3 wxt

dixet zxnzd

dncwd .0

dixe‘zd z‘ cnlp wxtd ly mipey‘xd mitirqd zynga .dixet zxnzd lr cnlp df wxta ,l‘xyplt zgqep ,dketdd zxnzdd ly mi‘yepl al miyl cgeina ievx .dixet zxnzd ly zeil‘ivpxtic ze‘eeyn oexztl dixet zxnzd ly miyeniy bivp 3.6 sirqa .diveleapewde zxeza zeira dnk xeztl icka (dixet ixeha mbe) dixet zxnzda ynzyp 3.7 sirqa .zeiwlg cnlp odilry zeilxbhpi‘d zexnzdd izyn zg‘ ‘id dixet zxnzd .zeze‘ ceare divnxetpi‘d .eny lr diexw wcva xy‘ ,ef dxnzda dpey‘xl ynzyde xicbd envr dixet .df xtqa

zeiceqi zepekze dxcbd .1

F : R → C divwpet ilnxet ote‘a xicbp . C^-a mikxr mr R lk lr zxcbend divwpet f idz

ici lr

.F (ω) = F[f](ω) = 1 2π ∫_∞ −∞ f(x)e^{−iωx} dx f‘ ,miiw ‘ed m‘ .miiw cinz epi‘ oini sb‘ay lxbhpi‘dy oaena zilnxet ‘id ef dxcbd mixtqa . f ly (Fourier transform) dixet zxnzdd z‘xwp (F[f] e‘) F divwpetd

. f ly dixet zxnzdd xear f̂(ω) oeniqa miynzyn miax

dixet xehdy wx oiivp .o‘k eil‘ qpkp ‘ly dixet zxnzdd oiae dixet xehd oia xyw miiw

j‘ (R lk lr zexcbend zeixefgn zeivwpet e‘) iteq rhw lr zexcbend zeivwpet xear crein

ici lr onqp .(zeixefgn opi‘ xy‘) R lk lr zexcbend zeivwpeta lthl dcrep dixet zxnzdd oirhewnl zetivx ody C -a mikxr mr R lk lr zexcbend zeivwpetd lk zveaw z‘ G(R) ik oiivp .hlgda zeiliaxbhpi‘e

dixet zxnzd :3 wxt 96

raep . [a, b] iteq rhw lk lr oirhewnl dtivx ‘id m‘ R lk lr oirhewnl dtivx f .‘ zecewp ly iteq xtqn wx j‘) zetivx-i‘ zecewp ly diipn-oa xtqn f -l yiy okziy jkn

f(x) = [x] mlyd jxrd zivwpet ‘id dfk avnl dheyt ‘nbec .(iteq rhw lka dl‘k

.dly zetivx-i‘ zcewp ‘ed x = n mly xtqn lk xy‘ lrn lxbhpi‘d xnelk . ∫_∞ −∞ |f(x)| dx < ∞ m‘ R lrn hlgda ziliaxbhpi‘ f .a

.iteqe miiw |f| ly R lk

f ∈ G(R) lkl ik xexa dxcbdd on . C lrn ix‘ipil agxn ‘ed G(R) ik wecal dyw ‘l

yiy zepekz dnk cer zeniiw jkl sqepa . ω ∈ R lkl zxcbene zniiw f ly dixet zxnzdd .dl‘ zeivwpetl

,f ∈ G(R) lkl :3.1 htynhtyn

htyn

;ω ∈ R lkl xcben F (ω) .1

;R^-a dtivx divwpet ‘id F .2

. lim_{ω→±∞} F (ω) = 0 .3

xy‘ .ziq‘lwd dfilp‘d megza ce‘n reci xfr htyna ynzyp df htyn gikedl icka

.Lebesgue Dominated Convergence Theorem ‘ed zilbp‘a eny

zeivwpet zgtyn {fh}h∈R idz (bal ly zhlypd zeqpkzdd htyn) :3.2 htynhtyn

htyn

:ik gippe R -a oirhewnl zetivx

;h ∈ R lkle x ∈ R lkl ,|f_h(x)| ≤ g(x) -y jk g divwpet zniiw .1 ; ∫_∞ −∞ g(x) dx < ∞ .2 .x ∈ R lkl ,lim_{h→0} f_h(x) = f(x) .3 if‘ . lim_{h→∞} ∫_∞ −∞ f_h(x) dx = ∫_∞ −∞ f(x) dx letihd ziira ‘id ziq‘lwd dfilp‘d megza zeifkxnd zeirad on zg‘ ,epxn‘ xaky itk ‘ed bal ly zhlypd zeqpkzdd htyn .zelert ly xcq zepyl zexyt‘d e‘ ,seqpi‘d byena

. lim_{n→∞} -e ∫_∞ −∞ zelertd xcq z‘ zepyl ozip mdizgz xy‘ mi‘pz bivny mihtynd on cg‘ :zeivwpetd zxcqa opeazp ‘nbecl .z‘f zeyrl ozip ‘l illk ote‘a

f_n(x) = 1, n ≤ x ≤ n + 1 0, zxg‘

miiwzn iynn x lkly xexa .(x lkl f(x) = 0 xnelk) f ≡ 0 idze

97 zeiceqi zepekze dxcbd .1

okl . ∫_∞ −∞ f_n(x) dx = 1 , n lklye , lim_{n→∞} f_n(x) = f(x) . lim_{n→∞} ∫_∞ −∞ f_n(x) dx = 1 ≠ 0 = ∫_∞ −∞ f(x) dx zexew zenec zertez .diiral xewn dpi‘ R lk lrn izin‘ ‘l lxbhpi‘a o‘k xaecny dcaerd zniiwnd , g divwpet ly meiwd .iteq rhw lrn onix ly libxd lxbhpi‘a xaecn xy‘k mb zbxeg df htyn zgked .zelertd xcq z‘ zepyl epl xyt‘n ,3.2 htyna 2-e 1 mi‘pzd z‘ .df xtq ly ezxbqnn

:3.1 htyn zgked

ik raep ,miiynn ω -e x lkl , |e−iωx| = 1 -y dcaerd on .1 . 1 2π ∫_∞ −∞ | |f(x)e^{−iωx} | | dx = 1 2π ∫_∞ −∞ |f(x)| dx < ∞ xexa ,ok-enk . ω iynn jxr lkl , R lrn hlgda ziliaxbhpi‘ f(x)e−iωx divwpetd okl divwpetd okl . G(R) -l zkiiy ef divwpet okle , R lrn oirhewnl dtivx f(x)e−iωx -y

. ω ly iynn jxr lkl zxcben F (ω)

-y gikep ef dprh gikedl icka . ω dcewpa dtivx F ik gikep . ω ∈ R idi .2

. lim_{h→0}[F (ω + h) − F (ω)] = 0

: F ly dxcbda ynzyp

F (ω + h) − F (ω) = 1 2π ∫_∞ −∞ f(x)e^{−i(ω+h)x} dx − 1 2π ∫_∞ −∞ f(x)e^{−iωx} dx

= 1 2π ∫_∞ −∞ f(x)e^{−iωx} [ e^{−ihx} − 1 ] dx divwpetd z‘ xicbp h iynn xtqn lkl .f_h(x) = f(x)e^{−iωx} [ e^{−ihx} − 1 ] , x ∈ R lkl ,eiykr

lim_{h→0} f_h(x) = lim_{h→0} f(x)e^{−iωx} [ e^{−ihx} − 1 ] = f(x)e^{−iωx} lim_{h→0} [ e^{−ihx} − 1 ] = f(x)e^{−iωx} · 0 = 0 dixet zxnzd :3 wxt 98

jkl sqepa .|f_h(x)| = |f(x)| · |e^{−iωx}| · |e^{−ihx} − 1| ≤ |f(x)| · 1 · 2 = 2|f(x)| lawp df htynn okl .3.2 htyn ly 2-e 1 mi‘pzd z‘ zniiwn g(x) = 2|f(x)| divwpetd

. lim_{h→0} 1 2π ∫_∞ −∞ f_h(x) dx = 0

. ω ∈ R dcewp lka dtivx F okle , lim_{h→0}[F (ω + h) − F (ω)] = 0 xnelk .3 lim ω→±∞ F (ω) = lim_{ω→±∞} ∫_∞ −∞ f(x)e^{−iωx} dx

= lim_{ω→±∞} [∫_∞ −∞ f(x) cos ωx dx − i ∫_∞ −∞ f(x) sin ωx dx ]

-y gikedl witqi lim ω→±∞ F (ω) = 0 ik gikedl icka

lim ω→±∞ ∫_∞ −∞ f(x) cos ωx dx = 0

lim ω→±∞ ∫_∞ −∞ f(x) sin ωx dx = 0 .dnec ipyd oeieeyd zgkede xg‘n oey‘xd oeieeyd zgkeda wtzqp -y jk M > 0 miiw ϵ > 0 lkl okl . R lk lrn hlgda ziliaxbhpi‘ f ik epl oezp ∫ |x|>M |f(x)| dx < ϵ ‘vei dfne . | | | ∫ |x|>M f(x) cos ωx dx | | | ≤ ∫ |x|>M |f(x) cos ωx| dx ≤ ∫ |x|>M |f(x)| dx < ϵ ik gikep m‘ okl lim ω→±∞ ∫_M −M f(x) cos ωx dx = 0 mikxr wx lawn did ω eli‘y oiivp .dievxd d‘vezd z‘ lawp f‘ edylk iteq M xear jxr lk lawn ω la‘ .(2.11 dprh) bal-onix ly dnld on ciin zraep ef dcaer if‘ minly

99 zeiceqi zepekze dxcbd .1

lk xear ,okle [−M, M] rhwa oirhewnl dtivx f divwpetd .z‘f gikedl jxhvp okle iynn

[−M, M] rhwd ly dwelg zniiw , ϵ > 0

−M = x_0 < x_1 < · · · < x_m = M

zebxcnd zivwpet xeary jk h(x) = f(x_k), x_{k−1} < x ≤ x_k, k = 1, 2, . . . , m miiwzn . ∫_M −M |f(x) − h(x)| dx < ϵ zxcbdn zraep ef dcaer . h zebxcnd zivwpet ici lr l”pd oaena f -l axwzdl ozip ,xnelk

dzr .onix ly lxbhpi‘d . ∫_M −M f(x) cos ωx dx = ∫_M −M [f(x) − h(x)] cos ωx dx + ∫_M −M h(x) cos ωx dx : ω ∈ R lkl .seqpi‘l s‘ey ω xy‘k qt‘l s‘ey oini sb‘ay milxbhpi‘d on cg‘ lky gikep | | | | ∫_M −M [f(x) − h(x)] cos ωx dx | | | | ≤ ∫_M −M |f(x) − h(x)| · | cos ωx| dx

≤ ∫_M −M |f(x) − h(x)| dx < ϵ :ipyd lxbhpi‘d iabl | | | | ∫_M −M h(x) cos ωx dx | | | | = | | | | | m∑ k=1 ∫_{xk} x_k�_1 f(x_k) cos ωx dx | | | | | = | | | | m∑ k=1 f(x_k) sin ωx_k − sin ωx_{k−1} ω | | | | ≤ m∑ k=1 |f(x_k)| 2 ω ≤ 2m ω max −M≤x≤M |f(x)| miiwzi lecb witqn ω lk xear okl 2m ω max −M≤x≤M |f(x)| < ϵ dixet zxnzd :3 wxt 100

okle | | | | ∫_M −M f(x) cos ωx dx | | | | < 2ϵ .epniiq jkae

ze‘nbec .2

. R lrn hlgda ziliaxbhpi‘ f^-y wecal dyw ‘l . f(x) = e^{−|x|} idz :3.1 ‘nbec‘nbec

‘nbec

: f ly dixet zxnzdd z‘ aygp

F (ω) = 1 2π ∫_∞ −∞ e^{−|x|}e^{−iωx} dx

= 1 2π [∫_∞ 0 e^{−x−iωx} dx + ∫_0 −∞ e^{x−iωx} dx ]

= 1 2π [∫_∞ 0 e^{x(−1−iω)} dx + ∫_0 −∞ e^{x(1−iω)} dx ]

= 1 2π [ lim_{L→∞} e^{x(−1−iω)} −1 − iω | | | | L 0 + lim_{M→∞} e^{x(1−iω)} 1 − iω | | | | 0 −M ]

-y lawp limy→∞ e−y = 0 -y dcaerd on lim_{L→∞} e^{L(−1−iω)} −1 − iω = lim_{L→∞} e^{−L}e^{−iωL} −1 − iω = 0

. lim_{M→∞} e^{−M(1−iω)} 1 − iω = lim_{M→∞} e^{−M} e^{iMω} 1 − iω = 0 okl .F (ω) = 1 2π [ 1 1 + iω + 1 1 − iω ] = 1 2π [ 1 − iω + 1 + iω 1 + ω^2 ] = 1 π(1 + ω^2)

. 1π(1+ω_2) ‘id e−|x| ly dixet zxnzddy eplaw

ly dixet zxnzdd z‘ aygp :3.2 ‘nbec‘nbec

‘nbec f(x) = 1, a ≤ x ≤ b 0, zxg‘

101 ze‘nbec .2 . −∞ < a < b < ∞ xy‘k F (ω) = 1 2π ∫_∞ −∞ f(x)e^{−iωx} dx = 1 2π ∫_b a e^{−iωx} dx

= 1 2π e^{−iωx} −iω | | | b a = e^{−iωa} − e^{−iωb} 2πiω -y lawp , b > 0 , a = −b cgeind dxwna .F (ω) = e^{iωb} − e^{−iωb} 2πiω = sin ωb ωπ meyxl mb ozip okle , sinc(ω) = sin ωω mipnqn minrtl .F (ω) = b π sinc(bω)

. −∞ < x < ∞ , f(x) = e^{−x2} ly dixet zxnzdd z‘ eiykr aygp :3.3 ‘nbec‘nbec

‘nbec

dxcbdd itl .dtiwr jxca z‘f dyrp

F (ω) = 1 2π ∫_∞ −∞ e^{−x2} e^{−iωx} dx okle

.F^′(ω) = 1 2π d dω ∫_∞ −∞ e^{−x2} e^{−iωx} dx okle (?recn) ω -l qgia dxifbde divxbhpi‘d xcq z‘ silgdl xyt‘ ik gikedl ozip

.F^′(ω) = 1 2π ∫_∞ −∞ e^{−x2} (−ix)e^{−iωx} dx = i 4π ∫_∞ −∞ (−2xe^{−x2} )e^{−iωx} dx lawp miwlg itl divxbhpi‘ ici lr

.F^′(ω) = i 4π [ e^{−x2} e^{−iωx} | | |^∞ −∞ − ∫_∞ −∞ e^{−x2} (−iωe^{−iωx}) dx ]

:oini sb‘ay oey‘xd iehiad z‘ aygp e^{−x2} e^{−iωx} | | |^∞ −∞ = lim L,M→∞ [ e^{−L2} e^{−iωL} − e^{−M 2} e^{iωM} ] = 0 okle

F^′(ω) = − i 4π ∫_∞ −∞ e^{−x2} (−iω)e^{−iωx} dx

= − ω 2 · 1 2π ∫_∞ −∞ e^{−x2} e^{−iωx} dx = − ω 2 F (ω) dixet zxnzd :3 wxt 102

xcqn dlibxd zil‘ivpxticd d‘eeynd z‘ zniiwn ef divwpet ik epi‘xd j‘ , F z‘ epayig ‘l oey‘x

.F^′(ω) + ω 2 F (ω) = 0

oexztd ik ‘vnp df beqn zeil‘ivpxtic ze‘eeyn oexztl zeni‘znd zehiyd on zg‘ ici lr ‘ed ef d‘eeyn ly illkd F (ω) = Ae^{− ω24} epl yexc jk myl . A z‘ reawl epilr ,aeyigd z‘ miiql icka .izexixy reaw ‘ed A xy‘k lawpe F ly dxcbda ω = 0 aivp . F xear edylk dlgzd i‘pz

.A = F (0) = 1 2π ∫_∞ −∞ e^{−x2} e^0 dx = 1 2π ∫_∞ −∞ e^{−x2} dx ik reci ∫_∞ −∞ e^{−x2} dx = √ π okle ,(2 libxz d‘x)

A = F (0) = 1 2π ∫_∞ −∞ e^{−x2} dx = 1 2 √ π lawp seqale .F (ω) = 1 2 √ π e^{− ω24} milibxz

:ze‘ad zeivwpetd on zg‘ lk ly dixet zxnzdd z‘ ayg .1

f(x) = 1, 0 ≤ x < 1 0, zxg‘

.a f_a(x) = 1 −^{|x|}_a , |x| < a 0, |x| ≥ a .‘

f(x) = sin x, |x| ≤ π 0, |x| > π .c f(x) = 1, |x| ≤ 1 2, 1 < |x| < 2 0, |x| ≥ 2 .b

f(x) = x^2, |x| ≤ 1 0, |x| > 1 .e f(x) = x, |x| ≤ a 0, |x| > a .d

103 ze‘gqepe zepekz .3

f(x) = e^x, x < 0 −e^{−x}, x > 0 .g f(x) = cos x, |x| ≤ π 0, |x| > π .f

f(x) = |x|e^{−|x|} .h . I = ∫_∞ −∞ e^{−x2} dx = √ π ik gked .2

mipzyn ztlgd ici lr . I2 = ∫_∞ −∞ ∫_∞ −∞ e^{−(x2+y2)} dx dy -y ze‘xl dyw ‘l :dkxcd . I^2 = π oeieeyd z‘ law zixlet

ze‘gqepe zepekz .3

mixwna epl zexyt‘nd dixet zxnzdd xear zeillk ze‘gqepe zepekz xtqn dpnp df sirqa oiivl icka F e‘ F[f] oniqa minrtl ynzyp .dgep xzei dxevae xdn xzei dze‘ aygl miax

. f ∈ G(R) ly dixet zxnzdd z‘

z‘vnp af + bg divwpetd , a, b ∈ C lkle f, g ∈ G(R) lkl :zeix‘ipil .3.1 jkl sqepae G(R) -a

F[af + bg](ω) = aF[f](ω) + bF[g](ω)

.izin‘-‘ld lxbhpi‘d ly zeix‘ipild on ciin zraep ef dpekz

if‘ ,cala R -a mikxr zlawn f m‘ , f ∈ G(R) lkl .3.2 F (−ω) = F (ω) :dgked F (−ω) = 1 2π ∫_∞ −∞ f(x)e^{−i(−ω)x} dx

= 1 2π ∫_∞ −∞ f(x)e^{iωx} dx

= 1 2π ∫_∞ −∞ f(x)e^{−iωx} dx = F (ω) dixet zxnzd :3 wxt 104

m‘ .zibefe ziynn divwpet ‘id F if‘ zibefe ziynn divwpet ‘id f ∈ G(R) m‘ .3.3 .zibef-i‘e dxedh dnecn divwpet ‘id F if‘ zibef-i‘e ziynn f

if‘ .zibefe ziynn divwpet ‘id f ik gipp .dpey‘xd dprhd zgkeda wtzqp :dgked:dgked

:dgked

F (ω) = 1 2π ∫_∞ −∞ f(x)e^{−iωx} dx

= 1 2π ∫_∞ −∞ f(x)[cos ωx − i sin ωx] dx

= 1 2π ∫_∞ −∞ f(x) cos ωx dx − i 2π ∫_∞ −∞ f(x) sin ωx dx

= 1 π ∫_∞ 0 f(x) cos ωx dx mr wx epxzep okl . R lrn zibef-i‘ divwpet ‘id f(x) sin ωx ik qt‘zd ipyd lxbhpi‘d f‘ zibefe ziynn f m‘y eplaw jkl sqepa .dxnzdd ly iynnd wlgd .F (ω) = 1 π ∫_∞ 0 f(x) cos ωx dx . cos ωx ly zeibefd on zraep F (ω) ly zeibefd

divwpetd if‘ . a ≠ 0 , a, b ∈ R eidie f ∈ G(R) idz :dffdd zgqep .3.4 g(x) = f(ax + b) -e , G(R) -l zkiiy

F[g](ω) =^1_{|a|} e^{iωb}a F[f](^ω_a )

:dgked .F[g](ω) =^1_{2π}^{∫ ∞}_{−∞} f(ax + b)e^{−iωx} dx lawpe y = ax + b aivp

a > 0 =⇒ F[g](ω) = 1 2π ∫_∞ −∞ f(y)e^{−iω}(^y �b_a ) dy a .a < 0 =⇒ F[g](ω) = − 1 2π ∫_∞ −∞ f(y)e^{−iω}(^y �b_a ) dy a

105 ze‘gqepe zepekz .3

lawp ,dxwn lka ,okl F[g](ω) =^1_{|a|}e^{iωb}a ·^1_{2π}^{∫ ∞}_{−∞} f(y)e^{− iωy}a dy = 1 |a| e^{iωba} F[f]( ω a )

:xy‘k md dpexg‘d dgqepd ly micgein mixwn ipy f‘e , a ≠ 0 , g(x) = f(ax) ,xnelk . b = 0 .‘

F[g](ω) =^1_{|a|} F[f](^ω_a )

f‘e , g(x) = f(x + b) xnelk . a = 1 .a

F[g](ω) = e^{iωb}F[f](ω)

onfk x dpzynd z‘ yxtl laewn ,lnyg zqcpdae dwifita dixet zxnzd ly miyeniyd llba dlewy onfa dffd :jk dpexg‘d dgqepd z‘ yxtl xyt‘ dl‘ migpena .xczk ω dpzynd z‘e .xcza aeaiql

, c ∈ R lkle f ∈ G(R) lkl .3.5 F[e^{icx}f(x)](ω) = F[f](ω − c) :dgked F[e^{icx}f(x)](ω) =^1_{2π}^{∫ ∞}_{−∞} e^{icx}f(x)e^{−iωx} dx = 1 2π ∫_∞ −∞ f(x)e^{−i(ω−c)x} dx = F[f](ω − c)

.xcza dffdl lewy onfa aeaiq :zncewd dgqepl dnec ote‘a yxtzdl dleki ef dgqep

dixet zxnzd :3 wxt 106

, c ∈ R lkle f ∈ G(R) lkl :(Modulation) divlecend ze‘gqep .3.6

F[f(x) cos cx](ω) = F^{[f](ω − c) +} F^{[f](ω + c)} 2 F[f(x) sin cx](ω) = F^{[f](ω − c) −} F^{[f](ω + c)} 2i .oihelgl dnec diipyd dgqepd zgked .dpey‘xd dgqepd z‘ wx gikep :dgked:dgked

:dgked F[f(x) cos cx](ω) = F^[f(x)^{eicx + e−icx}_2^](ω) = 1 2F^[f(x)e^{icx]}(ω) +^1_2F^[f(x)e^{−icx]}(ω) = F[f](ω − c) + F[f](ω + c) 2 f, f^′ ∈ G(R) -y jk dtivx divwpet f idz :zxfbpd zgqep .3.7

if‘ . lim x→±∞ f(x) = 0 -e

F[f^′](ω) = iωF[f](ω)

:dgked .F[f^′](ω) =^1_{2π}^{∫ ∞}_{−∞} f^′(x)e^{−iωx} dx = lim_{L,M→∞}^1_{2π}^{∫ L}_{−M} f^′(x)e^{−iωx} dx :miwlg itl divxbhpi‘ ici lr oexg‘d lxbhpi‘d z‘ aygp 1 2π ∫_L −M f^′(x)e^{−iωx} dx = 1 2π [ f(x)e^{−iωx} | | | | L −M − ∫_L −M f(x)(−iω)e^{−iωx} dx ]

= 1 2π [ f(L)e^{−iωL} − f(−M)e^{iωM} + iω ∫_L −M f(x)e^{−iωx} dx ]

okle lim x→±∞ f(x) = 0 ik epl oezp

. lim L,M→∞ [ f(L)e^{−iωL} − f(−M)e^{iωM} ] = 0 -y ixd f ∈ G(R) -e xg‘n

. lim L,M→∞ iω 2π ∫_L −M f(x)e^{−iωx} dx = iω F[f](ω)

107 ze‘gqepe zepekz .3

,mini‘znd mi‘pzd zgz ik ,migiken dnec ote‘a

F^[f^{(n)]}(ω) = (iω)^n F[f](ω)

ly dixet zxnzdd if‘ .qpkzn ∫_∞ −∞ |xf(x)| dx lxbhpi‘dy jk f ∈ G(R) idz .3.8

oeieeyd miiwzne zetivxa dxifb f

F[xf(x)](ω) = i^d_{dω} F[f](ω)

lrn deey dcina qpkzn ∫_∞ −∞ xf(x)e^{−iωx}dx lxbhpi‘d f‘ R -a dtivx f m‘ :dgked:dgked

:dgked

,lxbhi‘d oniql zgzn ω itl dxifb rval ozip uipaiil ly llkd it lr okle , R d dω F[f](ω) =^d_{dω}^1_{2π}^{∫ ∞}_{−∞} f(x)e^{−iωx}dx =^1_{2π}^{∫ ∞}_{−∞}^d_{dω}^[f(x)e^{−iωx]} dx = 1 2π ∫_∞ −∞ −ixf(x)e^{−iωx}dx = − i 2π ∫_∞ −∞ xf(x)e^{−iωx}dx = −iF[xf(x)] zgtyn {(an, bn)}n∈I idz f‘ ,zetivx-i‘ zecewp yi f -l m‘ ,zxg‘ .d‘vezd z‘ lawpe cegi‘de , ∞ deey zeidl leki bn , −∞ deey zeidl leki an ) dtivx f mda mirhwd lk if‘ .(zetivxd-i‘ zecewp ‘ll R deey mirhwd lk ly F[f](ω) =^∑_{n∈I}^1_{2π}^{∫ bn}_{an} f(x)e^{−iωx}dx F[f](ω) z‘ dnec ote‘a xefbl lkep okl . R lrn deey dcina qpkzn oini sb‘a xehd xy‘k

.d‘vezd z‘ lawpe ,lxbhpi‘d oniql zgzn mbe mekqd oniql zgzn ∫_∞ −∞ |x^nf(x)| dx lxbhpi‘d m‘e , n ∈ N , f ∈ G(R) m‘y gikedl lkep dnec ote‘a

oeieeyd miiwzne minrt n zetivxa dxifb f ly dixet zxnzdd if‘ ,qpkzn F[x^nf(x)](ω) = i^{n dn}_{dω}n F[f](ω)

dixet zxnzd :3 wxt 108

milibxz

:ze‘ad zeivwpetd on zg‘ lk ly dixet zxnzdd z‘ ayg .1 f(x) = e^{−4x2−4x−1} .a a > 0 , f(x) = e^{−a|x|} .‘ f(x) = 4xe^{−x2} .b idz .2 H(x) = 0, x < 0 1, x ≥ 0 ly dixet zxnzdd z‘ ‘vn a > 0 , f(x) = H(x)e^{−ax} .‘ b ≠ 0 , a > 0 , f(x) = H(x)e^{−ax} cos bt .a b ≠ 0 , a > 0 , g(x) = H(x)e^{−ax} sin bt .b

ly dixet zxnzdd z‘ ayg . f ∈ G(R) idz .3 iynn reaw x0 , f(x − x0) .a f(−x) .‘

f(x) sin ω_0x .c iynn reaw ω_0 , f(x)e^{iω0x} .b e^{ix}f(3x) .e f(x) cos ω_0x .d f(2x) .f

zniiwnd , R lrn hlgda ziliaxbhpi‘e ,dneqg ,dtivx diipy zxfbp zlra y(x) idz .4 zil‘ivpxticd d‘eeynd z‘

.y^{′′}(x) + 2xy^′(x) + 2y(x) = 0

? F[y] zniiwn zil‘ivpxtic d‘eeyn efi‘

diirad z‘ xezt ,dixet zxnzda yeniy ici lr .5

.y^{′′} + xy^′ + y = 0, y(0) = 1, y^′(0) = 0 , tf(t) , f^{′′}(t) , f^′(t) , f(t) -y jk R lka ipy xcqn zxfbp zlra divwpet f idz .6

ici lr f ly dixet zxnzdd z‘ onqp . R lrn hlgda zeiliaxbhpi‘e zetivx t2f(t) -e m‘y jk c ∈ R iynn xtqn ‘vn . F

f^{′′}(t) + (t^2 − 2)f(t) = cf(t), (t ∈ R)

109 l‘xyplt oeieeye dketdd dxnzdd .4 if‘

F^{′′}(ω) + (ω^2 − 2)F (ω) = cF (ω)

. F[x^2f^{′′}(x) + 2f^{′′′}(x)](ω) z‘ ayg F[f](ω) =^1_{1+ω}2 -y oezp .7

l‘xyplt oeieeye dketdd dxnzdd .4

divwpet d‘vezk zpzepe f divwpet lr zlretd zihnzn dlert dyrnl ‘id dixet ly dxnzdd dnece dheyt dlert cer zniiw .(xehxte‘ mb minrtl z‘xwp df beqn dlert) F diipy

zxnzdd mi‘xew ep‘ efd dlertl .zixewnd divwpet‘ dixet zxnzddn xefgl epl zxyt‘ny

dgqepd ici lr dpezp efd dlertd ,ilnxet ote‘a .dketdd dixet

.f(x) = ∫_∞ −∞ F[f](ω)e^{iωx} dω dxnzdd ok‘ ‘id oaen dfi‘ae da ynzydl ozip mi‘pz dfi‘ zgz zrcl didz eply diirad zexcbdd mipey mixtqa ik o‘k oiivp dl‘ zel‘y lr dprpy iptl .dixet zxnzdl dketdd mixtqa .df xtqa oze‘ epxcbd ep‘y itkn zepey od dl dketdd dxnzdde dixet zxnzd ly mcwnd ila e‘ mr ,eplv‘ dketdd dxnzdd zxcbdl ddf dixet zxnzd ly dxcbdd ,minieqn epxcbd ep‘y itk zxcben dketdd dxnzdd ,oaenk ,dl‘ mixtqa .lxbhpi‘d oniq iptl 12π izya lxbhpi‘d oniq iptl 1√2π mcwnd riten minieqn mixtqa .dnvr dixet zxnzd z‘ zg‘a ritei e−iωx iehiady ‘ed aeygy dn lke ,ixnbl miipkh md dl‘d milcadd .ze‘gqepd lxbhpi‘d oniq iptly mincwnd zltkn .diipyd dgqepa ritei eiωx iehiade ,ze‘gqepd izyn . 12π zeidl jixv ze‘gqepd izyay

zeniiw da x ∈ R dcewp lka if‘ f ∈ G(R) m‘ (dketd dixet zxnzd) :3.3 htynhtyn

htyn

oeieeyd miiwzn zeiccv-cgd zexfbpd

. f(x−) + f(x+) 2 = lim_{M→∞} ∫_M −M F[f](ω)e^{iωx} dω

dixet zxnzd :3 wxt 110

:dgked ∫_M −M F[f](ω)e^{iωx} dω =^{∫ M}_{−M}^{[ 1}_{2π}^{∫ ∞}_{−∞} f(y)e^{−iωy} dy^] e^{iωx} dω = 1 2π ∫_∞ −∞ f(y) [∫_M −M e^{−iωy}e^{iωx} dω ] dy

= 1 2π ∫_∞ −∞ f(y) [ e^{iω(x−y)} i(x − y) | | | | M −M ] dy

= 1 2π ∫_∞ −∞ f(y) 2 sin M(x − y) x − y dy

= 1 π ∫_∞ x f(y) sin M(x − y) x − y dy + 1 π ∫_x −∞ f(y) sin M(x − y) x − y dy lawpe t = y − x aivp . ∫_M −M F[f](ω)e^{iωx} dω =^1_π^{∫ ∞}_0 f(x+t)^{sin Mt}_t dt+^1_π^{∫ 0}_{−∞} f(x+t)^{sin Mt}_t dt

-y gikep lim_{M→∞} 1 π ∫_∞ 0 f(x + t) sin Mt t dt = f(x+) 2 -e . lim_{M→∞} 1 π ∫_0 −∞ f(x + t) sin Mt t dt = f(x−) 2 on elawl ozipy e‘ ,dxevd dze‘a migiken ipyd oeieeyd z‘ .cala oey‘xd oeieeyd z‘ gikep .davd ici lr oey‘xd

:milxbhpi‘ ipy ly mekql oey‘xd oeieeyay lxbhpi‘d z‘ wxtp . ∫_∞ 0 f(x + t)^{sin Mt}_t dt = ∫_π 0 f(x + t)^{sin Mt}_t dt + ∫_∞ π f(x + t)^{sin Mt}_t dt

xicbp .xg‘ iaeig reaw lka ynzydl ozip .zizexixy ‘id divxbhpi‘d zeleaba π ly dxigad divwpetd z‘ .g(t) = f(x+t) t , t > π 0, t ≤ π -y ‘vei 3.1 htyn ly 3 sirq zgkedn . g ∈ G(R) mby raep f ∈ G(R) -y dcaerd on . lim_{M→∞} ∫_∞ −∞ g(t) sin Mt dt = 0

111 l‘xyplt oeieeye dketdd dxnzdd .4

,xnelk . lim_{M→∞} 1 π ∫_∞ π f(x + t) sin Mt t dt = 0 leaba lthl wx epl xzep okl . lim_{M→∞} 1 π ∫_π 0 f(x + t) sin Mt t dt divwpetd h(t) = f(x + t) − f(x+) t wlga yeniy ici lr okle (htynd zgpd it lr x = 0 dcwpa) [0, π] rhwa dtivx ‘id mb lawp ,3.1 htyn ly 3 lim_{M→∞} 1 π ∫_π 0 f(x + t) sin Mt t dt

= lim_{M→∞} [ 1 π ∫_π 0 f(x + t) − f(x+) t sin Mt dt + 1 π f(x+) ∫_π 0 sin Mt t dt ]

= 1 π f(x+) lim_{M→∞} ∫_π 0 sin Mt t dt davdd ici lr .htynd zgked miizqz jkae π2 deeye miiw oexg‘d leabd m‘ wecal x‘yp -y lawp u = Mt ∫_π 0 sin Mt t dt = ∫_{Mπ} 0 sin u u du okle lim_{M→∞} ∫_π 0 sin Mt t dt = ∫_∞ 0 sin u u du .qpkzn oini sb‘ay lxbhpi‘dy dgpda . ∫_∞ 0 sin u u du = π 2 :dprh

zeqpkzd z‘ gikedl icka okle [0, ∞) rhwa dtivx sin uu divwpetd :dprhd zgked leabdy gikedl witqi lxbhpi‘d lim_{R→∞} ∫_R a sin u u du :lawp miwlg itl divxbhpi‘ ici lr .edylk a > 0 xear miiw . ∫_R a sin u u du = − cos u u | | |^R_a − ∫_R a cos u u^2 du dixet zxnzd :3 wxt 112

-y xexa lim_{R→∞} cos R R = 0 -ye . | | | cos u u^2 | | | ≤ 1 u^2

.qpkzn eply lxbhpi‘d okle , a > 0 lkl , [a, ∞) rhwa hlgda ziliaxbhpi‘ 1u_2 divwpetd dxevd on leab lk ici lr ekxr z‘ lawl ozip qpkzn lxbhpi‘dy llba lim_{m→∞} ∫_{Rm} 0 sin u u du xy‘k , Rm = (m+ 12 )π z‘ gwp .seqpi‘l zt‘eyd ‘idylk dxcq ‘id {Rm}∞m=1 xy‘k lawpe ,irah xtqn ‘ed m . ∫_∞ 0 sin u u du = lim_{m→∞} ∫_{(m+} 1_{2 )π} 0 sin u u du lawp t = um+_{12} davdd ici lr

. ∫_{(m+} 1_{2 )π} 0 sin u u du = ∫_π 0 sin(m +^1_2 )t t dt (2.5 htyn zgked d‘x) dlkixic htyn zgkedn lim_{m→∞} ∫_π 0 sin(m +^1_2 )t t dt = lim_{m→∞} ∫_π 0 2 sin^1_2 t t · sin(m +^1_2 )t 2 sin^1_2 t dt

= π 2 lim_{t→0+}

2 sin^1_2 t t = π 2 if‘ ,oirhewnl dtivx f ′ -e ,dtivx f , f ∈ G(R) m‘ :‘id 3.3 htynn ziciin d‘vez :ze‘ad ze‘gqepd izy zeniiwzn F[f](ω) =^1_{2π}^{∫ ∞}_{−∞} f(x)e^{−iωx} dx .f(x) = lim_{M→∞} ∫_M −M F[f](ω)e^{iωx} dω

113 l‘xyplt oeieeye dketdd dxnzdd .4

if‘ F[f] ∈ G(R) mby gipp m‘ F^[F[f](ω)^](x) =^1_{2π}^{∫ ∞}_{−∞} F[f](ω)e^{−iωx} dω = 1 2π ∫_∞ −∞ F[f](ω)e^{iω(−x)} dω = 1 2π f(−x) :d‘ad dgqepd z‘ eplaw , F[f] lre f lr l”pd mi‘pzd zgz ,xnelk

.F^[F[f]^](x) =^1_{2π} f(−x)

‘id f(x) = e^{−|x|} ly dixet zxnzddy epi‘x 3.1 ‘nbeca :3.4 ‘nbec‘nbec

‘nbec .F (ω) = 1 π(1 + ω^2)

zgqepn okl .zetivxa zexifbe ,zetivx , G(R) agxna ze‘vnp dl‘d zeivwpetd izy ik xexa ik lawp dketdd dxnzdd e^{−|x|} = ∫_∞ −∞ 1 π(1 + ω^2) e^{iωx} dω

= ∫_∞ −∞ 1 π(1 + ω^2)

[cos ωx + i sin ωx] dω

= ∫_∞ −∞ cos ωx π(1 + ω^2) dω + i ∫_∞ −∞ sin ωx π(1 + ω^2) dω divwpet ‘id sin ωxπ(1+ω_2) -y llba e‘) ziynn divwpet ‘id e−|x| -y llba qt‘zn dnecnd wlgd dgqepd z‘ lawp okl .(zibef-i‘ . 2 π ∫_∞ 0 cos ωx 1 + ω^2 dω = e^{−|x|}

divwpetd ly dixet zxnzdd ik epi‘x 3.2 ‘nbeca :3.5 ‘nbec‘nbec

‘nbec f(x) = 1, −b ≤ x ≤ b 0, zxg‘ dixet zxnzd :3 wxt 114 ‘id .F (ω) = sin ωb ωπ , |x| ≠ b lkly lawp dketdd dxnzdd zgqepn f(x) = lim_{M→∞} ∫_M −M sin ωb ωπ e^{iωx} dω

= lim_{M→∞} ∫_M −M sin ωb cos ωx ωπ dω + lim_{M→∞} i ∫_M −M sin ωb sin ωx ωπ dω

= lim_{M→∞} 2 π ∫_M 0 sin ωb cos ωx ω dω = 2 π ∫_∞ 0 sin ωb cos ωx ω dω dl‘ zecewpa lxbhpi‘d ly jxrd ,3.3 htyn itl ,okle dtivx dpi‘ f , x = ±b zecewpa dgqepd z‘ lawp okl .zecewpd izya 12 -l deeyd ,miccv-cgd zeleabd ly rvennl deey

. 2 π ∫_∞ 0 sin ωb cos ωx ω dω = 1, |x| < b 1 2 , |x| = b 0, |x| > b dgqepd z‘ lawp f‘ x = 0 lynl xgap m‘ . ∫_∞ 0 sin ωb ω dω = π 2 oeieeyl dliawn ef dgqep .zepeyd dizexev izya l‘xyplt zgqep zbvdl eiykr xearp xiaqdl dqpp j‘ ,df xtq zxbqna zwiecn dgked dl zzl lkep ‘l .dixet ixeh xear laqxt .dpekp ‘id recn if‘ ∫_∞ −∞ |f(x)|^2 dx < ∞ -e f ∈ G(R) m‘ :(Plancherel) l‘xyplt zgqep ∫_∞ −∞ |F[f](ω)|^2 dω < ∞ jkl sqepae . 1 2π ∫_∞ −∞ |f(x)|^2 dx = ∫_∞ −∞ |F[f](ω)|^2 dω ly ihxt dxwn dyrnl ‘ide ,dibxp‘ xeniy zgqep mb minrtl z‘xwp ef dgqep .d‘ad dgqepd

115 l‘xyplt oeieeye dketdd dxnzdd .4 , ∫_∞ −∞ |f(x)|^2 < ∞ , f, g ∈ G(R) m‘ :zllken l‘xyplt zgqep

if‘ , ∫_∞ −∞ |g(x)|^2 < ∞ -e . 1 2π ∫_∞ −∞ f(x) g(x) dx = ∫_∞ −∞ F[f](ω) F[g](ω) dω lr wcvez dgqepd zepekp .ihxt dxwnk zncewd dgqepd z‘ lawp f‘ g = f gwp m‘ :‘ad iwlgd xaqdd ici ∫_∞ −∞ F[f](ω) F[g](ω) dω =^{∫ ∞}_{−∞} F[f](ω) ( 1 2π ∫_∞ −∞ g(x)e^{−iωx} dx ) dω

= 1 2π ∫_∞ −∞ ∫_∞ −∞ F[f](ω)g(x)e^{iωx} dx dω = 1 2π ∫_∞ −∞ (∫_∞ −∞ F[f](ω)e^{iωx} dω^) g(x) dx = 1 2π ∫_∞ −∞ f(x)g(x) dx

okle , F[f](ω) = 1π(1+ω_2) ,3.1 ‘nbec jnq lr . f(x) = e−|x| idz :3.6 ‘nbec‘nbec

‘nbec

lawp l‘xyplt zgqepn . 1 2π ∫_∞ −∞ ( e^{−|x|} )_2 dx = ∫_∞ −∞ [ 1 π(1 + ω^2)

]_2 dω -e ( e^{−|x|} )_2

= e^{−2|x|} -y oeeikn 1 2π ∫_∞ −∞ e^{−2|x|} dx = 1 π ∫_∞ 0 e^{−2x} dx = 1 2π -y ixd . ∫_∞ 0 1 (1 + ω^2)^2 dω = π 4 idz , b > 0 iynn reaw lkl :3.7 ‘nbec‘nbec

‘nbec .f_b(x) = 1, |x| ≤ b 0, zxg‘ 3.2 ‘nbec jnq lr .F[fb](ω) =^{sin ωb}_{ωπ}

dixet zxnzd :3 wxt 116

lawp zllkend l‘xyplt zgqepn if‘ . 0 < a < b mireaw ipy xgap . 1 2π ∫_∞ −∞ f_a(x)f_b(x) dx = ∫_∞ −∞ F[fa](ω)F[fb](ω) dω :aygl lw oey‘xd lxbhpi‘d z‘ . 1 2π ∫_∞ −∞ f_a(x)f_b(x) dx = 1 2π ∫_a −a dx = a π ok-enk . ∫_∞ −∞ F[fa](ω)F[fb](ω) dω =^1_{π2}^{∫ ∞}_{−∞}^{sin aω sin bω}_{ω2} dω

, a, b > 0 lkl ,okl . ∫_∞ −∞ sin aω sin bω

ω^2 dω = π min(a, b) milibxz

:ze‘ad zeivwpetd on zg‘ lk ly dixet zxnzdd z‘ ayg .1

f(x) =^{sin bx}_{a2+x2} .b f(x) =^{cos ax}_{a2+x2} .a f(x) =^1_{a2+x2} .‘

:mi‘ad milxbhpi‘d z‘ ayg ,mincew milibxz ly ze‘veza yeniy ici lr .2 ∫_∞ 0 sin^4 x x^4 dx .a ∫_∞ 0 sin^2 x x^2 dx .‘ ∫_∞ 0 u^2 (u^2+1)^2 du .c ∫_∞ 0 [_{sin u−u cos u}

u^2

]_2 du .b ∫_∞ 0 x sin πx 1−x^2 dx .e ∫_∞ 0 1 (u^2+1)^2 du .d ∫_∞ 0 (_{x sin πx} 1−x^2 )_2 dx .g ∫_∞ 0 x sin πx cos πx 1−x^2 dx .f

ly dixet zxnzda yeniy ici lr .3

f(x) = 1, 0 < x ≤ a −1, −a ≤ x ≤ 0 0, zxg‘

(a > 0)

lxbhpi‘d z‘ ayg . ∫_∞ 0 cos ax − 1 x sin bx dx, b > 0

117 diveleapew .5

lxbhpi‘d z‘ ayg .4 . ∫_∞ 0 dt (a^2 + t^2)(b^2 + t^2) , a, b > 0 zxnzdd F idze , R lrn hlgda ziliaxbhpi‘e dtivx divwpet f : R → C idz .5 ik reci . f ly dixet

F (ω) = 1 − ω^2, |ω| ≤ 1 0, |ω| > 1 . f z‘ ‘vn

ik reci . R lrn hlgda ziliaxbhpi‘e ,dtivx ,zibef-i‘ divwpet f : R → C idz .6 1 2π ∫_∞ −∞ f(x)e^{−iωx}dx = 1 − ω, |ω| ≤ 1 0, |ω| > 1 . f z‘ ‘vn

diveleapew .5

enk g -e f oia ,mixikn ep‘ oze‘ ,zepey zelrt zeniiw .zepezp zeivwpet izy g -e f eidi

zlra ‘idy ,zeivwpet izy oia dycg dlert xicbp df sirqa .(dakxd) f∘g e‘ , f·g , f + g

(convolution) diveleapew z‘xwp dlertd .zeilxbhpi‘ zexnzd ly ‘yepl dax zeaiyg

lkl . R ‘ed mdly dxcbdd megz xy‘ zeivwpet g -e f eidi . f ∗ g ici lr zpneqn ‘ide xicbp x ∈ R (f ∗ g)(x) = ∫_∞ −∞ f(x − y)g(y) dy -y zelwa wecal ozip davd ici lr .miiw lxbhpi‘dy i‘pza (f ∗ g)(x) = ∫_∞ −∞ f(y)g(x − y) dy -y lawp okle .f ∗ g = g ∗ f zlertl zeiceqi zepekz dnk cer opyi .ziaihhenew dlert ‘id diveleapewd zlert xnelk :‘id odn zg‘ .jxevd zcin it lr ,jynda xikfpy diveleapewd

f ∗ g diveleapewd if‘ ,R lrn hlgda zeliaxbhpi‘e zeiliaxbhpi‘ g -e f m‘ :3.4 dprhdprh

dprh

.hlgda ziliaxbhpi‘ ‘ide zniiw

dixet zxnzd :3 wxt 118

:dgked ∫_∞ −∞ |(f ∗ g)(x)| dx = ∫_∞ −∞ | | | ∫_∞ −∞ f(x − y)g(y) dy | | | dx ≤ ∫_∞ −∞ ∫_∞ −∞ |f(x − y)| · |g(y)| dy dx

= ∫_∞ −∞ [∫_∞ −∞ |f(x − y)| dx ] · |g(y)| dy -y lawp davd ici lr okle , R lrn hlgda ziliaxbhpi‘ f ik oezp ∫_∞ −∞ |f(x − y)| dx = ∫_∞ −∞ |f(x)| dx < ∞ okl . y -a ielz epi‘ lxbhpi‘d jxr xy‘k ∫_∞ −∞ |(f ∗ g)(x)| dx ≤ ∫_∞ −∞ [∫_∞ −∞ |f(x)| dx ] |g(y)| dy

= (∫_∞ −∞ |f(x)| dx ) (∫_∞ −∞ |g(y)| dy ) < ∞

.d‘ad dgqepa z‘hazn diveleapewd zlert ly zeaiygd

f, g ∈ G(R) lkl (diveleapewd htyn) :3.5 htynhtyn

htyn

.F[f ∗ g](ω) = 2πF[f](ω) · F[g](ω)

oekp cinz ‘l df .hlgda ziliaxbhpi‘ f ∗ g ik raep f, g ∈ G(R) oezpdn :dgked:dgked

:dgked

:ze‘ad zelertd z‘ rval ozip z‘f zexnl j‘ ,oirhewnl dtivx f ∗ g -y F[f ∗ g](ω) =^1_{2π}^{∫ ∞}_{−∞}(f ∗ g)(x)e^{−iωx} dx = 1 2π ∫_∞ −∞ (∫_∞ −∞ f(x − y)g(y) dy ) e^{−iωx} dx

= 1 2π ∫_∞ −∞ ∫_∞ −∞ f(x − y)e^{−iω(x−y)}g(y)e^{−iωy} dx dy

= ∫_∞ −∞ ( 1 2π ∫_∞ −∞ f(x − y)e^{−iω(x−y)} dx ) g(y)e^{−iωy} dy

119 diveleapew .5

ik (davd ici lr) wecal lw . 1 2π ∫_∞ −∞ f(x − y)e^{−iω(x−y)} dx = F[f](ω) okl . y dpzyna ielz epi‘ l‘ny sb‘a lxbhpi‘d ,dyrnl .F[f ∗ g](ω) = F[f](ω)^{∫ ∞}_{−∞} g(y)e^{−iωy} dy = F[f](ω) · 2π · F[g](ω) llk jxca ea ynzyp j‘ ,epxear diveleapewd zlert ly zeaiygd z‘ bivn 3.5 htyn

g -e f zeivwpetd xy‘k , F[f](ω) · F[g](ω) divwpetd epl dpezp ,aexl .dtiwr dxeva

milina . F[h](ω) = F[f](ω) · F[g](ω) -y jk h divwpet ‘evnl ‘id dxhnd .zereci

3.5 htynn . F[f](ω) · F[g](ω) ly dketdd dxnzdd z‘ ‘evnl mipiipern ep‘ ,zexg‘ . h(x) =^1_{2π} (f ∗ g)(x) ok‘ ik micnl ep‘

milibxz

:ze‘ad zeilxbhpi‘d ze‘eeynd z‘ xezt ,dixet zxnzda yeniy ici lr .1 ∫_∞ −∞ f(t)f(x − t) dt = e^{− x2}2 .‘ ∫_∞ −∞ f(t) (x−t)^2+a^2 dt = 1 x^2+b^2 , (0 < a < b) .a ∫_∞ −∞ f(t)f(x − t) dt =^1_{x2+1} .b ∫_∞ −∞ e^{−|x−t|}f(t) dt = e^{−|x|} + |x|e^{−|x|} .c :zeivwpetd z‘ xicbp a > 0 lkl .2

f_a(x) = 1, |x| < a 0, |x| ≥ a g_a(x) = 1 −^{|x|}_a , |x| < a 0, |x| ≥ a . g_a ∗ g_a z‘e f_a ∗ f_a z‘ ayg

zxnzdd F idze , R lrn hlgda ziliaxbhpi‘e dtivx divwpet f : R → C idz .3 ik reci . f ly dixet

F (ω) + ∫_∞ −∞ F (ω − s)e^{−|s|}ds = ω^2, 0 ≤ ω ≤ 1 0, zxg‘ . f z‘ ‘vn dixet zxnzd :3 wxt 120

zxnzdd F idze , R lrn hlgda ziliaxbhpi‘e dtivx divwpet f : R → C idz .4

. a > ω_0 lkl if‘ ω > ω_0 lkl F (ω) = 0 m‘y d‘xd . f ly dixet .f(x) ∗ sin ax πx = f(x) divwpetd ly dixet zxnzdd F idz .5

f(x) = 1, 0 ≤ x < 1 0, zxg‘ . G(ω) = [F (ω)]^2 zniiwn g ly G dixet zxnzddy jk g divwpet ‘vn

zeiwlg zeil‘ivpxtic ze‘eeynl miyeniy .6

ze‘eeynd megza zeiq‘lw zeira dnk oexzta dixet zxnzda yeniyd z‘ mibcp df sirqa cnel ‘edy e‘ df megza ‘vnzn ‘xewd ik dgpdd on mi‘vei ep‘ .zeiwlgd zeil‘ivpxticd .el mirbepd mihxtd ihxt lkl qpkp ‘l okle ,liawna eze‘

megd z‘eeyn

d‘eeynd ici lr dpezp iynnd xivd lk lr zicnin-cgd zipbenedd megd z‘eeyn u_t − ku_{xx} = 0 (−∞ < x < ∞, 0 < t < ∞) xiv .onfa dcewp ‘id t -e ,xivd lr dcewp ‘id x , t -e x mipzynd ly divwpet ‘id u xy‘k zetitv lra cig‘ xnegn ieyrd (miccvd ipyn) iteqpi‘ hen bviin R miiynnd mixtqnd jxrd .dvegd hend on meg ly d‘ivi e‘ dqipk oi‘ okle ,ixnbl ccean hend ik migipn .dcig‘ ielzd iaeig il‘wifit reaw ‘ed k . t onfa hend lr x dcewpa dxehxtnhd ‘ed u(x, t) zehytzdd zrtezl heyt ihnzn lcen ‘id d‘eeynd .hend ieyr epnn xnegd zetitvae beqa dxehxtnhd avn z‘ zrcl yi mieqn oexzt reawl icka .onfd jyna hend jxe‘l megd ly dxevd on dlgzd i‘pz epl oezpy gipp okl .mieqn onfa hend ly dcewp lk lr u(x, 0) = f(x) (−∞ < x < ∞) zebltzdye ziteq ‘id hena dxev‘d megd zenky dcaerl dlewy ef dgpd . f ∈ G(R) xy‘k

, u_t , u_x , u xear mb miiwzi df i‘pzy yexcp .oirhewnl dtivx ‘id hend lr zexehxtnhd .(t z‘ miraew m‘ x ly divwpet xicbn mdn cg‘ lk) u_{xx} -e

121 zeiwlg zeil‘ivpxtic ze‘eeynl miyeniy .6

xzei didi ,xiyi ote‘a u z‘ ‘evnl zeqpl mewnay ‘ed diirad oexztl illkd oeirxd ,oaenk x dpzynl qgia dxnzdd) U ici lr dpnqpy u ly dixet zxnzdd z‘ ‘evnl lw

u_x lr dixet zxnzd z‘ milirtnyky ‘id jkl daiqd .(xhnxt l‘k qgiizp t dpzynl

lr dixet zxnzd zlrtd ,eply dxwna .(3.7 zxfbpd zgqep d‘x) mlrz ziwlgd zxfbpd jka ‘hazn mlypy xignd . U xear oey‘x xcqn dlibx d‘eeynl epze‘ ‘iaz megd z‘eeyn icka dketdd dxnzdd zgqepa ynzyp ipyd alya .mireaw mpi‘ dlibxd d‘eeynd incwny .diirad oexzt miizqi jkae , u z‘ lawl

xicbp .U(ω, t) = 1 2π ∫_∞ −∞ u(x, t)e^{−iωx} dx : t itl U z‘ xefbp . x dpzynl qgia u(x, t) ly dixet zxnzdd ‘id U(ω, t) ,xnelk .U_t(ω, t) = 1 2π ∫_∞ −∞ u_t(x, t)e^{−iωx} dx meyxl lkep , ut = kuxx -e xg‘n .U_t(ω, t) = k 2π ∫_∞ −∞ u_{xx}(x, t)e^{−iωx} dx dxifby g ∈ G(R) divwpet lky lawp (3.7 dgqep) dixet zxnzd ly zxfbpd zgqepn miiwzn miinrt

F[g^{′′}](ω) = −ω^2F[g](ω)

okle .U_t(ω, t) = kF[u_{xx}](ω, t) = −kω^2U(ω, t) :dheyt ce‘n dlibx d‘eeyn eplaw

U_t + kω^2U = 0

‘ed ef d‘eeynl illkd oexztdy ‘evnl lw . t dpzynl qgia zxfbp wx driten day U(ω, t) = A(ω)e^{−kω2t} dlgzdd i‘pza ynzyp A(ω) z‘ reawl icka . ω ly zizexixy divwpet ‘id A(ω) xy‘k

: u lr .A(ω) = U(ω, 0) = 1 2π ∫_∞ −∞ u(x, 0)e^{−iωx} dx = 1 2π ∫_∞ −∞ f(x)e^{−iωx} dx dixet zxnzd :3 wxt 122 okl A(ω) = F (ω) ik ok m‘ ep‘vn .(epl dpezpy) f ly dixet zxnzdd ‘id F xy‘k .U(ω, t) = F (ω)e^{−kω2t} reci .megd z‘eeyn ly u oexztd z‘ lawl icka U ly dketdd dxnzdd z‘ ‘evnl epl xzep dixet zxnzdd xy‘ p divwpet ‘evnl lkep m‘ okle , f ly dixet zxnzdd ‘id F -y epl lawl icka 3.5 diveleapewd htyna ynzydl lkep f‘ e−kω^2t ‘id x dpzynl qgia dly

. u z‘

. F[g](ω) =^1_2√_π e^{− ω2}4 ‘id g(x) = e^{−x2} ly dixet zxnzdd ik ep‘vn 3.3 ‘nbeca

if‘ a ≠ 0 xy‘k , h(x) = cg(ax) m‘ :3.4 dffdd zgqep z‘ mb epl yi jkl sqepa

.F[h](ω) =^c_{|a|} F[g](^ω_a )

lawp g(x) = e−x^2 ly dxwna

.F[h](ω) =^c_2√_{π|a|}e^{− ω2}4a^2

-y jk c -e a mireawa mipiipern ep‘ . c 2 √ π|a| e^{− ω2}4a^2 = e^{−kω2t} gwp m‘ okl . c = √ π√ kt -e a =^1_2^√_{kt} -y zelwa ‘vei df oeieeyn p(x, t) = √ π √ kt e^{− x24kt} f‘ .P (ω, t) = F[p](ω, t) = 1 2π ∫_∞ −∞ p(x, t)e^{−iωx} dx = e^{−kω2t} lawp 3.5 htynn ,seqal u(x, t) = 1 2π (f ∗ p)(x, t) dx

= 1 2π ∫_∞ −∞ f(y)p(x − y, t) dy

= 1 2 √ πkt ∫_∞ −∞ f(y)e^{− (x} �y)^2_{4kt2} dy

123 zeiwlg zeil‘ivpxtic ze‘eeynl miyeniy .6

minrtl z‘xwp e−^x 2 4kt2 divwpetd .megd z‘eeynl oexztd ly ziteqd dxevd z‘ eplawe

epiid ‘l aly meyay dcaerl al miyl yi .qe‘b oirxb e‘ megd z‘eeyn ly oirxbd

e‘ f ly dixet zxnzdd .oexztd ly ziteqd dxeva mb riten ‘l dfe , F z‘ aygl miwewf

.oexztl eprbd ezervn‘ay xiykn ‘l‘ dzid ‘l u ly

xeyin ivg lr qltl z‘eeyn

,xnelk .oeilrd xeyind ivg lr qltl z‘eeyn z‘ xeztl dqpp eiykr .u_{xx} + u_{yy} = 0 (−∞ < x < ∞, 0 < y) i‘pz z‘ miiwnde , y ≥ 0 lkle x lkl sivxe xcbend u(x, y) oexzt ‘evnl ‘id epzxhn dtyd u(x, 0) = f(x) (−∞ < x < ∞) jldna okle cigi oexzt reawl icka witqn epi‘ df i‘pz .y‘xn dpezp divwpet ‘id f xy‘k xicbp ,megd z‘eeyna enk .sqep i‘pz cer oiivp oeicd U(ω, y) = 1 2π ∫_∞ −∞ u(x, y)e^{−iωx} dx -e .F (ω) = F[f](ω) = 1 2π ∫_∞ −∞ f(x)e^{−iωx} dx = U(ω, 0) : y itl miinrt dpey‘xd d‘eeynd ly mitb‘d ipy z‘ xefbp .U_{yy}(ω, y) = 1 2π ∫_∞ −∞ u_{yy}(x, y)e^{−iωx} dx okle , uyy = −uxx ik raep qltl z‘eeynn .U_{yy}(ω, y) = − 1 2π ∫_∞ −∞ u_{xx}(x, y)e^{−iωx} dx :lawpe dixet zxnzd ly zxfbpd zgqepa miinrt ynzyp eiykr .U_{yy}(ω, y) = ω^2U(ω, y) da xy‘ ,dycg d‘eeynl uxx + uyy = 0 ziwlgd zil‘ivpxticd d‘eeynd on epxar ,xnelk :cala y dpzynd itl od zexfbpd lk

.U_{yy} − ω^2U = 0 dixet zxnzd :3 wxt 124 . U(ω, 0) = F (ω) :ycg dlgzd i‘pzl jted u(x, 0) = f(x) dlgzdd i‘pz

‘ed dycgd d‘eeynd ly illkd oexztdy wecal lw U(ω, y) = A(ω)e^{ωy} + B(ω)e^{−ωy} lawpe illkd oexzta y = 0 aivp . ω ly zeizexixy zeivwpet od B -e A xy‘k .F (ω) = A(ω) + B(ω) oexzt miiwziy icka .cigi ote‘a B z‘e A z‘ reawl icka witqn epi‘ df oeieey ik xexa

yi) dixet zxnzdl rbepa zepeyd ze‘gqepa epiyry yeniyd z‘ wicvdl icka mbe u cigi

dl zerbepd zepeyd ze‘gqepa yeniydye divwpet lk xear zniiw dpi‘ dixet zxnzdy xekfl

|x| xy‘k y dpzyna deey dcina qt‘l s‘yz u -y yexcl epilr (minieqn mi‘pza dpzen

:d‘ad dyixcl dliaen ef dyixc ,o‘k hxtp ‘ly zepey zeaiqn .seqpi‘l s‘ey

ω > 0 =⇒ A(ω) = 0 .ω < 0 =⇒ B(ω) = 0 ik raep epnn .okl mcew epxkfdy sqepd i‘pzd edf A(ω) = 0, ω > 0 F (ω), ω ≤ 0 B(ω) = F (ω), ω ≥ 0 0, ω < 0 okle U(ω, y) = F (ω)e^{−ωy}, ω > 0 F (ω)e^{ωy}, ω < 0 = F (ω)e^{−|ω|y} ly dltkn zxeva u oexztd ly dxnzdd z‘ eplaw o‘k mb ,megd z‘eeyn ly dxwna enk divwpetd . f dpezpd divwpetd ly dixet zxnzdd ‘id F zg‘ divwpet . ω ly zeivwpet izy

f‘ e^{−|ω|y} -l deey x -l qgia dly dxnzdd xy‘ p divwpet ‘vnp m‘ . e^{−|ω|y} ‘id diipyd

-y lawp diveleapewd htynn .u(x, y) = 1 2π ∫_∞ −∞ f(t)p(x − t, y) dt dxnzdd htyn it lr okle , 1π(1+ω_2) ‘id e−|x| ly dixet zxnzdd ik xekfp 3.1 ‘nbecn

(3.4 ‘nbec d‘x) dketdd .e^{−|x|} = ∫_∞ −∞ 1 π(1 + ω^2) e^{iωx} dω

125 zeze‘ ceairl miyeniy .7

ciin lawp x mewna −x aivp m‘ .e^{−|x|} = ∫_∞ −∞ 1 π(1 + ω^2) e^{−iωx} dω lawp ω -e x ly miciwtzd ztlgd ici lr e^{−|ω|} = 1 2π ∫_∞ −∞ 2 1 + x^2 e^{−iωx} dx m‘y mircei ep‘ 3.4 dffdd zgqepn . F[g](ω) = e−|w| if‘ g(x) = 21+x_2 m‘ ,okle if‘ , a ≠ 0 xy‘k , h(x) = c·g(ax)

.F[h](ω) =^c_{|a|}g(^ω_a ) =^c_{|a|}e^{−| ω}a^|

-y jk c -e a mireawa mipiipern ep‘ c |a| e^−|^{ωa} | = e^{−|ω|y} o‘kne , y > 0 ik xekfp . a = c = 1y okle .p(x, y) = c·g(ax) = c 2 1 + a^2x^2 = 1 y · 2 1 +^{x2}_{y2} = 2y x^2 + y^2

didz ihxtd oexztd zxev ,seqal .u(x, y) = y π ∫_∞ −∞ f(t) (x − t)^2 + y^2 dt dpi‘ ef dwica ik m‘ ,qltl z‘eeynl oexzt ok‘ edf ik (d‘eeyna davd ici lr) wecal ozip

. y > 0 xeyind ivga (Poisson) oeq‘et zgqep minrtl ‘xwp df oexzt .cgeina dlw

zeze‘ ceairl miyeniy .7

lkl f(x) = 0 -y jk M miiw m‘ (time-limited) onfa dneqg z‘xwp f divwpet L miiw m‘ (band-limited) xcza dneqg z‘xwp f ∈ G(R) divwpet . |x| ≥ M f ∈ G(R) divwpet zniiw ‘ly ‘id zpiiprn dcaer . |ω| ≥ L lkl F[f](ω) = 0 -y jk

.xcza mbe onfa mb dneqg ‘idy , ∫_∞ −∞ |f(x)|^2 dx < ∞ ,xnelk ,ziteq dibxp‘ zlra

.xcza zeneqg zeivwpetl zerbepd zeira izya oecp df sirqa

dixet zxnzd :3 wxt 126 low-pass opqn

z‘ xicbp .oezp iynn reaw L > 0 idie , f ly dixet zxnzdd F idz , f ∈ G(R) idz divwpetd .F_L(ω) = F (ω), |ω| ≤ L 0, |ω| > L zl‘yp .low-pass opqn jxc F divwpetd zxard ici lr zlawzn FL divwpetd ik mixne‘ divwpetd idn :zexg‘ milina ?idne F[fL] = FL -y jk fL divwpet zniiw m‘d dl‘yd icka . L ici lr xcza dneqg ‘id j‘ [−L, L] rhwa f enk dixet zxnzd dze‘ dl yiy xicbp dl‘yd lr zeprl .G_L(ω) = 1, |ω| ≤ L 0, |ω| > L meyxl ozip if‘ .F_L(ω) = F (ω)G_L(ω) zeivwpetd odn rcp m‘ ,(3.5 htyn) diveleapewd htyn zervn‘a fL z‘ lawl lkep okl epi‘xd 3.5 ‘nbeca .epl dpezp f dpey‘xd divwpetd . GL -e F od odly dixet zexnzdd xy‘ miiwzn |x| ≠ L lkly .G_L(x) = lim_{M→∞} ∫_M −M sin ωL ωπ e^{iωx} dω meyxl mb lkep zibef divwpet ‘id GL -e xg‘n .G_L(x) = lim_{M→∞} ∫_M −M sin ωL ωπ e^{−iωx} dω lawpe ω -e x ly miciwtzd z‘ silgp ,mcewd sirqa enk .G_L(ω) = 1 2π lim_{M→∞} ∫_M −M 2 sin Lx x e^{−iωx} dx wfg witqn ‘edy) mieqn oaena F[gL](ω) = GL(ω) f‘ gL(x) = 2 sin Lxx gwp m‘ okl lawp diveleapewd htynn .(d‘vezd z‘ lawl icka .f_L = 1 2π (f ∗ g_L)

127 zeze‘ ceairl miyeniy .7

,xnelk

f_L(x) = 1 2π ∫_∞ −∞ f(y) 2 sin[L(x − y)] x − y dy

= 1 π ∫_∞ −∞ f(y) sin[L(x − y)] x − y dy if‘ , |ω| ≥ L lkl , F[f](ω) = 0 -e f ∈ G(R) m‘y ciin ‘vei ef dgqepn .f(x) = 1 π ∫_∞ −∞ f(y) sin[L(x − y)] x − y dy . L -l deey e‘ ohwy xcza zeneqgd zeivwpetd ly mipeiti‘d cg‘ ‘id efd dgqepd

(Shannon) oepy ly dnibcd htyn

deey e‘ ohw xcza dneqgd divwpet aeyigl dheyt jxc epl wtqn oepy ly dnibcd htyn .zeze‘ cear megzae zxeywz zezyx megza ifkxn htyn edf . L -l

(Shannon Sampling Theorem ,oepy ly dnibcd htyn) :3.6 htynhtyn htyn

if‘ ,|ω| ≥ L lkl ,F[f](ω) = 0 -e f ∈ G(R) m‘ .f(x) = ∞∑ n=−∞ f(^{nπ}_L ) sin(Lx − nπ) Lx − nπ itlk meyiil ozipd) 3.3 dketdd dxnzdd htynn . F (ω) = F[f](ω) onqp :dgked:dgked

:dgked

,(dpezpd divwpetd f(x) = lim_{M→∞} ∫_M −M F (ω)e^{iωx} dω = ∫_L −L F (ω)e^{iωx} dω okle

.f(^{nπ}_L ) = ∫_L −L F (ω)e^{iωnπL} dω, n ∈ Z (2.3 sirq d‘x) [−L, L] rhwa F ly akexnd dixet xehd z‘ meyxp F (ω) ∼ ∞∑ n=−∞ c_ne^{− inπωL} , |ω| ≤ L xy‘k .c_n = 1 2L ∫_L −L F (ω)e^{inπωL} dω = 1 2L f(^{nπ}_L ), n ∈ Z dixet zxnzd :3 wxt 128

xicbp .F_L(ω) = ∞∑ n=−∞ c_ne^{− inπωL} = 1 2L ∞∑ n=−∞ f(^{nπ}_L )e^{− inπωL} xehd ,xekfk) . [−L, L] rhwa F -l “deeyd” 2L zixefgn divwpet ‘id FL if‘

F divwpetd (. −L ≤ ω ≤ L dcewp lka F (ω) -l deey cinz epi‘ ∑_∞ n=−∞ cne −^{inπω}_L meyxl lkep okle , [−L, L] rhwl uegn zqt‘zn

F (ω) “=” F_L(ω)G_L(ω)

xy‘k .G_L(ω) = 1, |ω| ≤ L 0, |ω| > L if‘ .F (ω) “=” 1 2L ∞∑ n=−∞ f(^{nπ}_L )e^{− inπωL} G_L(ω) divwpetd ly dixet zxnzdd ‘id GL ik epgked micenr xtqn iptl .g_L(x) = 2 sin Lx x divwpetd ly dixet zxnzdd ‘id e−^{inπωL} GL(ω) -y lawp 3.4 dffdd zgqepn .g_{L,n}(x) = 2 sin(Lx − nπ) x −^{nπ}_L okl .F (ω) “=” 1 2L ∞∑ n=−∞ f(^{nπ}_L )F[g_{L,n}](ω)

lawp ,mitb‘d ipy ly dketd dxnzd gwp xy‘k f(x) = 1 2L ∞∑ n=−∞ f(^{nπ}_L )g_{L,n}(x) = ∞∑ n=−∞ f(^{nπ}_L ) sin(Lx − nπ) Lx − nπ :zexrd

lk zgked .dxfgae dixet zxnzdl epxar oda mialya dxqg zvw 3.6 htyn zgked .1 divwpet lky oiivl ievx .dpad dtiqen dpi‘e zipkh ‘id dl‘ mialyl mirbepd mihxtd

. R lka zihilp‘ ‘id dyrnle dtivx mb ‘id xcza dneqg ‘idy f ∈ G(R)

129 zillk dxfgl milibxz

zeneqgd zeivwpet ik epnn rnzyny jka ‘hazn oepy ly dnibcd htyn ly zeaiygd .2 wgxndy jk ,zecewp zxcqa mdly mikxrd ici lr oihelgl zerawp L deey e‘ ohw xcz aygl zwiecn dgqep epl ozep mb htynd ,jkl sqepa . πL deey zekenq zecewp izy lk oia .cala dxcqd lr f ly mikxrd zervn‘a , x dcewp lka f z‘ zqt‘zne ,(dwilq zetivx-i‘ zcewp idef) x = nπL xy‘k 1 deey sin(Lx−nπ)Lx−nπ divwpetd .3 ipy oia ilnxet oeieey miiw , n ∈ Z lkl ,okl . k ≠ n , k ∈ Z , x = kπL dcewp lka

. x =^{nπ}_L zecewpa dgqepd ly mitb‘d

xicbpe f ∈ G(R) gwp m‘ .4 g(x) = ∞∑ n=−∞ f(^{nπ}_L ) sin(Lx − nπ) Lx − nπ deey didz g -y jk , L -l deey e‘ ohw xcza dneqgd g ∈ G(R) divwpet lawp f‘

. n ∈ Z , x =^{nπ}_L zecewpd lka f -l

ziniptd dltknl qgia zilnxepezxe‘ zkxrn zeedn {_{sin(Lx−nπ)} Lx−nπ }_∞ n=−∞ zeivwpetd .5 . ⟨f, g⟩ = L π ∫_∞ −∞ f(x)g(x) dx zillk dxfgl milibxz

ly dixet zxnzdd z‘ ayg .1 f(x) = 1 − x^2, |x| ≤ 1 0, |x| > 1 ik d‘xde . ∫_∞ 0 ( x cos x − sin x x^3 ) cos x 2 dx = 3π 16 lkly gked . f ly zibef-i‘d dkyndd f̃ idz . f(x) = e−x cos x xicbp x > 0 lkl .2

, x ≠ 0 . 2 π ∫_∞ 0 t^3 sin xt t^4 + 4 dt = f̃(x) idz .3 f(x) = e^{−x}, x > 0 0, x ≤ 0 dixet zxnzd :3 wxt 130

. f(x) ly F (ω) dixet zxnzdd z‘ ayg .‘ . (f ∗ f) ∗ (f ∗ f) z‘e f ∗ f z‘ ayg .a

. F[(f ∗ f) ∗ (f ∗ f)] z‘ ayg .b . ∫_∞ −∞ 1 (1+x^2)^4 dx lxbhpi‘d z‘ ayg .c

idz .4 f(x) = 1, |x| ≤ 1 0, |x| > 1 . f ∗ f z‘ ayg .‘ . ∫_∞ −∞ sin^4 x x^4 dx -e ∫_∞ −∞ sin^2 x x^2 dx milxbhpi‘d z‘ ayg .a

. g_a(x) =^{2a}_{x2+a2} idze , f_a(x) = e^{−a|x|} idz , a > 0 lkl .5 . f_a ly dixet zxnzdd z‘ ayg .‘ . g_a ly dixet zxnzdd z‘ ayg .a

,ok m‘ ? ∫_∞ −∞ φ(t) (x−t)^2+16 dt = 1 x^2+49

-y jk G(R) -a φ(t) divwpet zniiw m‘d .b

. φ(t) zniiw ‘l recn wnp ,‘l m‘ , φ(t) z‘ ‘vn

,ok m‘ ? ∫_∞ −∞ φ(t) (x−t)^2+49 dt = 1 x^2+16

-y jk G(R) -a φ(t) divwpet zniiw m‘d .c

. φ(t) zniiw ‘l recn wnp ,‘l m‘ , φ(t) z‘ ‘vn

miiynn ωn -e , . . . , ω2 , ω1 lkl . Rn lrn hlgda ziliaxbhpi‘ f ∈ C(Rn ) idz .6 xicbp F[f](ω1, . . . , ωn) = 1 (2π)^n ∫_π −π · · · ∫_π −π minrt n f(x_1, . . . , x_n)e^{−i(ω1x1+···ωnxn)} dx_1 · · · dx_n

. f ly zicnin axd dixet zxnzdd z‘xwp (R^n lr zxcbend) F[f] divwpetd , G(R) -l zekiiyd cigi dpzyn ly zetivx zeivwpet od f_n -e , . . . , f_2 , f_1 m‘y d‘xd m‘e f(x_1, x_2, . . . , x_n) = f_1(x_1)f_2(x_2) · · · f_n(x_n) if‘ .F[f](ω1, . . . , ωn) = F[f1](ω1)F[f2](ω2) · · · F[fn](ωn)