehd ly iwlgd mekqd z‘ onqp irah .S_m(x) = a_0 2 + m∑ n=1 [a_n cos nx + b_n sin nx]

.S_m(x) = 1 π ∫_π −π f(x + t) [ 1 2 + m∑ n=1 cos nt ] dt :2.7 dprhdprh

dprh

lawp bn -e an mincwnd ly dxcbdd it lr :dgked:dgked

:dgked

S_m(x) = a_0 2 + m∑ n=1 [a_n cos nx + b_n sin nx]

= 1 2π ∫_π −π f(s)ds + m∑ n=1 [ 1 π ∫_π −π f(s) cos ns ds · cos nx

+ 1 π ∫_π −π f(s) sin ns ds · sin nx ]

= 1 π ∫_π −π f(s) [ 1 2 + m∑ n=1 [cos ns cos nx + sin ns sin nx] ] ds

= 1 π ∫_π −π f(s) [ 1 2 + m∑ n=1 cos n(s − x) ] ds lawpe t = s − x aivp .S_m(x) = 1 π ∫_{π−x} −π−x f(x + t) [ 1 2 + m∑ n=1 cos nt ] dt oeieeyd miiwzn ,iynn a lkle , 2π zixefgn divwpet lkl ∫_{π+a} −π+a g(t) dt = ∫_π −π g(t) dt

okl .(‘xewd zwical z‘f xi‘yp) .S_m(x) = 1 π ∫_π −π f(x + t) [ 1 2 + m∑ n=1 cos nt ] dt

miiwzn m irah xtqn lkl :2.8 dprhdprh

dprh . 1 2 + cos t + cos 2t + · · · + cos mt = sin(m +^1_2 )t 2 sin^1_2 t

zixhnepebixhd zedfa ynzyp :dgked:dgked

:dgked

. cos α sin β =^1_2 [sin(α + β) − sin(α − β)]

, t iynn lkle , k irah lkl ik ciin raep dpnn

. cos kt sin^1_2 t =^1_2 [sin(k +^1_2 )t − sin(k −^1_2 )t] okl sin^1_2 t[^1_2 + cos t + cos 2t + · · · + cos mt] =^1_2 [ sin^1_2 t + ( sin^3_2 t − sin^1_2 t )

+ ( sin^5_2 t − sin^3_2 t ) + · · · + ( sin(m +^1_2 )t − sin(m −^1_2 )t )]

=^1_2 sin(m +^1_2 )t

.dyexcd d‘vezd z‘ lawpe sin 12 t -a mitb‘d ipy z‘ wlgp

.(Dirichlet kernel) dlkixic oirxb z‘xwp D_m(t) =^1_2 + ∑_m n=1 cos nt divwpetd

,qt‘zn dpknd oda , t = 2nπ zecewpd . Dm(t) =

sin(m+ 12 )t 2 sin 12 t dyrnly epi‘x 2.8 dprha

.zewilq zetivx-i‘ zecewp od . ∫_π 0 D_m(t) dt = π 2 :2.9 dprhdprh

dprh

:dgked . ∫_π 0 D_m(t) dt = ∫_π 0 [^1_2 + cos t + cos 2t + · · · + cos mt] dt

lawp okle , ∫_π 0 cos nt dt = 0 irah n lkl ik xexa . ∫_π 0 D_m(t) dt = ∫_π 0 1 2 dt = π 2

.1.19 htyna illk ote‘a epgked eze‘ lqa ly oeieeyd-i‘ ly ihxt dxwn ‘id d‘ad dprhd

xehd ly mincwnd bn -e an eidie f ∈ E idz (Bessel ,lqa oeieey-i‘) :2.10 dprhdprh

dprh

if‘ .f ly dixet . |a_0|^2 2 + ∞∑ n=1 |a_n|^2 + |b_n|^2 ≤ ‖f‖^2

.1.5 sirqn lqa oeieey-i‘ ly ihxt dxwn ‘ed recn xiaqp df oeieey-i‘ zgked myl :dgked:dgked

:dgked

‘id lqa oeieey-i‘ ly zillkd dxevd ∞∑ n=1 | ⟨f, e_n⟩ |^2 ≤ ‖f‖^2 , f ∈ E xear eply dxwna .zilnxepezxe‘ zkxrn ‘id {e_n}^∞_{n=1} xy‘k .‖f‖^2 = 1 π ∫_π −π |f(x)|^2dx e_n(x) =^{1√}_2 xear .| ⟨f, e_n⟩ |^2 = | | | 1 π ∫_π −π f(x) 1 √ 2 dx | | |^2 = | | | a^0√ 2 | | |^2 = |a^0|^2 2

:f‘ , n ≥ 1 , en(x) = cos nx m‘ | ⟨f, e_n⟩ |^2 = | | | 1 π ∫_π −π f(x) cos nx dx | | | 2 = |a_n|^2

dprha epnyxy dgqepd okl . | ⟨f, en⟩ | = |bn| f‘ en(x) = sin nx m‘ ,ote‘ eze‘ae .lqa oeieey-i‘ ok‘ ‘id 2.10 zelwa zraepy (1.20 htyn d‘x) bal-onix ly dnld ly ihxt dxwn ‘id d‘ad dprhd .lqa oeieey-i‘n

a_n eidie f ∈ E idz (Riemann-Lebesgue ,bal-onix ly dnld) :2.11 dprhdprh

dprh

if‘ .f ly dixet xehd ly mincwnd bn -e

. lim_{n→∞} a_n = lim_{n→∞} b_n = 0

:xnelk lim_{n→∞} ∫_π −π f(x) cos nx dx = 0

. lim_{n→∞} ∫_π −π f(x) sin nx dx = 0

miiwzn [0, π] rhwa oirhewnl dtivxd g divwpet lkl :2.12 dprhdprh

dprh . lim_{m→∞} ∫_π 0 g(t) sin(m +^1_2 )t dt = 0

zeivwpet izy xicbp :dgked:dgked

:dgked

h_1(t) = g(t) cos^t_2 , 0 ≤ t ≤ π 0, −π ≤ t < 0 .h_2(t) = g(t) sin^t_2 , 0 ≤ t ≤ π 0, −π ≤ t < 0 . [−π, π] -a oirhewnl zetivx h_2 -e h_1 mby raep [0, π] rhwa oirhewnl dtivx g -y oezpd on

-y ze‘xl lw ∫_π 0 g(t) sin(m +^1_2 )t dt = ∫_π 0 g(t) cos^t_2 sin mt dt + ∫_π 0 g(t) sin^t_2 cos mt dt

= ∫_π −π h_1(t) sin mt dt + ∫_π −π h_2(t) cos mt dt

,qt‘l s‘ey oini sb‘ay milxbhpi‘d on cg‘ lk ,(bal-onix ly dnld) 2.11 dprh it lr .dyexcd d‘vezd zraep o‘kne

miiwzn x lkly gikedl epilr :2.6 htyn zgked

htyn zgked

. lim_{m→∞} S_m(x) = f(x−) + f(x+) 2 divwpetd z‘ xicbp .dgkedd lk jxe‘l reawk eil‘ qgiizpe edylk x xgap .g(t) = f(x + t) − f(x+) 2 sin^t_2

jkl sqepae , (0, π] rhwa oirhewnl dtivx g ik xexa

lim_{t→0+} g(t) = lim_{t→0+} f(x + t) − f(x+) 2 sin^t_2

= lim_{t→0+} [ f(x + t) − f(x+) t ] · t 2 sin^t_2

-y meyn iteqe miiw oexg‘d leabd

lim_{t→0+} t 2 sin^t_2 = 1 leabde

lim_{t→0+} f(x + t) − f(x+) t lka oirhewnl dtivx g okl .iteqe miiw leabd ,htynd zgpd it lr . E′ zxcbd jnq lr miiw 2.12 dprh jnq lr . [0, π] rhwd . lim_{m→∞} 1 π ∫_π 0 g(t) sin(m +^1_2 )t dt = 0

lawp g zxcbdn . lim_{m→∞} [ 1 π ∫_π 0 f(x + t) 2 sin^t_2 sin(m +^1_2 )t dt − 1 π ∫_π 0 f(x+) 2 sin^t_2 sin(m +^1_2 )t dt ] = 0 2.9 dprh it lr 1 π ∫_π 0 f(x+) 2 sin^t_2 sin(m +^1_2 )t dt = f(x+) 1 π ∫_π 0 sin(m +^1_2 )t 2 sin^t_2 dt

= f(x+) 1 π ∫_π 0 D_m(t) dt

= f(x+) 2

okl . lim_{m→∞} 1 π ∫_π 0 f(x + t) 2 sin^t_2 sin(m +^1_2 )t dt = f(x+) 2 oeieeyd z‘ mb lawl ozip minec milewiyn . lim_{m→∞} 1 π ∫_0 −π f(x + t) 2 sin^t_2 sin(m +^1_2 )t dt = f(x−) 2 lawp 2.8-e 2.7 zeprhn okl

lim_{m→∞} S_m(x) = lim_{m→∞} 1 π ∫_π −π f(x + t)D_m(t) dt

= lim_{m→∞} 1 π ∫_0 −π f(x + t)D_m(t) dt + lim_{m→∞} 1 π ∫_π 0 f(x + t)D_m(t) dt

= f(x−) + f(x+) 2 dly dixet xehd f‘ dlkixic htyn i‘pz z‘ zniiwn divwpet m‘y epl reci df alya ly jxrl qpkzi xehd ,jkl sqepa .okl mcew eprci ‘ly xac , R ly dcewp lka qpkzn xehd ,dtivx dpi‘ divwpetd da dcewpa .da dtivx divwpetd m‘ ,dcewp dze‘a divwpetd .dcewpa miiccv-cgd zeleabd ly rvennl – zetvl ozipy xzeia irahd jxrl qpkzn

f ly dixet xehd z‘ epgzt 2.1 ‘nbeca . [−π, π] rhwa f(x) = x idz :2.7 ‘nbec‘nbec

‘nbec

ik ep‘vne .f(x) ∼ ∞∑ n=1 2(−1)^{n+1} n sin nx .rhwd zevwa qt‘l qpkzne , (−π, π) geztd rhwa x -l qpkzn xehd ,dlkixic htyn it lr lawp x = π2 jxrd z‘ xeha aivp ,lynl ,m‘ π 2 = ∞∑ n=1 2(−1)^{n+1} n sin n^π_2

= 2 [ sin^π_2 1 − sin^{2π}_2 2 + sin^{3π}_2 3 − sin^{4π}_2 4 + · · · ]

= 2 [ 1 − 1 3 + 1 5 − 1 7 + · · · ]

okle . π 4 = 1 − 1 3 + 1 5 − 1 7 + · · ·

lawp x = π4 jxrd z‘ xeha aivp m‘ ,minec miaeyig ici lr . π 2 √ 2 = 1 + 1 3 − 1 5 − 1 7 + 1 9 + 1 11 − 1 13 − 1 15 + · · · . x =^π_2 zavd ici lr (2.4 ‘nbec d‘x) sgn(x) ly dixet xehd on lawl ozip dgqep dze‘

: f(x) = x^2 ly dixet xehd z‘ ep‘vn 2.5 ‘nbeca :2.8 ‘nbec‘nbec

‘nbec .x^2 ∼ π^2 3 + ∞∑ n=1 4(−1)^n n^2 cos nx dkyndd ,z‘fn dxzi . [−π, π] rhwa dlkixic htyn i‘pz z‘ zniiwn f(x) = x2 ik xexa :dyrnl meyxl lkep okle , R ly dcewp lka dtivx f ly 2π zixefgnd

(2.6) .x^2 = π^2 3 + ∞∑ n=1 4(−1)^n n^2 cos nx lawp dpexg‘d dgqepa x = 0 aivp m‘ 0 = π^2 3 + ∞∑ n=1 4(−1)^n n^2

okle

(2.7) . ∞∑ n=1 (−1)^{n+1}

n^2 = π^2 12 zedfd z‘ lawp f‘ (2.6) dgqepa x = π aivp m‘ . ∞∑ n=1 1 n^2 = π^2 6 ‘ad ote‘a (jtidl e‘) (2.7) oeieeyn lawl xyt‘ oexg‘d oeieeyd z‘ ik oiivp .S = ∞∑ n=1 1 n^2 = ∞∑ n=1 (−1)^{n+1}

n^2 + 2 ∞∑ k=1 1 (2k)^2 = π^2 12 + 1 2 ∞∑ k=1 1 k^2 = π^2 12 + 1 2 S . S =^{π2}_6 okle , S =^{π2}_{12} +^1_2 S eplaiw

milibxz

idie , [−π, π] rhwa f(x) = 1 − x2 idz .1 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

.df rhwa f ly dixet xehd

. b_n -e a_n z‘ ayg .‘

.wnp ? x = 6π -e x = 5π zecewpa f ly dixet xehd qpkzn mikxr dfi‘l .a

idie , [−π, π] rhwa fp(x) = epx idz , p ≠ 0 iynn xtqn lkl .2 f_p(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

.df rhwa fp ly dixet xehd

. b_n -e a_n z‘ ayg .‘ . ∑_∞ n=0(−1)^na_n z‘e ∑_∞ n=0 a_n z‘ ayg .a

zeleabd z‘ ayg . [−π, π] rhwa dlkixic htyn i‘pz z‘ zniiwnd divwpet f idz .3 :mi‘ad

lim_{n→∞}^1_π ∫_π −π f(t) sin nt dt .‘ lim_{n→∞}^1_π ∫_π −π f(t) sin(n −^1_2 )t dt .a lim_{n→∞}^1_π ∫_π −π f(t) t sin(n −^1_2 )t dt .b

‘vn . f(x) =

x − [x], mly ‘l x 1 2 , mly x ly [−π, π] rhwa dixet xehd z‘ ‘vn .4 . x = 1.5 -e , x = 3 , x = 5 zecewpa xehd qpkzn jxr dfi‘l . D_m(t) =^1_2 + ∑_m n=1 cos nt idz , m irah xtqn lkl .5 . ∫_π −π D_m(t) sin 100t dt z‘ ayg .‘ . m = 100 xear ,^1_π ∫_π −π[D_m(t)]^2 dt z‘ ayg .a

. g(t) =

sin 12 t t , t ≠ 0 1 2 , t = 0

divwpetd z‘ xicbp .b

. lim_{m→∞}^1_π ∫_π −π D_m(t)g(t) dt z‘ ayg z‘ ayge [−π, π] rhwa f ly akexnd dixet xehd z‘ ‘vn . f(x) = xeix idz .6 xy‘k . F ( π4 ) -e , F (−π) , F (π)

F (x) = ∞∑ n=−∞ c_ne^{inx} . f ly akexnd dixet xehd ‘ed idz .7 f(x) = 2 +^{2x}_π , −π < x < 0 2, 0 < x < π . [−π, π] rhwa f ly dixet xehd ly b_n -e a_n mincwnd z‘ ayg .‘

divwpetd z‘ xicbp .a .g(x) = a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx], −∞ < x < ∞ rhwa g ly sxbd ly dviwq hhxye x ly jxr lkl xehd zeqpkzd z‘ weca . [−3π, 3π] deey dcina zeqpkzd .5

,dlkixic htyn it lr . f ly dixet xehd incwn {bn}∞n=1 -e {an}∞n=0 eidie f ∈ E′ idz miiwzn x lkl . lim_{m→∞} [ a_0 2 + m∑ n=1 [a_n cos nx + b_n sin nx] ] = f(x−) + f(x+) 2 ly dixet xehd mdizgz xy‘ f lr mi‘pza oiiprzp ,igkepd sirqa .zizcewp zeqpkzd idef oiadl icka zeilnxetd zexcbdd z‘ xikfp lk ziy‘x j‘ . f divwpetl deey dcina qpkzi f .dl‘d zeqpkzdd ibeq ipy oia milcadd z‘

zxcq {fm}∞m=1 idz (pointwise convergence ,zizcewp zeqpkzd) :2.13 dxcbddxcbd

dxcbd

xn‘p .[a, b] rhwa zxcben ‘id mby divwpet f idze ,[a, b] rhwa zexcbend zeivwpet lkl m‘ ,[a, b] rhwa f divwpetl zizcewp zqpkzn {fm}∞m=1 zeivwpetd zxcqy miiw ϵ > 0 lkle ,x ∈ [a, b] lkl ,xnelk .limm→∞ fm(x) = f(x) miiwzn x ∈ [a, b] -y jk N(ϵ, x) irah xtqn |f_m(x) − f(x)| < ϵ .m ≥ N(ϵ, x) lk xear

zxcq {fm}∞m=1 idz (uniform convergence ,deey dcina zeqpkzd) :2.14 dxcbddxcbd

dxcbd

xn‘p .[a, b] rhwa zxcben ‘id mby divwpet f idze ,[a, b] rhwa zexcbend zeivwpet

dixet ixeh :2 wxt 58

lkl m‘ ,[a, b] rhwa f divwpetl deey dcina zqpkzn {fm}∞m=1 zeivwpetd zxcqy -y jk N(ϵ) irah xtqn miiw ϵ > 0 |f_m(x) − f(x)| < ϵ .x ∈ [a, b] lk xeare ,m ≥ N(ϵ) lk xear

zeqpkzdd byen .mibyend ipy oia lcad yi z‘f zexnl j‘ ,icnl zenec ze‘xp zexcbdd izy mb zqpkzn ‘id f‘ deey dcina zqpkzn zeivwpet zxcq m‘ .wfg xzei daxd ‘ed deey dcina mipey miavn ipy mix‘zn mibyend ipy .llk jxca ,oekp epi‘ jtidd .divwpetd dze‘l zizcewp zeqpkzdd ly dxwna . f divwpetl zaxwzne zkled {fm}∞m=1 zeivwpetd zxcq mda didi ϵ > 0 lkly miyxece cxtpa [a, b] rhwd ly x dcewp lk lr mippeazn ,zizcewpd zxg‘ dcewp xear mi‘zi ‘l N(ϵ, x) eze‘y hlgda okzi ! x -a mb ielzd , N(ϵ, x) miiw lkl .zilaelb ‘id hand zcewp ,z‘f znerl ,deey dcina zeqpkzd ly dxwna .rhwa x′ :dheyt ‘nbec lr lkzqp !rhwa x lkl mi‘zi xy‘ N(ϵ) xtqnl dyixc zniiw , ϵ > 0 divwpetl zizcewp zqpkzn dxcqd ik ze‘xl lw . [0, 1] rhwa fm(x) = xm -y gipp

.f(x) = 0, 0 ≤ x < 1 1, x = 1

‘id jkl zg‘ daiq . [0, 1] rhwa f -l deey dcina zqpkzn dpi‘ dxcqd ,z‘f znerl ,j‘ miiw ‘ly ixd , ϵ = 14 ,lynl ,gwp m‘ okl . fm(xm) = 12 -y jk xm miiw m lkly zizcewp zqpkzn zetivx zeivwpet zxcq m‘ :illk ote‘a .dxcbdd zyixcl dperd N mey

.(?recn) deey dcina dpi‘ zeqpkzdd f‘ ,dtivx ‘l divwpetl

:dly dixet xehd ly miiwlgd minekqa opeazp .sirqd zligzay f divwpetl xefgp .S_m(x) = a_0 2 + m∑ n=1 [a_n cos nx + b_n sin nx]

jkl sqepa . m lk xear dtivx divwpet ‘id Sm okle ,zetivx zeivwpet ly iteq mekq edf qpkzz {Sm}∞m=1 dxcqdy jkl igxkd i‘pz okl . m lkl , Sm(−π) = Sm(π) miiwzn ,rhwd lka dtivx didz f divwpetdy ‘ed [−π, π] rhwd lk lr f divwpetl deey dcina .‘ad htynl epze‘ liaen df lk . f(−π) = f(π) miiwz jkl sqepae

xehd if‘ ,f ′ ∈ E -e ,f(−π) = f(π) ,[−π, π] rhwa dtivx f m‘ :2.15 htynhtyn

htyn

.rhwd lk lr f -l deey dcina qpkzn f ly dixet

. f ∈ E^′ ik xxeb f^′ ∈ E i‘pzd ik al miy :dxrd

dixet xeh f ′ -l yiy ixd f ′ ∈ E -e xg‘n :dgked:dgked

:dgked f^′(x) ∼ α_0 2 + ∞∑ n=1 α_n cos nx + β_n sin nx

dixet xeh miiw dnvr f -l oaenke .f(x) ∼ a_0 2 + ∞∑ n=1 a_n cos nx + b_n sin nx

ynzyp ,miaeyigd jldna . bn -e an mincwnd zervn‘a βn -e αn mincwnd z‘ ‘hap

. f(−π) = f(π) -e dtivx f -y dcaera .‘ .α_0 = 1 π ∫_π −π f^′(x)dx = f(π) − f(−π) 2 = 0 : n ≥ 1 xear .a

α_n = 1 π ∫_π −π f^′(x) cos nx dx

= 1 π [ f(x) cos nx | | | | π −π + ∫_π −π f(x)n sin nx dx ]

= n π ∫_π −π f(x) sin nx dx = nb_n .b β_n = 1 π ∫_π −π f^′(x) sin nx dx

= 1 π [ f(x) sin nx | | |^π −π − ∫_π −π f(x) n cos nx dx ]

= −na_n meyxl lkep okl .f^′(x) ∼ ∞∑ n=1 nb_n cos nx − na_n sin nx

epi‘ df) qpkzn ∑_∞ n=1 √ |a_n|^2 + |b_n|^2 mixtqnd xehy gikedl didz eply d‘ad dniynd

.(lqa oeieey-i‘a ritend xehd ∞∑ n=1 √ |a_n|^2 + |b_n|^2 = ∞∑ n=1 √ | | | α_n n | | |^2 + | | |β^n n | | |^2 = ∞∑ n=1 1 n √ |α_n|^2 + |β_n|^2

ik raep (1.10 ‘nbec d‘x) uxeey-iyew oeieey-i‘n ∞∑ n=1 1 n √ |α_n|^2 + |β_n|^2 ≤ ∞ ∑ n=1 1 n^2 ∞ ∑ n=1 |α_n|^2 + |β_n|^2

okle . ∞∑ n=1 √ |a_n|^2 + |b_n|^2 ≤ ∞ ∑ n=1 1 n^2 ∞ ∑ n=1 |α_n|^2 + |β_n|^2

ik raep (2.10 dprh) lqa oeieey-i‘ne ,qpkzn ∑_∞ n=1 1 n2 xehdy reci . ∞∑ n=1 |α_n|^2 + |β_n|^2 ≤ ‖f^′‖^2 < ∞

,mixeh zeqpkzdl d‘eeydd oganne ,ef dcaern .qpkzn ∑_∞ n=1 √ |a_n|^2 + |b_n|^2 xehd okl

ik qpkzn ∑ n=1 |b_n| -e ∑_∞ n=1 |a_n| mixehd on cg‘ lk ik ciin raep .|a_n|, |b_n| ≤ √ |a_n|^2 + |b_n|^2

ixeh ly deey dcina zeqpkzdl q‘xhyx‘iee ly M oganne ,zepexg‘d zecaerd izyn

qpkzn ∑_∞ n=1 b_n sin nx -e ∑_∞ n=1 a_n cos nx zeivwpetd ixehn cg‘ lk ik raep ,zeivwpet

, n lkle xg‘n , [−π, π] rhwa deey dcina .|a_n cos nx| ≤ |a_n|, |b_n sin nx| ≤ |b_n| f -y ixd , f^′ ∈ E -e xg‘n . [−π, π] rhwa deey dcina qpkzn f ly dixet xehd mb okl

dcewp lka f -l zizcewp qpkzn f ly dixet xehd okle ,dlkixic htyn i‘pz z‘ zniiwn

.rhwd lk lr deey dcina f -l qpkzn ‘ed if‘ . [−π, π] -a

, [−π, π] ly [a, b] mirhw-izza dixet xeh ly deey dcina zeqpkzdd zl‘yl dzr xearp

f‘ f ly dvitw zcewp likn [a, b] rhw-zz m‘y xexa .dvitw zecewp yi f -l ea dxwna mb

m‘e , f ′ ∈ E m‘y gikep ep‘ . [a, b] rhwn deey dcina f -l qpkzn epi‘ f ly dixet xehd

f -l qpkzn f ly dixet xehd if‘ , f ly zetivx-i‘ zcewp s‘ likn epi‘ [a, b] rhw-zzd

.zillkd d‘vezd rapz dpnn xy‘ daeyg zihxt ‘nbeca ligzp . [a, b] rhwa deey dcina lr zxcben ϕ ik gipp . ϕ(−π) = ϕ(π) = 0 -e , −π < x < π lkl , ϕ(x) = x idz iynn x lkly raep (2.6 htyn) dlkixic htynne 2.1 ‘nbecn . 2π ixefgn ote‘a R lk oeieeyd miiwzn .ϕ(x) = ∞∑ n=1 2(−1)^{n+1} n sin nx dcina dpi‘ zeqpkzdd la‘ . [−π, π] rhwd lk lr ϕ -l zizcewp qpkzn dixet xehd ,xnelk

ϕ ly dixet xehdy gikep d‘ad dprha . x = ±π zecewpa dtivx dpi‘ ϕ -e xg‘n deey . −π e‘ π zecewpd z‘ ekeza llek epi‘ xy‘ xebq rhw-zz lka deey dcina qpkzn

.[−b, b] rhwa deey dcina ϕ -l qpkzn ϕ ly dixet xehd ,0 < b < π lkl :2.16 dprhdprh dprh

libxk onqp .zeivwpet xeh ly deey dcina zeqpkzdl iyew oeixhixwa ynzyp :dgked:dgked

:dgked

S_m(x) = m∑ n=1 2(−1)^{n+1} n sin nx lkl , |Sm(x) − Sk(x)| < ϵ -y jk irah N(ϵ) miiwy gikedl epilr . ϵ > 0 idi

. [−b, b] rhwa cos^x_2 divwpeta opeazp ef dxhnl . [−b, b] rhwa x lkle , m, k ≥ N(ϵ) ipy k -e m eidi .(rhwd zevw izya lawzny) cos^b_2 > 0 ilnipin jxr zlawn ef divwpet

okl . k < m -y jk miirah mixtqn .|S_m(x) − S_k(x)| = 2 | | | | sin(k + 1)x k + 1 − sin(k + 2)x k + 2 + · · · ± sin mx m | | | | zedfa ynzype cos x2 -a oini sb‘ z‘ letkp

.2 sin α cos β = sin(α + β) + sin(α − β)

2 cos x 2 [ sin(k + 1)x k + 1 − sin(k + 2)x k + 2 + · · · ± sin mx m ] = = [ sin(k +^3_2 )x

k + 1 + sin(k +^1_2 )x

k + 1 ] − [ sin(k +^5_2 )x k + 2 + sin(k +^3_2 )x

k + 2 ]

+ · · · ± [ sin(m +^1_2 )x m + sin(m −^1_2 )x m ]

lkl , | sin α| ≤ 1 -e xg‘ne , [−b, b] rhwa x lkl , cos x2 ≥ c -e xg‘n . c = cos b2 onqp miiwzi [−b, b] rhwa x lkly lw aeyig ici lr lawp ,iynn α .|S_m(x) − S_k(x)| ≤^1_c [_1 k+1 +^1_{(k+1)(k+2)} +^1_{(k+2)(k+3)} + · · · +^1_{(m−1)m} +^1_m ]

, k ≥ N(ϵ) lkly jk N(ϵ) irah xtqn miiw okle qpkzn xeh ‘ed ∑_∞ n=1 1 n(n+1) xehd . ∞∑ n=k 1 n(n + 1) < cϵ 2 xeare , m > k ≥ N(ϵ) lk xear ,okl . 1r < cϵ4 , r ≥ N(ϵ) lkly gipdl lkep jkl sqepa

, [−b, b] rhwa x lk .|S_m(x) − S_k(x)| ≤^1_c [ 1 k+1 + m∑ n=k 1 n(n+1) + 1 m ] <^1_c [_{cϵ} 4 +^{cϵ}_2 +^{cϵ}_4 ] = ϵ deey dcina zeqpkzdl iyew ly oeixhixwd z‘ zniiwn {Sm}∞m=1 zeivwpetd zxcq if‘

. [−b, b] rhwa ϕ(x) = x divwpetl deey dcina zqpkzn ‘id okle ,zeivwpet zxcq ly

.zixwrd d‘vezd z‘ gikedl lkep dzr

eidie f, f ′ ∈ E -y jk divwpet f idz :2.17 htynhtyn

htyn −π < d_1 < d_2 < · · · < d_n ≤ π xy‘ [−π, π] ly rhw-zz ‘ed [a, b] m‘ .[−π, π] rhwa f ly dvitwd zecewp lk f -l deey dcina qpkzn f ly dixet xehd if‘ ,d_k zecewpd on zg‘ s‘ likn epi‘

.df rhwa

divwpetd z‘ xicbpe , zk = f(dk+) − f(dk−) onqp , 1 ≤ k ≤ n lkl :dgked:dgked

:dgked

.g(x) = f(x) +^{z1}_{2π} ϕ(x + π − d_1) +^{z2}_{2π} ϕ(x + π − d_2) + · · · +^{zn}_{2π} ϕ(x + π − d_n)

dtivx g -y wecal lw . 2π zixefgn ‘ide [−π, π] rhwa 2.16 dprha dxcbed ϕ xy‘k ly zewilq zetivx-i‘ zecewp ody , 1 ≤ k ≤ n , dk zecewpl hxt , [−π, π] rhwd lka lr okl . g′ ∈ E -e , g(−π) = g(π) , [−π, π] rhwd lka dtivx g -y gipdl lkep okl . g 2.16 dprhn . [−π, π] rhwd lk lr deey dcina qpkzn g ly dixet xehd ,2.15 htyn it epi‘y [−π, π] ly xebq rhw-zz lka ϕ -l deey dcina qpkzn ϕ ly dixet xehd ik raep dffd ici lr lawzn xy‘) ϕ(x + π − dk) ly dixet xehd okl . x = ±π zecewpd z‘ llek epi‘ xy‘ [−π, π] ly xebq rhw-zz lka deey dcina qpkzi (ϕ ly dixet xehd ly dheyt epl oezp . z^k2π ϕ(x + π − dk) divwpetl mb dpekp oaenk ef dcaer . x = dk dcewpd z‘ llek ly dixet xehd okle , 1 ≤ k ≤ n , x = dk zecewpd on zg‘ s‘ likn epi‘ [a, b] rhwdy eiykr .deey dcina ea zqpkzn z^k2π ϕ(x + π − dk) zeivwpetd on zg‘ lk f(x) = g(x) − [ z_1 2π ϕ(x + π − d_1) + · · · + z_n 2π ϕ(x + π − d_n) ]

zeivwpetd ly dixet ixehd mekq zxqgd ici lr lawzny) f ly dixet xehd okle

. [a, b] rhwa f -l deey dcina qpkzn (g ly dixet xehd on^{zk}_{2π} ϕ(x + π − d_k)

milibxz

qpkzi B -e A ly mikxr eli‘ xear . f(x) = Ax + B, −π ≤ x < 0 cos x, 0 ≤ x ≤ π idz .1

? [−π, π] rhwa deey dcina f ly dixet xehd

. g(x) = cos x, −π < x < 0 sin x, 0 < x < π idz .2

. [−π, π] rhwa g ly dixet xehd z‘ ayg .‘

divwpetd z‘ xicbp .a .h(x) = ∫_x −π g(t) dt + a sin x 2 , −π ≤ x ≤ π ? [−π, π] rhwa deey dcina qpkzi h ly dixet xehd a ly mikxr dfi‘ xear , a /∈ Z lkle , −π ≤ x ≤ π lkl ik gked .3

cos ax = sin πa πa + ∞∑ n=1 (−1)^n 2a sin πa π(a^2 − n^2) cos nx ik gked z‘f jnq lr

cot πa = 1 π [ 1 a − ∞∑ n=1 2a n^2 − a^2 ]

idie f ∈ E idz .4

a_0 2 + ∞∑ n=1 a_n cos nx + b_n sin nx

n lkly jk d -e c mireaw miniiw m‘y d‘xd . [−π, π] rhwa f ly dixet xehd |a_n| ≤ c n^2 , |b_n| ≤ d n^2 f -l qpkzn f ly dixet xehde , f(−π) = f(π) , [−π, π] rhwa dtivx f if‘

.deey dcina

laqxt oeieey .6

ef dcaer .eilr dlibxd dnxeple dixet xehl qgia xebq E ix‘ipild agxndy gikep df sirqa ly migpena htynd z‘ gqpp . f ∈ E lk xear laqxt oeieeyl (1.24 dprh d‘x) dlewy .laqxt oeieey

oeieeyd miiwzn f ∈ E lkl (Parseval’s identity ,laqxt oeieey) :2.18 htynhtyn

htyn

(2.8) 1 π ∫_π −π |f(x)|^2dx = |a_0|^2 2 + ∞∑ n=1 |a_n|^2 + |b_n|^2

.f ly dixet incwnd md b_n -de a_n -d xy‘k

ly mebxzd ‘id (2.8) dgqepd recn epi‘x (lqa oeieey-i‘) 2.10 dprh zgkeday oeica ,1.24 dprh zgkeda epi‘xy itk .dixet ixeh ly cgeind dxwnl (1.24 dprh) laqxt oeieey gikedl witqn didi 2.18 htyn z‘ gikedl icka ,xnelk .zexibqd zpekzl lewy laqxt oeieey miiwzn f ∈ E lkly

(2.9) . lim_{m→∞} 1 π ∫_π −π |f(x) − S_m(x)|^2dx = 0 zniiwny f divwpet lkl miiwzn (2.9) oeieeyy gikep oey‘xd alya .mialy ipya z‘f dyrp zeivwpet ici lr f ∈ E lkl axwzdl xyt‘y gikep ipyd alya .2.15 htyn i‘pz z‘ .laqxt oeieey z‘ lawp seqale ,2.15 htyn i‘pz z‘ zeniiwnd

if‘ ,f ′ ∈ E -e ,f(−π) = f(π) ,[−π, π] rhwa dtivx f m‘ :2.19 dprhdprh

dprh . lim_{m→∞} ‖f − S_m‖ = 0 lkl ,okl . [−π, π] lr f -l deey dcina qpkzn f ly dixet xehd ,2.15 htynn :dgked:dgked

:dgked

m ≥ N(ϵ) lk xeare x ∈ [−π, π] lkly jk N(ϵ) miiw ,oezp ϵ > 0 .|f(x) − S_m(x)| < ϵ m ≥ N(ϵ) lk xear okl .‖f − S_m‖^2 = 1 π ∫_π −π |f(x) − S_m(x)|^2dx ≤ 2ϵ^2 . lim_{m→∞} ‖f − S_m‖^2 = 0 xnelk jk [−π, π] rhwa dtivx g divwpet zniiw .ϵ > 0 idie ,f ∈ E idz :2.20 dprhdprh dprh .‖f − g‖ < ϵ -e ,g^′ ∈ E ,g(−π) = g(π) -y zeniiw ϵ > 0 -e f ∈ E xeary ‘vnp ,onix ly lxbhpi‘d zxcbda opeazp m‘ :dgked:dgked

:dgked (ϵ -a ielz n) zecewp n + 1

−π = d_0 < d_1 < · · · < d_n = π

zebxcnd zivwpety jk , 1 ≤ k ≤ n , ck mikxr n miniiwe h(x) = c_k, d_{k−1} < x ≤ d_k, k = 1, 2, . . . , n zniiwn .‖f − h‖ < ϵ 2 .2.2 xeiva dpezp df avn ly zil‘efie dygnd

jk , 1 ≤ k ≤ n , ck mikxrd z‘ xegal ozip if‘ , x lkl |f(x)| ≤ M m‘ ,jkl sqepa .dprhd i‘pz z‘ miiwzy jk h z‘ zvw zepyl ‘ed eiykr oeirxd . x lkl |h(x)| ≤ M -y

. 0 < δ <^{ϵ2π}_{32nM2} -e , 1 ≤ k ≤ n , 2δ < d_k − d_{k−1} miiwnd δ > 0 xgap ef dxhnl

ici lr g divwpet xicbp

g(x) = c_k, d_{k−1} + δ ≤ x ≤ d_k − δ, k = 1, 2, . . . , n c_k+1−c_k 2δ (x − d_k) +^{ck+1+ck}_2 , d_k − δ < x < d_k + δ, k = 1, . . . , n − 1 c1−cn 2δ (x − π) +^{c1+cn}_2 , π − δ < x < π + δ

. g^′ ∈ E -e , g(−π) = g(π) , [−π, π] rhwa dtivx g -y wecal lw . 2π zixefgn g -y jke

sqepa ‖h − g‖^2 = 1 π ∫_π −π |h(x) − g(x)|^2dx

= n−1∑ k=1 1 π ∫_{dk+δ} d_k−δ |h(x) − g(x)|^2dx + 1 π ∫_{−π+δ} −π |h(x) − g(x)|^2dx + 1 π ∫_π π−δ |h(x) − g(x)|^2dx

= 4M^2 π [_{n−1} ∑ k=1 ∫_{dk+δ} d_k−δ dx + ∫_{−π+δ} −π dx + ∫_π π−δ dx ]

= 8nM^2δ π < ( ϵ 2 )_2

okl ‖f − g‖ ≤ ‖f − h‖ + ‖h − g‖ < ϵ 2 + ϵ 2 = ϵ

g divwpet zniiw 2.20 dprh it lr . ϵ > 0 -e f ∈ E eidi :2.18 htyn zgkedhtyn zgked

htyn zgked

-y jk 2.20 dprh i‘pz z‘ zniiwnd .‖f − g‖ < ϵ , m ≥ N(ϵ) lkly jk N(ϵ) miiw ,ok mb ‖g − T_m‖ < ϵ :miiwzn m ≥ N(ϵ) lk xear okl . g ly dixet xehd ly iwlgd mekqd ‘ed Tm xy‘k .‖f − T_m‖ ≤ ‖f − g‖ + ‖g − T_m‖ < 2ϵ 2.3 htyn it lr .‖f − S_m‖ ≤ ‖f − T_m‖ . lim_{n→∞} ‖f − S_m‖ = 0 okle , ‖f − S_m‖ < 2ϵ , m ≥ N(ϵ) lkl if‘

: f(x) = x^2 ly dixet xehd z‘ ep‘vn 2.5 ‘nbeca :2.9 ‘nbec‘nbec

‘nbec .x^2 ∼ π^2 3 + ∞∑ n=1 4(−1)^n n^2 cos nx laqxt oeieey it lr okl . 1 π ∫_π −π x^4dx =

2π^4 9 + ∞∑ n=1 16 n^4

lawp sqep heyt aeyig ici lre , 1π ∫_π −π x^4dx =^{2π4}_5 -y ‘evnl lw . ∞∑ n=1 1 n^4 = π^4 90 oeaygd ly miixhpnl‘d milkd ici lr eaeyig xy‘ ,ixtqn xeh mekq ly aeyig okl eplaw yeniy ici lr minec miixtqn mixeh xtqn cer aygl lkep .xzei dyw ilxbhpi‘de il‘ivpxticd . ∑_∞ k=1 1 (2k−1)4 xehd mekq z‘ ‘nbecl aygp .ef d‘veza ∞∑ k=1 1 (2k − 1)^4 = ∞∑ n=1 1 n^4 − 2 ∞∑ k=1 1 (2k)^4 = ∞∑ n=1 1 n^4 − 1 8 ∞∑ k=1 1 k^4 = π^4 90 − 1 8 · π^4 90 = 7π^4 540 ‘id {e^{inx}}^∞_{n=−∞} zkxrnd mby ‘id df sirq ly htynde zeprhd izyn ziciin dpwqn

:‘ed ef zkxrnl mi‘znd laqxt oeieey ik ze‘xl dyw ‘l . E -a dxebq zilnxepezxe‘ zkxrn 1 2π ∫_π −π |f(x)|^2 = ∞∑ n=−∞ |c_n|^2 . f ly akexnd dixet xehd ‘ed ∑_∞ n=−∞ cne inx -e f ∈ E xy‘k

ik ‘evnl dyw ‘l . f(x) = ex ly akexnd dixet xeha opeazp :2.10 ‘nbec‘nbec

‘nbec

c_n = 1 2π ∫_π −π e^xe^{−inx}dx = 1 2π ∫_π −π e^{(1−in)x}dx = 1 2π e^{(1−in)x} 1 − in | | | | π −π = (−1)^n(e^π − e^{−π}) 2π(1 − in) okle .e^x ∼ ∞∑ n=−∞ (−1)^n(e^π − e^{−π}) 2π(1 − in) e^{inx}

akexn dixet xehl laqxt oeieey jnq lr okl . 12π ∫_π −π |f(x)|^2dx =^{e2π−e} �2π 4π ik ze‘xl lw lawp e^{2π} − e^{−2π} 4π = ∞∑ n=−∞ (e^π − e^{−π})^2 4π^2|1 − in|^2 = (e^π − e^{−π})^2 4π^2 ∞∑ n=−∞ 1 n^2 + 1

okle . ∞∑ n=−∞ 1 n^2 + 1 = π(e^π + e^{−π}) e^π − e^{−π} .laqxt oeieey ly dllkd ‘idy dixet xeh ly ztqep dpekz eiykr gqpp

,f, g ∈ E lkl (llken laqxt oeieey) :2.21 dprhdprh

dprh 1 π ∫_π −π f(x)g(x) dx = a_0c_0 2 + ∞∑ n=1 a_nc_n + b_nd_n

xy‘k f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx] -e .g(x) ∼ c_0 2 + ∞∑ n=1 [c_n cos nx + d_n sin nx]

f‘ f = g ef dprha aivp m‘ .(llken laqxt oeieey) 1.27 dprhn ciin zraep dprhd

.zihxt dpwqnk laqxt oeieey z‘ lawp

z‘ zxy‘n dpwqnd .laqxt ly oeieeyd on z‘veiy ztqep dpwqn ‘iap sirqd meiql izya xaecnd m‘ .zedf dyrnl od f‘ dixet xeh eze‘ yi zeivwpet izyl m‘y zirahd dprhd iabl .(2.6 htyn) dlkixic htynn ziciin dpwqn ‘id ef dprh f‘ , E′ -l zekiiyd zeivwpet .laqxt oeieeyl miwewf ep‘ cala E -l zekiiyd zeivwpet

xehl deey f ly dixet xehd m‘e f, g ∈ E m‘ (dixet xehd zecigi) :2.22 dprhdprh

dprh

.zecewp ly iteq xtqnl ile‘ hxt x dcewp lka f(x) = g(x) f‘ g ly dixet

laqxt oeieeyn if‘ .qt‘ zizedf mlek md f − g ly dixet xeha mincwnd :dgked:dgked

:dgked .‖f − g‖ = 0 xg‘l ’d dxrd d‘x) zecewp ly iteq xtqnn ile‘ ueg , f = g -y raep dnxepd zepekzn

.(2.1 dxcbd

milibxz

lxbhpi‘d z‘ ayg .1 . ∫_π −π | | | | ∞∑ n=1 1 2^n e^{inx} | | | | 2 dx idie f ∈ E idz .2

a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

z‘ ayg . [−π, π] rhwa f ly dixet xehd 1 π ∫_π −π |f(x + π) − f(x)|^2dx . b_n -e a_n ly migpena

divwpetd z‘ xicbp irah n lkl .3

f_n(x) = 1 + n∑ k=1 [cos kx − sin kx] . ∫_π −π |f_n(x)|^2dx lxbhpi‘d z‘ ayg

idie , f ∈ E idz .4 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

oezp xy‘k , I = a20 2 + ∑_∞ n=1 a^2_n mekqd z‘ ayg . [−π, π] rhwa f ly dixet xehd . f(x) = e^{−x} qaib zrtez .7

e‘ [−π, π] rhwa deey dcina qpkzi dixet xehdy jkl miwitqn mi‘pz epgqp 2.5 sirqa

‘id j‘ ,xzeia dievxd zeqpkzdd zxev oaenk ‘id deey dcina zeqpkzd .ely xebq rhw-zza .deey dcina qpkzn epi‘ xehd mda ,mixg‘ miavna oecp df sirqa .cinz zniiwzn dpi‘

onqp . [−π, π] rhwa dlkixic htyn i‘pz z‘ zniiwnd 2π zixefgn divwpet f idz ici lr f ly dvitwd zecewp z‘ . − π < d_1 < d_2 < · · · < d_n ≤ π

qpkzn f ly dixet xehd minieqn mi‘pz zgz ik epgked (2.17 htyn d‘x) mcew sirqa zecewpd on zg‘ s‘ ekeza llek ‘l xy‘ [−π, π] ly [a, b] xebq rhw-zz lka deey dcina zrtez” z‘xwpd daeh ‘l drtez zniiw , 1 ≤ k ≤ n , dk zecewpd zaiaqa la‘ .l”pd

.“qaib

.zncewd d‘nd seqa (A. Michelson) oeqlkin i‘wiqitd ici lr dzlbzd ef drtez xeary ‘vn oeqlkin . Sm miiwlgd minekqd ly mitxbd z‘ xiivl dcrepy dpekn dpa ‘ed miaexw Sm ly mitxbd (2.15 htyn i‘pz z‘ zeniiwnd dl‘k lynl) “zeaeh” zeivwpet ziqgi zelecb ze‘iby elawzd f(x) = x enk divwpet xear ,z‘f znerl . f divwpetl ce‘n

(J. Gibbs) qaib ici lr ozip ef zebdpzdl oey‘xd xaqdd . x = ±π zecewpd zaiaqa

okl .oeqlkin ly dpekna zerhn d‘vezk enxbp ‘l dl‘ ze‘ibyy dprhd z‘ jka xyi‘ xy‘ d‘iby ly lceb xcq eze‘y dcaerd ‘id ef drteza oiiprny dn .eny lr meik z‘xwp drtezd

. f ∈ E^′ divwpet lk ly zetivx-i‘ zcewp lka envr lr xfeg

gipp ,libxk . ϕ(−π) = ϕ(π) = 0 -e , −π < x < π , ϕ(x) = x idz :2.11 ‘nbec‘nbec

‘nbec

ep‘vne ϕ ly dixet xehd z‘ epayig 2.1 ‘nbeca . R lk lr 2π ixefgn ote‘a zxcben ϕ -y ik .ϕ(x) = ∞∑ n=1 2(−1)^{n+1} n sin nx idi ,irah m lkl

T_m(x) = m∑ n=1 2(−1)^{n+1} n sin nx z‘ aexiwa aygp . xm = π − πm dcewpa opeazpe , ϕ ly dixet xehd ly iwlgd mekqd

: T_m(x_m)

.T_m(x_m) = m∑ n=1 2(−1)^{n+1} n sin n(π −^π_m ) = m∑ n=1 2 n sin^{nπ}_m

ik lawp

.T_m(x_m) = m∑ n=1 2 n sin^{nπ}_m = 2 m∑ n=1 sin^{nπ}_m nπ m · π m ly onix ly ilxbhpi‘ mekq ‘ed Tm(xm) ik ze‘xl dyw ‘l oexg‘d iehiad on 2 ∫_π 0 sin x x dx

. 1 ≤ n ≤ m , [_{(n−1)π} m ,^{nπ}_m ] :mieey mirhw-izz m -l [0, π] rhwd zwelg ici lr lawznd , nπm zipnid dvwd zcewp z‘ mixgea dfk rhw lk jezne , πm ‘ed rhw-zz lk ly ekxe‘ okl . 1 ≤ n ≤ m

. lim_{m→∞} T_m(x) = 2 ∫_π 0 sin x x dx ≈ 1.18π . ϕ(x_m) ≈ π okle , x = π dcewpl l‘ny cvn zt‘ey ,seqpi‘l s‘ey m xy‘k , x_m dcewpd

lecb witqn m xear okle , ϕ(π−) − ϕ(π+) = 2π ‘ed x = π dcewpa dvitwd lceb . T_m(x_m) − ϕ(x_m) ϕ(π−) − ϕ(π+) ≈ 1.18π − π 2π ≈ 0.09

. ϕ ly sxbd oiae T_7 -e T_{10} ly mitxbd oiay qgid z‘ ze‘xl xyt‘ 2.2-2.3 mixeiva T_7 ly mitxbd my .(x = ±3π -e) x = ±π zecewpd zaiaqa dxewy dnl al miyl yi . ϕ ly sxbd on iqgi ote‘a miwegx T_{10} -e

divwpet lk xear qaib zrtez meiwl zillk dgked eiykr ‘iap ,dpexg‘d ‘nbecd jnq lr .dlkixic htyn i‘pz z‘ zniiwnd

,f ly dvitw zcewp d idz .f, f^′ ∈ E -y jk divwpet f idz :2.23 dprhdprh

dprh idie ,−π ≤ d < π S_m(x) = a_0 2 + m∑ n=1 [a_n cos nx + b_n sin nx]

,x_m > d ,{x_m}^∞_{m=1} zecewp zxcq zniiw if‘ .f ly dixet xehd ly iwlgd mekqd

-y jk . lim_{m→∞} S_m(x_m) − f(x_m) f(d+) − f(d−) = 0.089

onqpe , −π < d < π ik gipp :dgked:dgked

:dgked .z = f(d+) − f(d−) , ϕ ly dixet xehd ly miiwlgd minekqd T_m(x) eidie 2.11 ‘nbecay divwpetd ϕ idz

divwpetd z‘ xicbp .‘nbec dze‘a epxcbdy itk .g(x) = f(x) + z 2π ϕ(x + π − d) okl . g, g′ ∈ E -e (2.17 htyn zgked z‘ mb d‘x) g(d−) = g(d+) ik ze‘xl dyw ‘l lka dtivx g -y jk ohw witqn δ > 0 miiw okle , x = d dcewpa dtivx g ik gipdl lkep rhwa g -l deey dcina qpkzn g ly dixet xehd ,2.17 htyn it lr . [d − δ, d + δ] rhwd raep zexcbdd on . g ly dixet xehd ly miiwlgd minekqd z‘ Um -a onqp . [d − δ, d + δ] f(x) = g(x) − z 2π ϕ(x + π − d) miiwzn [−π, π] rhwa x lkl ik raep dfne .S_m(x) = U_m(x) − z 2π T_m(x + π − d) m_1 miiwy raep [d − δ, d + δ] rhwa g -l T_m ly deey dcina zeqpkzdd on . ϵ > 0 idi

miiwzn [d − δ, d + δ] rhwa x lkle m ≥ m1 lkly jk (2.10) . |g(x) − U_m(x)| < ϵ|z|

jeza xm dcewp zniiw m ≥ m0 lkly jk m0 ≥ m1 irah miiw ,2.11 ‘nbec jnq lr -y jk [d, d + δ] rhwd

(2.11) . ϕ(x_m + π − d) − T_m(x_m + π − d) 2π = 0.089

lkl ,okl (.2.11 ‘nbeca miaeyigd on raepy izin‘d jxrd on hrna ohwy jxr ‘ed 0.089) -y (2.11)-e (2.10)-n raep , m ≥ m0 | | | S_m(x_m) − f(x_m) f(d+) − f(d−) − 0.089 | | | < ϵ .dprhd o‘kne

miniiwnd [d, d + δ] rhwa xm zecewp ly meiw epgked :dxrd . S_m(x_m) − f(x_m) f(d+) − f(d−) ≈ 0.089

mxear xy‘ [d − δ, d] rhwa x̃m zecewp ly meiw gikedl lkep ote‘ eze‘ay oaenk . S_m(x̃_m) − f(x̃_m) f(d+) − f(d−) ≈ −0.089 .dcaer idef j‘ ,lecb xzei zeidl ieyr ‘l d dcewpd zaiaqa f -e Sm oia xrtdy epgked ‘l

(f, f^′ ∈ E zniiwnd) f divwpet lk ly zetivxd-i‘ zecewp lk xear zygxzny drtezd . ϕ(x) = x divwpetd ly dxwna x = ±π zecewpa zygxzny ef weica ‘id

miqepiqew xehe miqepiq xeh .8

dixet ixeh seqpi‘ miniiw . [0, π] rhwa dlkixic htyn i‘pz z‘ zniiwnd divwpet f idz

[−π, π] rhwl f z‘ aigxdl ozipy ‘id jkl daiqd .zizcewp f -l miqpkznd mipey

dagxddy jk (−π ≤ x < 0 lkl f(x) = 0 -y reawl lkep lynl) zepey mikxc seqpi‘a dixet xeh mi‘zn elld zeagxdd on zg‘ lkl .dlkixic htyn ly mi‘pzd z‘ miiwl jiynz mikxcd lk oian .(dlkixic htyn ly oaena) zizcewp f -l qpkzi [0, π] rhwa xy‘ cg‘ dixet ixehl epze‘ ze‘iand zeagxd xtqn zeniiw [−π, π] rhwl f z‘ aigxdl zeaxd .df sirqa oecp dl‘d zeagxdd on miizy lr .ziqgi miheyt

‘ed g ly dixet xehd if‘ [−π, π] rhwa zibef divwpet ‘id g m‘y epi‘x 2.2 sirqa g ly dixet xehd f‘ zibef-i‘ g m‘ ,ok-enk .(b_n = 0 mincwnd lke xg‘n) miqepiqew xeh

dliaen ef dcaer .miillk dixet ixehn migepe mixvw xzei md dl‘k mixeh .miqepiq xeh ‘ed

. [0, π] rhwa f z‘ mipiit‘nd mipey mixeh ipy xicbdl epze‘

ici lr [−π, π] rhwa f̂ divwpetd z‘ xicbp . [0, π] rhwa zxcbend divwpet f idz

.f̂(x) = f(x), 0 ≤ x ≤ π f(−x), −π ≤ x < 0 it lr . f ly zibefd dkyndd z‘xwp ‘ide [−π, π] rhwa zibef divwpet ‘id f̂ if‘

‘ed f̂ ly dixet xehd ,2.4 dprh f̂(x) ∼ a^0 2 + ∞∑ n=1 a_n cos nx

xy‘k .a_n = 2 π ∫_π 0 f(x) cos nx dx ici lr [−π, π] rhwa f̃ divwpetd z‘ xicbp ,ok-enk

.f̃(x) = −f(−x), −π ≤ x < 0 0, x = 0 f(x), 0 < x ≤ π ,aey . f ly zibef-i‘d dkyndd z‘xwp ‘ide [−π, π] rhwa zibef-i‘ divwpet ‘id f̃

‘ed f̃ ly dixet xehd ,2.4 dprh it lr f̃(x) ∼ ∞∑ n=1 b_n sin nx

xy‘k .b_n = 2 π ∫_π 0 f(x) sin nx dx xehd .[0, π] rhwa oirhewnl dtivx divwpet f idz :2.24 dxcbddxcbd

dxcbd

a_0 2 + ∞∑ n=1 a_n cos nx

xy‘k

a_n = 2 π ∫_π 0 f(x) cos nx dx

xehd ,ok-enk .f ly miqepiqewd xeh ‘xwp ∞∑ n=1 b_n sin nx

xy‘k

b_n = 2 π ∫_π 0 f(x) sin nx dx .f ly miqepiqd xeh ‘xwp

zeivwpetd lk ly ix‘ipild agxnd E[0, π] idi .zeihxe‘z zepwqn dnk zeniiw dfd oeicl dltknd z‘ xicbp E[0, π] lr . C -a mikxr zelawnd [0, π] rhwa oirhewnl zetivxd ziniptd . ⟨f, g⟩ = 2 π ∫_π 0 f(x)g(x)dx zkxrn deedn {cos nt}∞n=1 -e {sin nt}∞n=1 zexcqd on zg‘ lk ik gikedl dyw ‘l zekxrnd on zg‘ lky mb ‘vei l”pd oeicd on . E[0, π] agxna dnvr ipta zilnxepezxe‘ dprh jnq lr) f ∈ E[0, π] lk xear laqxt oeieey meiwl dlewy ef dpekz .dxebq ‘id dl‘d ‘ed laqxt oeieey ,miqepiqewd ly zkxrnd xeary ze‘xl dyw ‘l .(1.24 2 π ∫_π 0 |f(x)|^2dx = |a_0|^2 2 + ∞∑ n=1 |a_n|^2 ‘ed laqxt oeieey ,miqepiqd ly zkxrnd xear . an = 2π ∫_π 0 f(x) cos nx dx xy‘k 2 π ∫_π 0 |f(x)|^2dx = ∞∑ n=1 |b_n|^2 cin zraepd d‘ad dpwqnd ‘id ztqep zicin dpwqn . bn = 2π ∫_π 0 f(x) sin nx dx xy‘k

:2.15 htynn

:2.25 dprhdprh

dprh

xeh if‘ ,f ′ ∈ E[0, π] m‘e ,f(0) = f(π) = 0 ,[0, π] rhwa dtivx f m‘ .‘ .rhwd lk lr f -l deey dcina qpkzn f ly miqepiqd qpkzn f ly miqepiqewd xeh if‘ ,f ′ ∈ E[0, π] m‘e ,[0, π] rhwa dtivx f m‘ .a .rhwd lk lr f -l deey dcina xeh lk) deey dcina zeqpkzdl igxkd i‘pz ‘ed f(0) = f(π) = 0 i‘pzd ,’‘ sirqa

f lr i‘pz mey oi‘ z‘f znerl ’a sirqa .(x = π -e x = 0 zecewpa qt‘zn miqepiq

.rhwd zevwa

milibxz

rhwl f ly zibef-i‘d dagxdd f̃ idze , f(x) = x, 0 ≤ x ≤^π_2 π − x,^π_2 ≤ x ≤ π idz .1

. [−π, π] rhwa f̃ ly dixet xehd z‘ ‘vn . [−π, π]

idie f ∈ E idz .2 f(x) ∼ ∞∑ n=1 b_n sin nx

-e , f ly miqepiqd xeh f(x) ∼ a_0 2 + ∞∑ n=1 a_n cos nx

divwpetd deey dnl . f ly miqepiqewd xeh g(x) = a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

? [−π, π] rhwa x dcewp lka

. [0, π] rhwa f(x) = x(π − x) divwpetd ly miqepiqd xeh z‘ gzt .‘ .3

ik gked .a ∞∑ n=1 1 n^6 = π^6 945 ik mb gked .b . π^3 32 = 1 1^3 − 1 3^3 + 1 5^3 − 1 7^3 + . . . . [0, π] rhwa cos x ly ∑_∞ n=1 b_n sin nx miqepiqd xeh z‘ gzt .‘ .4 ? [−π, π] rhwd ly dcewp lka qpkzn xehd m‘d .‘

divwpetd z‘ xicbp .a .f(x) = ∞∑ n=1 b_n sin nx

. [−π, π] rhwa f ly sxbd z‘ hhxy

dixet xeh ly divxbhpi‘e dxifb .9

eizexev lk lr seqpi‘d byena letihd ‘id zihnznd dfilp‘d ly zeiceqid zeirad on zg‘ zeirad on zg‘ .df xtq ly sirqe sirq lka hrnk ‘evnl xyt‘ jkl ze‘nbec .zepeyd ,divxbhpi‘ enk) zelert xcq silgdl zexyt‘d ziira ‘id ef diral siwr ote‘a zexeywd

f idz .dfd sirqa bvez df beqn diraa letihl ziq‘lw ‘nbec .(iteqpi‘ mekq e‘ ,dxifb

‘ed dly dixet xeh xy‘ f, f ′ ∈ E zniiwnd divwpet .f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

ik xn‘l oekp m‘d

? f^′(x) ∼ ∞∑ n=1 [−na_n sin nx + nb_n cos nx]

ici lr lawle xai‘ xai‘ f ly dixet xehd z‘ xefbl ozip m‘d :‘id dl‘yd ,zexg‘ milina dheyt ‘nbec ‘iap .zilily ‘id ef dl‘yl daeyzd ,illk ote‘a ? f ′ ly dixet xehd z‘ jk

‘ed [−π, π] rhwa f(x) = x ly dixet xehd ik epi‘x 2.1 ‘nbeca .jkl .x ∼ ∞∑ n=1 2(−1)^{n+1} n sin nx xehd epi‘ df xeh . ∑_∞ n=1 2(−1)^{n+1} cos nx xehd z‘ lawp xai‘ xai‘ xehd z‘ xefbp m‘

akxend dixet xehd heyt ‘ed f ′(x) = 1 ly dixet xehdy meyn , f ′(x) = 1 ly dixet eincwn zxcqe , x = 0 xear qpkzn epi‘ df xehy md zetqep zeaiq) ! 1 cigid xai‘d on

(.bal-onix ly dnll cebipa qt‘l zt‘ey dpi‘

ziaeig ‘id l”pd dl‘yl daeyzdy epi‘xd (my dgkedd z‘ d‘x) 2.15 htyn zgkeda .‘ad htyna ef d‘vez gqpp . f(−π) = f(π) zniiwne rhwd lk lr dtivx f sqepa m‘

m‘e ,f ′ ∈ E ,f(−π) = f(π) ,[−π, π] rhwa dtivx f m‘ :2.26 htynhtyn

htyn f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

lawle xai‘ xai‘ f ly dixet xehd z‘ xefbl ozip if‘ .f^′(x) ∼ ∞∑ n=1 [−na_n sin nx + nb_n cos nx]

miiehiad z‘ mixfebyk .xehd ly xai‘ xai‘ divxbhpi‘l rbepa dnec dl‘yl eiykr xearp miiehiad ipya riteny n mcwnd . −n sin nx -e n cos nx milawn cos nx -e sin nx .xcazdl df xehl mexbl ieyr okle ,ycgd xehd ixai‘ ly mlceb z‘ xkip ote‘a licbn mipexg‘d

−^{cos nx}_n ‘ed cos nx -e sin nx miiehiad ly lxbhpi‘d ,z‘f znerl ,xai‘ xai‘ divxbhpi‘a

ycgd xehdy zetvl ozip okle ,ycgd xehd ixai‘ lceb z‘ xzei cer oihwny dn , sin nxn -e xai‘l zrbep dixet xeh ly divxbhpi‘a zxxerzny dcigid diirad .xacd ‘ed jk ok‘e ,qpkzi divxbhpi‘ z‘vez okl .dixet xeha xai‘k iweg epi‘ a^02 x ely lxbhpi‘d xy‘ , a^02 iytegd .dixet xeh llk jxca ozz ‘l dixet xeh ly xai‘ xai‘

dixet xeh mr f ∈ E idz :2.27 htynhtyn

htyn .f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

,x ∈ [−π, π] lkl if‘ ∫_x −π f(t)dt = a_0(x + π) 2 + ∞∑ n=1 [ a_n n sin nx − b_n n (cos nx − cos nπ) ]

.l‘ny sb‘a divwpetl deey dcina qpkzn oini sb‘a xehde

xicbp :dgked

:dgked .g(x) = ∫_x −π f(t)dt − a_0 2 x miiwzn jkl sqepae , f ∈ E ik dtivx g if‘

(2.12) g^′(x) = f(x) − a_0 2 -e g(−π) =^{a0π}_2 ik xexa g zxcbdn . g^′ ∈ E okl .dtivx f da x dcewp lka .g(π) = ∫_π −π f(t)dt − a_0π 2 = a_0π − a_0π 2 = a_0π 2 xehd ,df htyn itl .2.15 htyn i‘pz z‘ zniiwn g divwpetd . g(−π) = g(π) okl lkl wiecn oeieey miiwzn hxta . [−π, π] rhwa g -l deey dcina qpkzn g ly dixet x ∈ [−π, π] (2.13) g(x) =

A_0 2 + ∞∑ n=1 [A_n cos nx + B_n sin nx]

,(ei‘pz z‘ zniiwn g xy‘) 2.26 htyn it lr . g ly dixet xehd meyx oini cva xy‘k .g^′(x) ∼ ∞∑ n=1 [−nA_n sin nx + nB_n cos nx]

ik raep (2.13) oeieeyn la‘ .g^′(x) = f(x) − a_0 2 ∼ ∞∑ n=1 [a_n cos nx + b_n sin nx]

mipeieeyd miniiwzn , n ≥ 1 lkl ,okl .nB_n = a_n, −nA_n = b_n ik lawpe (2.13) dgqepa dl‘ ze‘vez aivp

(2.14)

∫_x −π f(t)dt = g(x) + a_0 2 x

= a_0 2 x + A_0 2 + ∞∑ n=1 [ a_n n sin nx − b_n n cos nx ]

lawpe dpexg‘d dgqepa x = −π aivp jk myl . A0 mcwnd z‘ aygl epl xzep .0 = − a_0 2 π + A_0 2 + ∞∑ n=1 − b_n n cos nπ lawp , A0 z‘ ulgp m‘

.A_0 = a_0π + ∞∑ n=1 2b_n n cos nπ .htynd zpwqn z‘ zlawl icka (2.14) dgqepa ef d‘vez aivp

ly dixet xehd zavd ici lr dixet xehl oini cvay xehd z‘ jetdl ozip 2.27 htyna :dxrd zeqpkzdd zpekz z‘ ca‘p ef dlert ici lr j‘ .oey‘xd xai‘a riteny x dpzynd mewna x

. x = ±π zecewpa x -l qpkzn epi‘ x ly dixet xehde xg‘n ,mcewd xehd ly deey dcina

milibxz

idie , −π ≤ x ≤ π , f(x) = |x| idz .1 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

. [−π, π] rhwa f ly dixet xehd

. b_n -e a_n z‘ ayg .‘ . x ly jxr lkl qpkzn ∑_∞ n=1 na_n sin nx xehdy gked .a

ly sxbd z‘ wiecna hhxy . g(x) = − ∑_∞ n=1 na_n sin nx xicbp ,iynn x lkl .b . [−2π, 2π] rhwa g . ∑_∞ n=1 1 (2n−1)4

-e ∑_∞ n=1 1 (2n−1)2 minekqd z‘ ayg .c

divwpetd z‘ xicbp . ∫_π −π f(t) dt = 5 -y jk zibef divwpet f ∈ E idz .2 .F (x) = ∫_x −π f(t) dt, −π ≤ x ≤ π idi F (x) ∼ A_0 2 + ∞∑ n=1 [A_n cos nx + B_n sin nx]

xicbp . [−π, π] rhwa F ly dixet xehd G(x) = A_0 2 + ∞∑ n=1 [A_n cos nx + B_n sin nx]

. G(0) z‘e , G(π) , G(−π) z‘ ayg

idie , f(x) = π 4 , −π < x < 0 π 4 − x, 0 < x < π idz .3

f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

. [−π, π] rhwa f ly dixet xehd . b_n z‘e a_n z‘ ayg .‘

lkl , S(x) z‘ ayg . S(x) = a^0x2 + ∑_∞ n=1 1 n (a_n sin nx − b_n cos nx) xicbp .a . −π < x < π -y jk 2π zixefgne oirhewnl dtivx divwpet f idz .4 . ∫_π −π f(x) dx = 0 . g(x) = ∫_x 0 f(t) dt xicbp . 2π zixefgn g -y gked .‘

idie [−π, π] rhwa f ly akexnd dixet xehd ∑_∞ n=−∞ cne inx idi .a oeieeyd miiwzn iynn x lkly gked . g ly akexnd dixet xehd ∑_∞ n=−∞ dne inx

g(x) = ∞∑ n=−∞ d_ne^{inx} . d_n =^{cn}_{in} miiwzn mly n lklye .5 idie , f ∈ E idz .‘ f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

rhwa x lkl ik gked , −π ≤ c ≤ π idi . [−π, π] rhwa f ly dixet xehd oeieeyd miiwzn [−π, π] ∫_x c f(t) dt = 1 2 a_0(x−c)+ ∞∑ n=1 [ a_n n (sin nx − sin nc) − b_n n (cos nx − cos nc) ]

.l‘ny sb‘ay divwpetl deey dcina qpkzn oini sb‘ay xehd ,jkl sqepae

idie , g ∈ E[0, π] idz .a g(x) ∼ a_0 2 + ∞∑ n=1 a_n cos nx

, [0, π] rhwa x lkl ik gked . [0, π] rhwa g ly miqepiqewd xeh ∫_x 0 g(t) dt = 1 2 a_0x + ∞∑ n=1 a_n n sin nx .l‘ny sb‘ay divwpetl deey dcina qpkzn oini sb‘ay xehd ,jkl sqepae

idie , h ∈ E[0, π] idz .b h(x) ∼ ∞∑ n=1 b_n sin nx

, [0, π] rhwa x lkl ik gked . [0, π] rhwa h ly miqepiqd xeh ∫_x 0 h(t) dt = β − ∞∑ n=1 b_n n cos nx divwpetl deey dcina qpkzn oini sb‘ay xehd ,jkl sqepae , β = ∑_∞ n=1 bn n xy‘k .l‘ny sb‘ay idi . f ′ ∈ E -e , f(−π) = f(π) , [−π, π] rhwa dtivx divwpet f idz .6 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

ik gked . [−π, π] rhwa f ly dixet xehd

. lim_{n→∞} na_n = lim_{n→∞} nb_n = 0

? lim_{n→∞} n^2a_n = lim_{n→∞} n^2b_n = 0 mby xn‘l didi oekp m‘d

mipey mirhwa dixet ixeh .10

icka ce‘n gep rhw edfy dzid jkl daiqd . [−π, π] rhwd lr dixet ixeha epwqr dzr cr rhwl zcgein dpi‘ epgzty dixe‘zd ,oaenk j‘ .ea dixet ixeh ly zillkd dixe‘zd z‘ gztl xebq rhw lr dixet xeh edn xicbp df sirqa . [a, b] iteq rhw lk lr dlg ‘ide ,cala df xear mb dnec ote‘a miniiwzn df wxta epgkedy mihtynd lk recn wnppe [a, b] edylk

. [a, b] rhw

oirhewnl zetivxd zeivwpetd lk ly ix‘ipild agxnd E[a, b] idi [a, b] xebq rhw lkl

. f : [a, b] → C

xehd .f ∈ E[a, b] idz :2.28 dxcbddxcbd

dxcbd

a_0 2 + ∞∑ n=1 [ a_n cos 2nπx b − a + b_n sin 2nπx b − a ]

xy‘k

a_n = 2 b − a ∫_b a f(x) cos 2nπx b − a dx, n = 0, 1, 2, . . .

b_n = 2 b − a ∫_b a f(x) sin 2nπx b − a dx, n = 1, 2, . . . .[a, b] rhwa f ly dixet xehd ‘xwp

wicvdl lkep .libxd dixet xehd z‘ lawp f‘ [a, b] = [−π, π] m‘y xexa dxcbdd on ,xnelk .dixet xehd ly zixewnd dxcbdd z‘ epwcvd eay ote‘d eze‘a weica efd dxcbdd z‘ zeivwpetd zxcqy gikedl lkep { 1 √ 2 , cos 2nπx b − a , sin 2nπx b − a }_∞ n=1

ziniptd dltknl qgia E[a, b] agxna zilnxepezxe‘ zkxrn deedn . ⟨f, g⟩ = 2 b − a ∫_b a f(x)g(x) dx ly zillkd dixe‘zd z‘ gztl epgxh xake xg‘n .zxg‘ jxca 2.28 dxcbd z‘ wicvp ep‘ .dk‘lnd lr lwdl icka eplaw xaky ze‘veza ynzydl lkep , [−π, π] rhwd xear dixet ixeh xicbp . f ∈ E[−c, c] idz . c > 0 xy‘k , [−c, c] dxevd on mirhwa lk mcew ligzp dycg divwpet .g(t) = f(^{ct}_π ), −π ≤ t ≤ π [−π, π] rhwa oirhewnl dtivx g ik xexa . x =^{ct}_π dpzyn ztlgd dyrnl eprva ,xnelk

libx dixet xeh dl yi okle g(t) ∼ a_0 2 + ∞∑ n=1 [a_n cos nt + b_n sin nt]

xy‘k

a_n = 1 π ∫_π −π g(t) cos nt dt, n = 0, 1, 2, . . .

b_n = 1 π ∫_π −π g(t) sin nt dt, n = 1, 2, . . . lawpe t = πxc z‘ dxfga aivp

(2.15) f(x) ∼ a_0 2 + ∞∑ n=1 [ a_n cos nπx c + b_n sin nπx c ]

xy‘k

(2.16) a_n = 1 c ∫_c −c f(x) cos nπx c dx, n = 0, 1, 2, . . .

b_n = 1 c ∫_c −c f(x) sin nπx c dx, n = 1, 2, . . . lthl xearp ‘ad alya . [a, b] = [−c, c] dxevd on mirhw xear 2.28 dxcbd z‘ okl eplaw

b − a zixefgnd dkyndd g : R → C idz . f ∈ E[a, b] idz . [a, b] edylk rhwa

mi‘pzd ipy z‘ zniiwnd R lk lr zxcbend dcigid divwpetd ‘id g xnelk . R lkl f ly :mi‘ad

. a ≤ x < b lkl , g(x) = f(x) .‘

. x ∈ R lkl , g(x + b − a) = g(x) .a

dxevd on rhw lka dixet xeh dl yi ,hxtae ,iteq rhw lka oirhewnl dtivx didz g ik xexa ik lawp (2.16)-e (2.15) ze‘gqep it lr f‘ . c = b−a2 gwp . [−c, c]

(2.17) g(x) ∼ a_0 2 + ∞∑ n=1 [ a_n cos 2nπx b − a + b_n sin 2nπx b − a ]

xy‘k

a_n = 2 b − a ∫_c −c g(x) cos 2nπx b − a dx, n = 0, 1, 2, . . .

b_n = 2 b − a ∫_c −c g(x) sin 2nπx b − a dx, n = 1, 2, . . . zniiwzn (2.17) dgqepd okle , R lk lr b − a zeixefgn dly dixet xehd mbe g divwpetd

xy‘) [a, b] rhwa dpekp zx‘yp (2.17) dgqep ,hxta . R lka ‘l‘ [−c, c] rhwa wx ‘l

zeixefgn od g(x) sin 2nπxb−a -e g(x) cos 2nπxb−a zeivwpetd jkl sqepa .(f(x) = g(x) ea m‘y ‘xewl xikfp) mieey b − a jxe‘a rhw lka odly milxbhpi‘d okle ,xyid lk lr b − a ielz epi‘ xy‘ reaw lceb ‘ed ∫_{d+L} d h(x)dx lxbhpi‘d if‘ , L zixefgn divwpet ‘id h(x)

meyxl lkep okl .(d -a

a_n = 2 b − a ∫_b a f(x) cos 2nπx b − a dx, n = 0, 1, 2, . . .

b_n = 2 b − a ∫_b a f(x) sin 2nπx b − a dx, n = 1, 2, . . . .2.28 dxcbd zwcvd z‘ epniiq jkae

f ly dixet xehd if‘ [0, π] rhwa oirhewnl dtivx divwpet ‘id f m‘ :2.12 ‘nbec‘nbec

‘nbec ‘ed f(x) ∼ a_0 2 + ∞∑ n=1 a_n cos 2nx + b_n sin 2nx

xy‘k

a_n = 2 π ∫_π 0 f(x) cos 2nx dx, n = 0, 1, 2, . . .

b_n = 2 π ∫_π 0 f(x) sin 2nx dx, n = 1, 2, . . . ! [0, π] rhwa f ly miqepiqewd xeh e‘ miqepiqd xeh oial df xeh oia xyw mey oi‘ ik yibcp

‘ed f : [a, b] → C oirhewnl dtivx divwpet ly akexnd dixet xehd ,seqal f(x) ∼ ∞∑ n=−∞ c_ne^{2inπxb}�^a xy‘k .c_n = 1 b − a ∫_b a f(x)e^{− 2πinxb}�^a dx, n = 0, ±1, ±2, . . . milibxz

idi . f(x) = x2 idz .1 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

idie , [−π, π] rhwa f ly dixet xehd f(x) ∼ A_0 2 + ∞∑ n=1 [A_n cos nx + B_n sin nx]

divwpetd z‘ xicbp . [0, 2π] rhwa f ly dixet xehd h(x) = a_0 − A_0 2 + ∞∑ n=1 (a_n − A_n) cos nx + (b_n − B_n) sin nx

. [−π, 2π] rhwa h ly sxbd z‘ wiecna hhxye h z‘ ayg . −π ≤ x ≤ π lkl

idi . π zixefgne oirhewnl dtivx divwpet f : R → C idz .2 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos 2nx + b_n sin 2nx]

idie , [0, π] rhwa f ly dixet xehd f(x) ∼ A_0 2 + ∞∑ n=1 [A_n cos nx + B_n sin nx]

b_n -e a_n zervn‘a B_n z‘e A_n z‘ ‘ha . [−π, π] rhwa f ly dixet xehd

dixet xehd z‘ ayg . ω0 = 2πT xy‘k , f(x) =

A sin ω_0t, 0 < t <^T_2 0,^T_2 ≤ t < T idz .3

. [0, T ] rhwa f ly akexnd

rhwa dixet xehl f ly gezitl mi‘znd laqxt oeieey z‘ meyx . f ∈ E[a, b] idz .4 .oekp ‘ed recn xaqde [a, b] idie , f ∈ E[−π, π] idz .5 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

a_n = b_n = 0 ik gked .oezp m ∈ N xear^π_m zixefgn ‘id f -y gipp . f ly dixet xehd . 2m -a wlgzn epi‘y n lkl

zeiwlg zeil‘ivpxtic ze‘eeynl miyeniy .11

e‘ zeiwlgd zeil‘ivpxticd ze‘eeynd ‘yepa mcwen rci lra ‘xewl xwra crein df sirq zpn lr (envr dixet i”r) dixet ixeh ly dixe‘zd dgzet ,dligzkln .liawna eze‘ cnely bivp df sirqa .zeiwlgd zeil‘ivpxticd ze‘eeynd megza zeifkxn zeira xtqn oexzta riiql yeniy ici lr zeix‘ipil zeiwlg zeil‘ivpxtic ze‘eeyn oexztl zeheytd zehiyd zg‘ z‘

.(minrtl z‘xwp ‘idy itk ,dixet zhiy e‘) mipzynd zcxtd zhiy :dixet ixeha

dty i‘pz mr , 2L ekxe‘y iteq hen lr zipbenedd megd z‘eeyn ly dxwnl ef dhiy mibcp d‘ad diiral u = u(x, t) ihxt oexzt ‘evnl epilr .miixefgn

(2.18) u_t − ku_{xx} = 0 (−L < x < L, 0 < t < ∞) u(x, 0) = f(x) (−L ≤ x ≤ L) u(−L, t) = u(L, t) (0 ≤ t < ∞) u_x(−L, t) = u_x(L, t) (0 ≤ t < ∞) .il‘wifit reaw ‘ed k > 0 xy‘k

dxehxtnhd xear megd zkled ziiral ihnzn geqipk efd zkxrnd z‘ yxtl mb laewn zexehxtnhd zebltzd (t = 0) dlgzda xy‘k , 2L jxe‘a dwc zilbrn zraha u(x, t) rhwd zecewp ici lr mibviin ep‘ lbrnd zecewp z‘ . f divwpetd ici lr epl dpezp zrahd lr daiqd idef .lbrna zg‘ dcewp zebviin x = −L -e x = L zecewpd izy xy‘k , [−L, L]

u(−L, t) = u(L, t) dvwd i‘pz z‘ mb epllk diirad ly ihnznd geqipay jkl dcigid

,dtivx divwpet zeidl f lr ,diiral “aeh” oexzt lawl icka . ux(−L, t) = ux(L, t) -e

. f^′(0) = f^′(L) -e , f(−L) = f(L) = 0 miiwle , f^′ ∈ E u(x, t) = X(x)T (t) dxevdn miil‘iaixh-‘ld zepexztd lk z‘ ‘evnl ‘ed dhiyd oeirx

zipbenedd zkxrnl

(2.19) u_t − ku_{xx} = 0, −L < x < L, 0 < t < ∞ u(−L, t) = u(L, t) 0 ≤ t < ∞ u_x(−L, t) = u_x(L, t) 0 ≤ t < ∞ zepexztd agxn jeza u(x, 0) = f(x) i‘pzd z‘ mb miiwnd ihxt oexzt ytgp xzei xge‘n ik xexa df dxwna .(2.19) diira ly u_t(x, t) = X(x)T^′(t), u_{xx}(x, t) = X^{′′}(x)T (t) lawp d‘eeyna davd xg‘l okle X(x)T^′(t) − kX^{′′}(x)T (t) = 0 okle .X(x)T^′(t) = kX^{′′}(x)T (t) -y lawp (qt‘n dpey dfy dgpda) kX(x)T (t) -a mitb‘d ipy welig xg‘l . T^′(t) kT (t) = X^{′′}(x) X(x) x ly divwpet ‘ed oini sb‘ay iehiad eli‘e ,cala t ly divwpet ‘ed l‘ny sb‘ay iehiad

ipyy dcigid zexyt‘dy ixd ,ipya cg‘ miielz izla md x -e t mipzynde xg‘n .cala zeaiqn) −λ el ‘xwp xy‘ reawl mieey mdipy mdy ‘id ipyl cg‘ mieey eidi dl‘ miiehia meyxl lkep okl .(zeigep ly

T^′(t) kT (t) = X^{′′}(x) X(x) = −λ zelibx zeil‘ivpxtic ze‘eeyn bef ciin lawp jkne

X^{′′}(x) + λX(x) = 0 .T^′(t) + kλT (t) = 0

d‘eeynd xear mitxevn mi‘pz ipy xefbl lkep mkezn xy‘ dty i‘pz ipy epcia yi ,jkl sqepa

, t ≥ 0 lkl ik raep u(−L, t) = u(L, t) dtyd i‘pzn .dpey‘xd .X(−L)T (t) = X(L)T (t)

zexyt‘d . X(−L) = X(L) -y e‘ , t ≥ 0 lkl T (t) = 0 -y e‘ :zeiexyt‘ izy zeniiw ea xy‘ , u(x, t) ≡ 0 il‘iaixhd oexztl epze‘ dliaen ‘idy daiqd on zlqtp dpey‘xd ik lawp ote‘ eze‘a .cala X(−L) = X(L) zexyt‘d epl dxzep okl .mipiipern eppi‘

: X xear d‘ad diirad z‘ eplaiw mekiql . X^′(−L) = X^′(L)

(2.20)

X^{′′}(x) + λX(x) = 0 (0 < x < L) X(−L) = X(L) X^′(−L) = X^′(L)

il‘iaixh ‘l oexzt yi mxear xy‘ λ ly miixyt‘d mikxrd mdn ‘evnl epilr ,df alya md il‘iaixh ‘l oexzt yi mxear xy‘ λ ly micigid mikxrdy wecal ozip .diiral .λ_n = n^2π^2 L^2 , n = 0, 1, 2, . . . ‘ed illkd dpexzte X′′(x) = 0 ‘id d‘eeynd λ0 = 0 xear

.X(x) = c_1x + c_2

mey lihn epi‘ X′(−L) = X′(L) i‘pzde , c1 = 0 -y xxeb X(−L) = X(L) i‘pzd .(2.20) ly oexzt ‘id X(x) = C dreaw divwpet lk ,dfd dxwna ,okl . c2 lr dlabn

‘id d‘eeynd λn = n^2π^2L_2 xear X^{′′}(x) + n^2π^2 L^2

X(x) = 0

‘ed illkd dpexzte

.X(x) = c_1 sin nπ L x + c_2 cos nπ L x on cg‘ lk ici lr miniiwzn X′(−L) = X′(L) -e X(−L) = X(L) dvwd i‘pz

. c_2 -e c_1 mireawd lr zelabn mey milihn mpi‘ okle dl‘d zepexztd

miil‘iaixh ‘l zepexzt ipy mini‘zn λn = n^2π^2L_2 jxrl ,irah n lkly xnel lkep mekiql miiqiqa

.X_n(x) = cos nπx L x, X^∗_n(x) = sin nπx L x mi‘xwp λn mikxrd .dl‘ zepexzt ipy ly miix‘ipil mitexiv oaenk md mixg‘d zepexztd lk

ly zeinvrd zeivwpetd mi‘xwp X^∗_n^-e X_n zepexztde ,diirad ly miinvrd mikxrd

z‘ mb lelkl epilr miinvrd mikxrd zveaway wx xekfp . λn invrd jxrl zekiiyd diirad ‘id el zkiiyd zinvrd divwpetdy , λ0 = 0 invrd jxrd

.X_0(x) = 1

mikxrl wx eiykr laben λ oaenk . T ′(t) + kλT (t) = 0 diipyd d‘eeynl dzr xearp il‘iaixh ‘l oexzt mi‘zn dfk n lkl . n = 0, 1, 2, 3, . . . , λn = n^2π^2L_2 miinvrd .T_n(t) = e^{−kλnt} ‘l zepexzt bef epcia yi ,irah n lk xear ,mekiql .reawa ely zeletk md mixg‘d zepexzt :(2.19) zkxrnl miil‘iaixh u_n(x, t) = X_n(x)T_n(t) = e^{−kλnt} cos^{nπx}_L .u^∗_n(x, t) = X^∗_n(x)T_n(t) = e^{−kλnt} sin^{nπx}_L oexztd z‘ epl yi n = 0 xear

.u_0(x, t) = X_0(t)T_0(t) = 1

eplawy zepexztd ly “iteqpi‘ ix‘ipil sexiv” lky ixd zipbened (2.19) zkxrnde xg‘n zillkd dxevd on zepexzt seqpi‘ milawn ep‘ okle ,(qpkzn ‘ede dcina) oexzt zeidl ieyr (2.21) .u(x, t) = a_0 2 + ∞∑ n=1 e^{−kλnt} [ a_n cos nπx L + b_n sin nπx L ]

oexztd z‘ivnl ybp eiykr .(2.19) diiral illkd oexztd ly ezxev idef ik gikedl ozip

, u(x, 0) = f(x) ipbened-‘ld dlgzdd i‘pzl qgiizdl epilr .(2.18) diira xear ihxtd . {b_n}^∞_{n=1} -e {a_n}^∞_{n=0} mincwnd zexcq izy z‘ aygl epilr df i‘pzn . −L ≤ x ≤ L

lawp illkd oexzta t = 0 aivp m‘ .u(x, 0) = f(x) = a_0 2 + ∞∑ n=1 [ a_n cos nπx L + b_n sin nπx L ]

ly (2.16) ze‘gqepa jnq lr . [−L, L] rhwa f ly dixet xehd z‘ aygl epilr ,xnelk mcewd sirqd

a_n = 1 L ∫_L −L f(x) cos nπx L dx, n = 0, 1, 2, . . .

b_n = 1 L ∫_L −L f(x) sin nπx L dx, n = 1, 2, . . .

xehd ,el‘d mincwnd mr ik gikedl dyw ‘l .(2.18) diiral ihxtd oexztd z‘ ep‘vn jkae

x ly jxr lkl hlgdae deey dcina qpkzn (edylk xcqn zeiwlgd eizexfbp mbe) (2.21)

z‘ miiwn df xeh ik wecal xyt‘ jkl sqepa . [0, ∞) rhwa t ly jxre [−L, L] rhwa .megd z‘eeyn

zillk dxfgl milibxz

idie , f(x) = x + cos x idz .1 f(x) ∼ a_0 2 + ∞∑ n=1 [ a_n cos nx 2 + b_n sin nx 2 ]

. [0, 4π] rhwa f ly dixet xehd . b_n z‘e a_n z‘ ayg .‘ , B_n -e A_0 ly mikxr dfi‘ xear . g(x) =^{A0}_2 +

∑_5

n=1 B_n sin^{nx}_2 idz .a

?ilnipin g -e f oia wgxnd , 1 ≤ n ≤ 5

idie , π ≤ x ≤ 3π xear f(x) = x2 idz .2 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

. [π, 3π] rhwa f ly dixet xehd . b_n z‘e a_n z‘ ayg .‘

z‘ hhxye g z‘ ayg . −π ≤ x ≤ π , g(x) = a^02 + ∑_∞ n=1 a_n cos^{nx}_2 idz .a . [−π, π] rhwa g ly sxbd

ly sxbd z‘ hhxye h z‘ ayg . −π ≤ x ≤ π , h(x) = ∑_∞ n=1 b_n sin^{nx}_2 idz .b . [−π, π] rhwa h

idie , f(x) = | sin x| idz .3 f(x) ∼ a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

. [−π, π] rhwa f ly dixet xehd . b_n z‘e a_n z‘ ayg .‘

ly sxbd z‘ wiecna hhxy . g(x) = ∑_∞ n=1[−na_n sin nx + nb_n cos nx] idz .a . [−π, π] rhwa g

minekqd z‘ ayg .b ∞∑ n=1 1 4n^2 − 1 , ∞∑ n=1 (−1)^n 4n^2 − 1 , ∞∑ n=1 1 (4n^2 − 1)^2 , ∞∑ n=1 n^2 (4n^2 − 1)^2

. [−π, π] rhwa f(t) =^1_{1− 12 e}�_{it} ly akexnd dixet xehd z‘ ‘vn .4

idie , 2π zixefgne oirhewnl dtivx divwpet f : R → C idz .5 f(x) ∼ ∞∑ n=−∞ c_ne^{inx} divwpetd z‘ xicbp . [−π, π] rhwa f ly akexnd dixet xehd g(x) = f(x) + f(x + π) 2 idie g(x) ∼ ∞∑ n=−∞ d_ne^{inx} . [−π, π] rhwa g ly akexnd dixet xehd . c_n mincwnd zervn‘a d_n mincwnd z‘ ‘ha .‘ ? ∑_∞ n=1 |c_{2n}|^2 mekqd deey dnl , −π < x < π lkl , f(x) = x m‘ .a

, 0 ≤ x ≤^π_2 lkl , f(x + π) = f(x) iynn x lkly reci f divwpetd iabl .6 . f(x) = 0 ,^π_2 ≤ x ≤ π lkle , f(x) = sin 2x

iynn x lkly gked .‘ f(x) = 1 π + 1 2 sin 2x − 2 π ∞∑ n=1 cos 4nx (2n − 1)(2n + 1)

-y jkn wqd ∞∑ n=1 1 (2n − 1)^2(2n + 1)^2 = π^2 − 8 16 mekqd deey dnl ayg .a

sin 4x 1 · 2 · 3 + sin 8x 3 · 4 · 5 + sin 12x 5 · 6 · 7 + · · · , 0 ≤ x ≤ π

idie , f(x) = 0, −π ≤ x < 0 e^x, 0 ≤ x ≤ π idz .7

F (x) = a_0 2 + ∞∑ n=1 [a_n cos nx + b_n sin nx]

. [−π, π] rhwa f ly dixet xehd . b_n -e a_n z‘ ayg .‘ . F (π) -e , F (^π_2 ) , F (0) z‘ ayg .a . [−2π, 2π] rhwa F ly sxbd ly dviwq hhxy .b . ∑_∞ n=1 (−1)^n n2+1

-e ∑_∞ n=1 1 n2+1 minekqd z‘ ayg .c

. f(x) = e^{x(1+2πi)} idz .8 . [−1, 1] rhwa f ly akexnd dixet xehd z‘ ayg .‘ . [−1, 1] rhwa f ly iynnd dixet xehd z‘ ayg .a . ∑_∞ n=1 (−1)^n 1+n2π2 -e ∑_∞ n=1 1 1+n2π2 minekqd z‘ ayg .b .9 divwpetd ly dixet xehd z‘ gzt .‘

f(x) = 0, −π < x < 0 sin x, 0 < x < π . [−π, π] rhwa

ik gked ,zlawy dixet xehd jnq lr .a . π − 2 4 = 1 1 · 3 − 1 3 · 5 + 1 5 · 7 − 1 7 · 9 + · · ·

. 1 2 = ∞∑ n=1 1 4n^2 − 1

ik gked .b

divwpetd z‘ xicbp [−π, π] rhwa .10

f(x) = sin 2x, −^π_2 ≤ x ≤^π_2 0, zxg‘

. [−π, π] rhwa f ly dixet xehd z‘ ‘vn .‘ . [−π, π] rhwa f^′ ly dixet xehd z‘ ‘vn .a

? x = ±^π_2 zecewpa f^′ ly dixet xehd qpkzn dnl .b

mi‘ad minekqd z‘ ayg .c ∞∑ k=1 1 (2k − 3)^2(2k + 1)^2 , ∞∑ k=1 (2k − 1)(−1)^k (2k − 3)(2k + 1)

idie , 2π zixefgne oirhewnl dtivx divwpet f idz .11 f(x) ∼ ∞∑ n=1 [a_n cos nx + b_n sin nx]

idz . [−π, π] rhwa f ly dixet xehd g(x) = ∫_x −π [f(t) + f(π − t)] dt idie g(x) ∼ A_0 2 + ∞∑ n=1 [A_n cos nx + B_n sin nx]

. b_n -e a_n ici lr B_n -e A_n z‘ ‘ha . [−π, π] rhwa g ly dixet xehd

mikxr zelawnd [−π, π]n lr zexcbend zetivxd zeivwpetd lk agxn C[−π, π]n idi .12 ziniptd dltknd z‘ xicbp df agxna . C -a . ⟨f, g⟩ = 1 (2π)^n ∫_π −π · · · ∫_π −π minrt n f(x_1, . . . , x_n)g(x_1, . . . , x_n) dx_1 · · · dx_n

zeivwpetd zgtyn ik gked { e^{i(m1x1+···+mnxn)} } m1,...,mn∈Z xicbp m‘ .ef zinipt dltknl qgia zilnxepezxe‘ zkxrn deedn c_{m1,...,mn} = 1 (2π)^n ∫_π −π · · · ∫_π −π minrt n f(x_1, . . . , x_n)e^{−i(m1x1+···+mnxn)}dx_1 · · · dx_n

xehd if‘ ∞∑ m1,...,mn=−∞ c_{m1,...,mn} e^{i(m1x1+···+mnxn)} od f_n , . . . , f_2 , f_1 m‘y gked . f ly icnin-axd akexnd dixet xehd ‘xwp

m‘e , C[−π, π] -l zekiiyd zeivwpet

f(x_1, x_2, . . . , x_n) = f_1(x_1)f_2(x_2) · · · f_n(x_n)

if‘ c_{m1,...,mn} = a^1_{m1} a^2_{m2} · · · a^n_{mn} . f_k(x) ∼ ∑_∞ m=−∞ a k me^{imx} xnelk . f_k ly akexnd dixet xehd incwn md a^k_m xy‘k