4 wxt

qltl zxnzd

dncwd .0

zxnzd ly zegztzdde dixehqidd .mipeyd dineyiiae dwihnzna ziyeniy qltl zxnzd dixehqid qltl zxnzd ly dixe‘zl .zeil‘ivpxtic ze‘eeyn oexztl wecd ote‘a dxeyw qltl enxz xy‘ yhiece ,dxwp‘et ,qltl ,’fpxbl ,xlie‘ enk mi‘wihnzn miaxern eid da dkex‘ .qltl zxnzd ly miyeniyle dixe‘zl ‘ean ‘ed df wxt .zizernyn dxeva dzegztzdl sirqa .dly mivetpd miyeniyd on dnke ziqiqad dixe‘zd zbven 8-e 7 ,5 ,3 ,2 ,1 mitirqa

6 sirqa .qltl zxnzdl xywda mdiyeniyn dnke zeaeyg “zeivwpet” izya mipc ep‘ 4

.milxbhpi‘ aeyigl qltl zxnzd ly miyeniy mb my mibven .zetqep ze‘nbec xtqn ephwil

ze‘nbece dxcbd .1

s iynn xtqn lkl . C -a mikxr zlawnd [0, ∞) rhwa oirhewnl dtivx divwpet f idz

xicbp L[f](s) =^{∫ ∞}_0 e^{−st}f(t) dt zxnzd z‘xwpd L[f](s) divwpet lawp ,jk ici lr .(miiw) qpkzn lxbhpi‘de dcina

zxnzdd ,df wxt ly mihtynae ze‘nbeca d‘xpy itk . f ly (Laplace transform) qltl .mixg‘ mikxr xear zniiw dpi‘e s ly minieqn mikxr xear zniiw llk jxca f ly qltl

ote‘a zqt‘zn j‘ (−∞, ∞) iynnd xyid lk lr zxcben f -y aeygl ievx minrtl lkep ,jk df oi‘ oda mixwna .z‘fk dpi‘ ‘id dligzklny zexnl , (−∞, 0) rhwa izedf

qltl zxnzd :4 wxt 132

epl zxyt‘n ef dgpd . t < 0 lkl , f(t) = 0 -y driawd ici lr f zxcbd z‘ aigxdl heyt

: f ly dixet zxnzd oiae f ly qltl zxnzdd oiay heyt xyw bivdl .L[f](s) =^{∫ ∞}_0 e^{−st}f(t) dt =^{∫ ∞}_{−∞} e^{−i(−is)t}f(t) dt = 2πF[f](−is) .epl daeyg dzid dixet zxnzda ω ly zeiynndy xekfl ce‘n ievx

.ze‘nbec xtqn zbvda ligzp ,dizepekze qltl zxnzd lr xeaicd z‘ aigxpy iptl

if‘ . t ≥ 0 lkl , f(t) = 1 idz :4.1 ‘nbec‘nbec

‘nbec

.L[f](s) =^{∫ ∞}_0 e^{−st}dt = lim_{L→∞}^{e−st}_{−s}^|^L_0 =^1_s , s > 0

b‘cp ,llk jxca . s > 0 xear wx L[f](s) = 1s okle ,qpkzn epi‘ lxbhpi‘d s ≤ 0 xear .dnvr dgqepd mr cgi L[f] ly dxcbdd megz z‘ oiivl

if‘ . a ∈ R , f(t) = eat idz :4.2 ‘nbec‘nbec

‘nbec L^[e^{at]}(s) =^{∫ ∞}_0 e^{−st}e^{at}dt =^{∫ ∞}_0 e^{−(s−a)t}dt =^1_{s − a}, s > a if‘ . z = x + iy ∈ C xy‘k , f(t) = ezt idz :4.3 ‘nbec‘nbec

‘nbec L^[e^{zt]} =^{∫ ∞}_0 e^{−st}e^{(x+iy)t}dt =^{∫ ∞}_0 e^{−(s−x−iy)t}dt =^1_{s − z} , s > x .ef ‘nbec ly ihxt dxwn ‘id 4.2 ‘nbec ik xexa

,xnelk .zeivwpet zveaw lr zix‘ipil dlert ‘id qltl zxnzd

L[af + bg](s) = aL[f](s) + bL[g](s)

ly ,ef dpekz . a, b ∈ C mixlwq lk xeare ,(xcben oini sb‘ oxear) g -e f zeivwpet lk xear .ziqiqae daeyg dpekz ‘id ,zeix‘ipil

it lr L[sin at](s) z‘ aygl xyt‘ . a ∈ R , f(t) = sin at idz :4.4 ‘nbec‘nbec

‘nbec

zpekza yeniy ici lr z‘f dyrp ep‘ .(miwlg itl divxbhpi‘a miinrt yeniy ici lr) dxcbdd ik al miyp lk ziy‘x .zncewd ‘nbecae zeix‘ipild

. sin at = e^{iat} − e^{−iat} 2i

133 ze‘nbece dxcbd .1 okl .L[sin at](s) = L^{[eiat − e−iat}_{2i}^](s) =^1_{2i}L^[e^{iat]}(s) −^1_{2i}L^[e^{−iat]}(s) lawp 4.3 ‘nbecn

.L[sin at](s) =^1_{2i}^{[ 1}_{s − ia} −^1_{s + ia}^] =^a_{s2 + a2} , s > 0

ik lawl lkep zncewd ‘nbeca enk . a ∈ R , f(t) = cos at idz :4.5 ‘nbec‘nbec

‘nbec

.L[cos at](s) =^s_{s2 + a2} , s > 0

,xnelk .mieqn xtqnn lecbd s lk xear zxcben qltl zxnzdd ik ep‘vn ze‘nbecd lka mieqn reaw xear , [c, ∞) e‘ (c, ∞) dxevd on llk jxca ‘ed L[f](s) ly dxcbdd megz lkl , e−s^1t > e−s^2t > 0 if‘ s1 < s2 m‘y ‘id jkl daiqd .(f -a oaenk ielzy) c .ilnxet ote‘a z‘f gqpp .qpkzdl lxbhpi‘l xzei lw okle , t ≥ 0

gipp .C -a mikxr zlawnd [0, ∞) rhwa oirhewnl dtivx divwpet f idz :4.1 htynhtyn

htyn

-y jk K -e a miiynn mireaw miniiwy |f(t)| ≤ Ke^{at}, t ≥ 0 .s > a lkl zxcben L[f](s) if‘

dxcbddn :dgked

:dgked .L[f](s) =^{∫ ∞}_0 e^{−st}f(t) dt rhwa hlgda ziliaxbhpi‘ ‘idy gikep . [0, ∞) rhwa oirhewnl dtivx e−stf(t) divwpetd

s > a lkl ,df . ∫_∞ 0 | |e^{−st}f(t) | | dt = ∫_∞ 0 e^{−st}|f(t)| dt ≤ ∫_∞ 0 e^{−st}Ke^{at} dt = K s − a .df htyn ly weicd znx lr zecirn 4.1-4.5 ze‘nbecd

milibxz

,dze‘ ‘vn ,zniiw ‘id m‘ ? f(t) = et^2 divwpetd xear qltl zxnzd zniiw m‘d .1 .zniiw dpi‘ ‘id recn wnp ,‘l m‘ .zxcben ‘id okid ‘vne

. f(t) = sin t, 0 ≤ t ≤ 2π 0, 2π < t ly qltl zxnzdd z‘ ‘vn .2

if‘ ,(p > 0) p zixefgne oirhewnl dtivx f : [0, ∞) → C m‘y gked .3 .L[f](s) =^1_{1 − e−ps}^{∫ p}_0 e^{−st}f(t) dt -y jk 4 zixefgn divwpet f : [0, ∞) → R idz .4

.f(t) = 1, 0 ≤ t ≤ 2 −1, 2 < t ≤ 4 ik gked

.L[f](s) =^{tanh s}_s

zetqep ze‘nbece ze‘gqep .2

qltl zxnzdd z‘ aygl jynda epl exfri xy‘ zeiyeniy ze‘gqep xtqn zbvdl eiykr xearp .dliri dxeva zeax zeivwpet ly

f^′ dzxfbpy jk [0, ∞) rhwa dtivx divwpet f idz (zxfbpd zgqep) :4.2 htynhtyn htyn

-y jk K -e a miiynn mireaw miniiwy gipp .df rhwa oirhewnl dtivxe zniiw .|f(t)| ≤ Ke^{at}, t ≥ 0 sqepae ,s > a lkl zxcben ,L[f ′](s) ,f ′ ly qltl zxnzdd if‘

(4.1) L[f^′](s) = sL[f] − f(0)

eidi . [0, L] iteq rhw lka oirhewnl dtivx e−stf ′(t) ik xexa mipezpd on :dgked:dgked

:dgked 0 < x_1 < x_2 < · · · < x_{n−1} < L

. x_n = L -e x_0 = 0 mb onqp . [0, L] rhwa e^{−st}f^′(t) ly zeiniptd zetivxd-i‘ zecewp lk

okle , (xi−1, xi) rhwa dtivx e−stf ′(t) , 1 ≤ i ≤ n lkl ,if‘ ∫_L 0 e^{−st}f^′(t) dt = n∑ i=1 ∫_{xi} x_{i−}1 e^{−st}f^′(t) dt

= n∑ i=1 [ e^{−st}f(t) | | |^{xi}_{xi−1} + s ∫_{xi} x_{i−}1 e^{−st}f(t) dt ]

= n∑ i=1 [ e^{−sxi} f(x_i) − e^{−sxi−1} f(x_{i−1}) ] + s n∑ i=1 ∫_{xi} x_{i−}1 e^{−st}f(t) dt

= e^{−sL}f(L) − f(0) + s ∫_L 0 e^{−st}f(t) dt ik xexae , s > a lkl zxcben L[f](s) ,4.1 htyn jnq lr .L[f](s) = lim_{L→∞}^{∫ L}_0 e^{−st}f(t) dt, s > a sqepa lim_{L→∞} | |e^{−sL}f(L) | | ≤ lim_{L→∞} | |e^{−sL}Ke^{aL} | | = K lim_{L→∞} e^{−(s−a)L} = 0, s > a okle

L[f^′](s) = lim_{L→∞}^{∫ L}_0 e^{−st}f^′(t) dt

= lim_{L→∞} [ e^{−sL}f(L) − f(0) + s ∫_L 0 e^{−st}f(t) dt ] = sL[f](s) − f(0)

. s > a lkl

.‘ad htyna dpezp zxfbpd zgqep ly ziciind dllkdd

f^{(n)} ,[0, ∞) rhwa zetivxe zexcben olek f^{(n−1)} ,. . . ,f^{′′} ,f^′ ,f ik gipp :4.3 htynhtyn htyn

-y jk K -e a miiynn mireaw miniiw ik gippe ,df rhwa oirhewnl dtivxe zniiw . | |f^{(j)}(t) | | ≤ Ke^{at}, t ≥ 0, j = 0, 1, 2, . . . , n − 1

-e s > a lk xear zxcbene zniiw L [ f^{(n)} ] (s) if‘ (4.2)

L^[f^{(n)]}(s) = s^nL[f](s) − s^{n−1}f(0) − s^{n−2}f^′(0) − · · · − f^{(n−1)}(0)

miinrt 4.2 htyn z‘ lirtp ,lynl , n = 2 xear :dgked:dgked

:dgked

L[f^{′′}](s) = sL[f^′](s) − f^′(0) = s [ sL[f](s) − f(0)^] − f^′(0)

= s^2L[f](s) − sf(0) − f^′(0)

.divwecpi‘a izxbiy yeniyn zraep n lk xear d‘ln dgked ‘id dpexg‘d dgqepl ,mieqn oaena ,dnec dgqep

(4.3) L[t^nf(t)](s) = (−1)^{n dn}_{dsn} L[f](s)

geqipd lr xzeep .4.3-e 4.2 mihtynay dl‘l minec mi‘pz zgz zniiwzn ef dgqep ik xexa gikedl witqi dgqepd z‘ .dgkedd jezn mixexa miyexcd mi‘pzd llk jxca .mdly wiecnd

.(minrt n ezlrtd ici lr) zelwa df dxwnn mixfbp mixwnd x‘ye xg‘n ,cala n = 1 xear

ik gikedl epilr .L[tf(t)](s) = −^d_{ds}L[f](s) :il‘nyl ribpe ipnid sb‘d on ligzp :dgked:dgked

:dgked − d dsL[f](s) = −^d_{ds}^{∫ ∞}_0 e^{−st}f(t) dt = − ∫_∞ 0 −te^{−st}f(t) dt = ∫_∞ 0 te^{−st}f(t) dt = L[tf(t)](s)

(4.4) L[e^{at}f(t)](s) = L[f](s − a), a ∈ R

137 zetqep ze‘nbece ze‘gqep .2

:dgked .L^[e^{at}f(t)^](s) =^{∫ ∞}_0 e^{−st}e^{at}f(t) dt =^{∫ ∞}_0 e^{−(s−a)t}f(t) dt = L[f](s − a)

(4.5) L[f(at)](s) =^1_a L[f](^s_a ), a > 0

:dgked L[f(at)](s) =^{∫ ∞}_0 e^{−st}f(at) dt lawl zpn lr x = at aivp

.L[f(at)](s) =^{∫ ∞}_0 e^{−s x}a f(x)^{dx}_a =^1_a^{∫ ∞}_0 e^{−( s}a^{)x}f(x) dx =^1_aL[f](^s_a)

ozip ,oda yeniyd ici lr .ce‘n zeiyeniy j‘ zeheyt od eiykr cr eplawy ze‘gqepd lk

.4.5^-e ,4.4 ,4.2 ,4.1 ze‘nbecd on zg‘ lk z‘ xzei dheyt dxeva lawl

.zehiy izya , n ∈ Z+ , f(t) = tn ly qltl zxnzdd z‘ aygp :4.6 ‘nbec‘nbec

‘nbec ,(4.3) dgqepe 4.1 ‘nbec jnq lr :1 dhiy

.L[t^n · 1](s) = (−1)^{n dn}_{dsn} L[1](s) = (−1)^{n dn}_{dsn}^1_s , s > 0

ik wecal lw d^n ds^n 1 s = (−1)^n n! s^{n+1} okle

.L[t^n](s) =^{n!}_{sn+1} , s > 0

lawp (4.2) dgqepn okle , f (n)(t) = n! ik xexa :2 dhiy n! s = L[n!](s) = L^[f^{(n)]}(s)

= s^nL[f](s) − s^{n−1}f(0) − s^{n−2}f^′(0) − · · · − f^{(n−1)}(0)

miiwzn f(t) = tn xeary xg‘n

f(0) = f^′(0) = · · · = f^{(n−1)}(0) = 0

lawp n! s = s^nL[t^n](s)

okle

.L[t^n](s) =^{n!}_{sn+1} , s > 0

icka 4.5-e 4.4 ze‘gqepa ynzyp . a, b ∈ R , f(t) = eat sin bt idz :4.7 ‘nbec‘nbec

‘nbec

. L[f(t)](s) z‘ aygl .L^[e^{at} sin bt^](s) = L[sin bt](s − a) =^b_{(s − a)2 + b2} , s > a

ote‘d eze‘a f(t) = eat cos bt ly qltl zxnzdd z‘ aygp :4.8 ‘nbec‘nbec

‘nbec

.L^[e^{at} cos bt^](s) = L[cos bt](s − a) =^{s − a}_{(s − a)2 + b2} , s > a

jk f(t) divwpet zniiw m‘ le‘yl lkep . x > a lkl zxcbend divwpet F (s) idz dketdd qltl zxnzdd z‘xwp ,zniiw ‘id m‘ , f(t) divwpetd . L[f](s) = F (s)^-y

,miiwl F (s) lry miwiecnd mi‘pzd .zilily ‘id ef dl‘yl daeyzd ,illk ote‘a . F (s) ly igkepd sirqd z‘ miiqp .miheyt mpi‘ ,znieqn divwpet ly qltl zxnzd didz ‘idy icka :miigxkdd mi‘pzd on cg‘ z‘ oiivpy jka

gipp .C -a mikxr zlawnd [0, ∞) rhwa oirhewnl dtivx divwpet f idz :4.4 htynhtyn

htyn

-y jk a -e K miiynn mireaw miniiwy .|f(t)| ≤ Ke^{at}, t ≥ 0 if‘ . lim_{s→∞} L[f](s) = 0 , s > a lkl :dgked

:dgked |L[f](s)^| =^|^{∫ ∞}_0 e^{−st}f(t) dt^| ≤^{∫ ∞}_0 e^{−st}|f(t)| dt ≤ ∫_∞ 0 e^{−st}Ke^{at}dt = K s − a

qltl zexnzd zlah

divwpet qltl zxnzd 1 1^1_s , s > 0 2 e^{at}, a ∈ R^1_{s−a}^{, s > a} 3 e^{zt}, z ∈ C^1_{s−z}^{, s > Re(z)} 4 sin at, a ∈ R^as2+a2^{, s > 0} 5 cos at, a ∈ R^s_s2_{+a}2^{, s > 0} 6 t^n, n ∈ Z+^{n!}_sn+1 , s > 0 7 e^{at} sin bt, a, b ∈ R^b(s−a)2+b2^{, s > a} 8 e^{at} cos bt, a, b ∈ R^{s−a}(s−a)2+b2^{, s > a} 9 uc(t), c > 0^{e−cs}_s , s > 0 10 t^ne^{at}, a ∈ R, n ∈ Z+^{n!}(s−a)n+1^{, s > a} 11 f^′(t) sL[f](s) − f(0) 12 f^{(n)}(t) s^nL[f](s) − s^{n−1}f(0) − · · · − f^{(n−1)}(0) 13 t^nf(t) (−1)^{n dn}_{ds}n L[f](s) 14 e^{at}f(t), a ∈ R L[f](s − a) 15 f(at), a > 0^1_a L[f](^s_a )

. lim_{s→∞} L[f](s) = 0 okle

zexnzdd zlaha mcewd sirqde df sirq ly ze‘nbecde ze‘gqepd z‘ fkxp ,mekiql m‘zda dgqepl qgiizp minrtl .jynda xzei dgep dxeva mda ynzydl lkepy icka ,qltl .dlaha dxtqnl

milibxz

:ze‘ad zeivwpetd on zg‘ lk ly qltl zxnzdd z‘ ayg .1

e^{−4t} cosh 2t .a e^{−t} cos 2t .‘ 3 cosh t − 4 sinh 5t .c (t^2 + 1)^2 .b t^n sin t .d (.^d_{ds} L[f](s) z‘ ayg :fnx) . f(t) =^{sin t}_t ly qltl zxnzdd z‘ ayg .2 . a > 0 , L[f](s) =^{dn}_{dsn}

[_1 s2−a2 ] ik reci m‘ f z‘ ayg .3 :ze‘ad ze‘gqepd on zg‘ lk z‘ gked .4

L^[sin^2 t^](s) =^2_{s(s2 + 4)} .‘ L[A cos(ωt + θ)](s) =^{A(s cos θ − ω sin θ)}

s^2 + ω^2 .a L[cos at cosh at](s) =^{s3}_{s4 + 4a4} .b L^[(t^2 − 5t + 6)e^{2t]} =^{6s2 − 29s + 36}_{(s − 2)3} .c

milxbhpi‘d on cg‘ lk z‘ ayg ,qltl zxnzd ly zepekzde dxcbda yeniy ici lr .5 :mi‘ad ∫_∞ 0 t^3e^{−t} sin t dt .a ∫_∞ 0 te^{−2t} cos t dt .‘ ∫_∞ 0 x^6e^{−3x}dx .c ∫_∞ 0 x^4e^{−x}dx .b

141 zelibx zeil‘ivpxtic ze‘eeynl miyeniy .3

zelibx zeil‘ivpxtic ze‘eeynl miyeniy .3

zeipbened zelibx zeil‘ivpxtic ze‘eeyn oexztl qltl zexnzda mixfrp cvik cnlp df sirqa dxevd . [0, ∞) rhwa zexcben eidi zenlrpd zeivwpetd .mireaw mincwn ilra ipy xcqn ‘id dl‘ ze‘eeyn ly zillkd ay^{′′}(t) + by^′(t) + cy(t) = 0, t > 0 y(0) = y_0, y^′(0) = y_1

oexztd z‘ivnl zillk dhiy x‘zp .mipezp miiynn mireaw md , y1 -e , y0 , c , b , a xy‘k ihxcphq qxew lka zecnlpd dfk oexzt z‘ivnl zepey zehiy ybt i‘cea ‘xewd . y(t) ihxtd beqn ze‘eeynl laben epi‘ qltl zexnzda yeniyd j‘ .zelibx zeil‘ivpxtic ze‘eeyn zece‘ ,ze‘eeyn ly zekxrn ,xzei lecb xcqn ze‘eeyn lr mb meyiil zpzip x‘zpy dhiyde ,df beql dn‘zda zeiqetih zeira yely zxizt ici lr qltl zxnzda yeniyd z‘ mibcp .cere .df beqn diira lk xeztl zillk dhiy xiaqp sirqd seqa .zipiite‘d d‘eeynd ly miyxeyd

diiral ihxt oexzt ‘vnp :4.9 ‘nbec‘nbec

‘nbec y^{′′}(t) − y^′(t) − 6y(t) = 0, t > 0 y(0) = 1, y^′(0) = −1

lawpe d‘eeynd ly mitb‘d ipy lr qltl zxnzd z‘ lirtp :oexzt:oexzt

:oexzt .0 = L[0] = L[y^{′′} − y^′ − 6y]

ik lawp qltl zxnzd ly zeix‘ipild zpekzn

.L[y^{′′} − y^′ − 6y] = L[y^{′′}] − L[y^′] − 6L[y]

(dlahay 12-e 11 ze‘gqep d‘x) lawpe zxfbpd zgqepa ynzyp eiykr

L[y^′] = sL[y] − y(0) .L[y^{′′}] = s^2L[y] − sy(0) − y^′(0)

dlgzdd i‘pza yeniy ici lr

(s^2 − s − 6)L[y] − s + 2 = 0

ik ‘vei dfne

.L[y] =^{s − 2}_{s2 − s − 6}

.zniiw L−1 ik xn‘l wx lkep df alya .dketdd qltl zxnzd z‘ L−1 ici lr onqp xnelk .zix‘ipil dwzrd ‘id L−1 mby ixd ,zix‘ipil dwzrd ‘id L -e xg‘n

L^{−1} [aF + bG] (t) = aL^{−1} [F ] (t) + bL^{−1} [G] (t)

.zenieqn zeivwpet ly qltl zexnzd od G(s) -e F (s) ,mixlwq md b -e a xy‘k

meyxl zrk lkep

.y(t) = L^{−1} [ s − 2 s^2 − s − 6 ] (t) = L^{−1} [ s − 2 (s − 3)(s + 2) ] (t) ze‘veza ynzydl lkep ,z‘f zexnl .dketd qltl zxnzd z‘ivnl zillk dhiy epl oi‘ miizpia mixay ly mekql eply xayd z‘ wxtp jk myl .igkepd dxwna dze‘ ‘evnl icka epl yiy miheyt . s − 2 (s − 3)(s + 2) = 1/5 s − 3 + 4/5 s + 2

sirqd ly dlaha ‘evnl lkep miheytd mixayd on cg‘ lk ly dketdd qltl zxnzdd z‘ okle ,mcewd

y(t) = L^{−1} [_{s−2} (s−3)(s+2) ] (t) = L^{−1 [ 1/5}_{s−3} +^{4/5}_{s+2}^] (t)

=^1_5 L^{−1}

[_1 s−3 ] (t) +^4_5 L^{−1}

[_1 s+2 ] (t) =^1_5 e^{3t} +^4_5 e^{−2t}

e^{3t} zeivwpetd .d‘eeynd ly ipiite‘d mepiletd ‘ed s^2 − s − 6 iehiad ik ‘xewl xikfp .d‘eeynd ly miiqiqad zepexztd md e^{−2t -}e

oexztd m‘ wecal ce‘n lw ,z‘f znerl ,j‘ df beqn milibxz xeztl lw df oi‘ minrtl .zeiteqd zeaeyzd z‘ cinz wecal ce‘n ulnen okl .d‘eeynd z‘ miiwn lawzdy ihxtd

diiral ihxt oexzt ‘vnp :4.10 ‘nbec‘nbec

‘nbec

y^{′′}(t) − 2y^′(t) + y(t) = 0, t > 0 y(0) = 1, y^′(0) = −2

:oexzt

0 = L[y^{′′} − 2y^′ + y] = L[y^{′′}] − 2L[y^′] + L[y] = [ s^2L[y] − sy(0) − y^′(0) ] − 2 [ sL[y] − y(0)^] + L[y]

= (s^2 − 2s + 1)L[y] − s + 4 okl .L[y] =^{s − 4}_{s2 − 2s + 1} =^{s − 4}_{(s − 1)2}

miheyt mixay ly mekql xayd z‘ wxtp eiykr

.L[y] =^1_{s − 1} −^3_{(s − 1)2} if‘ y(t) = L^{−1}

[_1 s−1 −^3_{(s−1)2} ] (t) = L^{−1 [ 1}_{s−1}^] (t) − 3L^{−1 [ 1}_{(s−1)}2^] (t) = e^t − 3te^t .dlahay 10-e 2 ze‘gqepa epynzyd

diiral ihxt oexzt eiykr ‘vnp :4.11 ‘nbec‘nbec

‘nbec

y^{′′}(t) + 2y^′(t) + 5y(t) = 0, t > 0

y(0) = 1, y^′(0) = 0

:oexzt

0 = L[y^{′′} + 2y^′ + 5y] = L[y^{′′}] + 2L[y^′] + 5L[y] = [ s^2L[y] − sy(0) − y^′(0) ] + 2 [ sL[y] − y(0)^] + 5L[y]

= (s^2 + 2s + 5)L[y] − s − 2

okle

.L[y] =^{s + 2}_{s2 + 2s + 5}

. y(t) z‘ivnl zepey zehiy izy bivp

okle ,(reaixl dnlyd) s2 + 2s + 5 = (s + 1)2 + 4 meyxp :1 dhiy . s + 2 s^2 + 2s + 5 = s + 1 (s + 1)^2 + 4 + 1 (s + 1)^2 + 4

ze‘gqepd z‘ lvpl lkepy ‘id efd meyixd zxevl daiqd

.L^[e^{at} cos bt^](s) =^{s − a}_{(s − a)2 + b2} -e L^[e^{at} sin bt^](s) =^b_{(s − a)2 + b2} okl y(t) = L^{−1}

[_{s+2}

s2+2s+5 ] (t) = L^{−1 [ s+1}_{(s+1)}2_{+4}^] (t) +^1_2 L^{−1 [ 2}_{(s+1)}2_{+4}^] (t)

= e^{−t} cos 2t +^1_2 e^{−t} sin 2t

mekql xayd z‘ wxtpe , s2 + 2s + 5 = (s + 1 − 2i)(s + 1 + 2i) meyxp :2 dhiy miheyt mixay ly libx . s + 2 s^2 + 5s + 5 = 1/2 − i/4 s + 1 − 2i + 1/2 + i/4 s + 1 + 2i okl y(t) = L^{−1}

[_{s+2}

s2+2s+5 ] (t) = (^1_2 −^i_4 )L^{−1}

[_1 s+1−2i ] (t) + (^1_2 +^i_4 )L^{−1}

[_1 s+1+2i ]

= (^1_2 −^i_4 )e^{−(1−2i)t} + (^1_2 +^i_4 )e^{−(1+2i)t}

‘edy ‘id o‘k eplawy oexztd mr dcigid diirad .dlahdn 3 dgqepa epynzyd oexg‘d alya jiyndl gxhp m‘ .ely ziynn dbvd lawl ievx ile‘y cera ,zeakexn zeivwpet ici lr oezp lawp gezitd z‘

y(t) = (^1_2 −^i_4 )e^{−t} [cos 2t + i sin 2t] + (^1_2 +^i_4 )e^{−t} [cos 2t − i sin 2t]

= e^{−t} cos 2t +^1_2 e^{−t} sin 2t

.1 dhiya eplawy itk

xcqn zeipbened zelibx zeil‘ivpxtic ze‘eeyn ly zebviin ze‘nbec yely ,ok m‘ ,epxzt .mipeye miiynn md ipiite‘d mepiletd iyxey dpey‘xd ‘nbeca .mireaw mincwn zelra ipy

145 zelibx zeil‘ivpxtic ze‘eeynl miyeniy .3

micenv j‘) miakexn miyxeyd ,ziyilyd ‘nbeca .mieey j‘ miiynn miyxeyd dipyd ‘nbeca dxevd on zeil‘ivpxticd ze‘eeynd lk ly qetih zea‘ okl md ze‘nbecd zyely .(ipyl cg‘ .df beqn diira lk oexztl ynyl zeleki dl‘ ze‘nbec zyelya epbvdy zehiyd ,okl .l”pd

zipbenedd d‘eeynd dpezp .dhiyd z‘ mkqp ay^{′′}(t) + by^′(t) + cy(t) = 0, t > 0 y(0) = y_0, y^′(0) = y_1

zxnzd z‘ lirtp .(a ≠ 0 ik gippe) mipezp miiynn mireaw md y1 -e , y0 , c , b , a xy‘k lawpe d‘eeynd itb‘ ipy lr qltl

.(as^2 + bs + c)L[y](s) − (as + b)y_0 − ay_1 = 0 okl L[y](s) = y0^{as + b}_{as2 + bs + c} + y1^a_{as2 + bs + c}

onqp .F (s) = as + b as^2 + bs + c , G(s) = a as^2 + bs + c if‘ .y(t) = y_0L^{−1} [F ] (t) + y_1L^{−1} [G] (t)

dlgzdd i‘pz z‘ zniiwnd d‘eeynl oexztd ‘id L−1 [F ] (t) divwpetdy oiivp

L^{−1} [F ] (0) = 1, L^{−1} [F ]^′ (0) = 0

dlgzdd i‘pz z‘ zniiwnd d‘eeynl oexztd ‘id L−1 [G] (t) divwpetde

.L^{−1} [G] (0) = 0, L^{−1} [G]^′ (0) = 1

:d‘ad jxca L−1 [G] (t) -e L−1 [F ] (t) z‘ aygl ozip

mbe) F z‘ meyxl lkep f‘ ,mipey β -e α xy‘k as^2 + bs + c = a(s − α)(s − β) m‘

dxeva (G z‘

F (s) = A s − α + B s − β okle

.L^{−1} [F ] (t) = Ae^{αt} + Be^{βt}

dxeva (G z‘ mbe) F z‘ meyxl lkep f‘ as2 + bs + c = a(s − α)2 m‘

F (s) = A s − α + B (s − α)^2

okle .L^{−1} [F ] (t) = Ae^{αt} + Bte^{αt} . β ≠ 0 -e ,miiynn β -e α xy‘k as^2 + bs + c = a(s − (α + iβ))(s − (α − iβ)) m‘

dxeva (G z‘ mbe) F z‘ meyxl lkep if‘

F (s) = Aβ (s − α)^2 + β^2 + B(s − α) (s − α)^2 + β^2

okle

.L^{−1} [F ] (t) = Ae^{αt} sin βt + Be^{αt} cos βt

milibxz

:ze‘ad zeivwpetd on zg‘ lk ly dketdd qltl zxnzdd z‘ ayg .1 1 s^2(s^2 + 1) .a 3s − 14 s^2 − 4s + 18 .‘ s^2 (s^2 + 4)^2 .c 1 s^2 − 3s + 2 .b ln ( 1 + 1 s^2 ) .e s (s^2 + 4)^2 .d s^3 s^4 − 16 .g 1 (s^2 + 4)^2 .f 2s^2 + s − 10 (s − 4)(s^2 + 2s + 2) .i 1 s^4 + 1 .h miiwnd [0, ∞) rhwa ihxt oexzt ‘vn ,ze‘ad zeil‘ivpxticd ze‘eeyndn zg‘ lkl .2 .mitxevnd dlgzdd i‘pz z‘

y^{′′} + 3y^′ − 4y = 0, y(0) = 3, y^′(0) = −2 .‘ y^{′′} − y = 0, y(0) = 1, y^′(0) = −1 .a y^{′′} + 4y^′ + 4y = 0, y(0) = 1, y^′(0) = 0 .b y^{′′} + 4y = 0, y(0) = 2, y^′(0) = 1 .c y^{′′} + 4y^′ + 7y = 0, y(0) = 1, y^′(0) = 1 .d ty^{′′}(t) + 2y^′(t) + ty(t) = 0, y(0) = 1, y^′(0) = 0 .e

147 wxic ly ‘zlcd zivwpete ciiqiad zeivwpet .4

wxic ly ‘zlcd zivwpete ciiqiad zivwpet .4

xy‘ mipey miyeniye ,odly qltl zexnzdd ,zecgein zeivwpet izy zece‘ cnlp df sirqa .odl yi

(Heaviside) ciiqiad zivwpet

divwpet xicbp , c ≥ 0 iynn reaw lkl

u_c(t) = 1, c ≤ t 0, 0 ≤ t < c .dly qltl zxnzdd z‘ aygl lw xy‘ dheyt divwpet idef .ciiqiad zivwpet z‘xwpy .L[uc](s) =^{∫ ∞}_0 e^{−st}uc(t) dt =^{∫ ∞}_c e^{−st}dt =^{e−st}_{−s}^|^∞_c =^{e−cs}_s , s > 0 .(?recn) c < 0 xear dtwz dpi‘ dgqepd . L[u_0](s) =^1_s -e u_0(t) = 1 , c = 0 xear

zeivwpet dnk ly qltl zxnzdd z‘ zelw xzia aygl icka dpexg‘d dgqepa ynzydl ozip .dnec beqn

divwpetd z‘ xicbp .mireaw ipy 0 < c < d < ∞ eidi :4.12 ‘nbec‘nbec

‘nbec .f(t) = 1, c ≤ t < d 0, t /∈ [c, d) okle , f = uc − ud ik xexa . f ly qltl zxnzdd z‘ aygp .L[f](s) = L[uc](s) − L[ud](s) =^{e−cs − e−ds}_s ikxr iepiyy xg‘n ,epzpy efn dpey zeidl dleki d -e c zecewpa f ly dxcbdd ik oiivp .dly qltl zxnzdd lr llk rityn epi‘ zecewp ly iteq xtqna divwpetd

m‘ ,xnelk . [0, ∞) rhwd lr mlyd jxrd zivwpet f(t) = [t] idz :4.13 ‘nbec‘nbec

‘nbec

ik ze‘xl lw . f ly qltl zxnzdd z‘ aygp . f(t) = n f‘ , n ≤ t < n + 1 -e n ∈ Z

.f = u_1 + u_2 + u_3 + · · · okl .L[f](s) =^{∞∑}_{n=1}^{e−ns}_s =^1_s^{∞∑}_{n=1}^(e^{−s)n} =^{e−s}_{s(1 − e−s)}, s > 0

.iqcpd xeh ly iteqpi‘ mekqd zgqepa epynzyd ‘weec ‘l‘ zencewd ze‘nbecd on ‘l zraep qltl zxnzda uc(t) divwpetd ly zeaiygd .d‘ad dgqepd on

if‘ .c > 0 idie ,s > a lkl xcben L[f](s) -y jk divwpet f idz :4.5 htynhtyn

htyn L[uc(t)f(t − c)](s) = e^{−cs}L[f](s), s > a :dgked L[uc(t)f(t − c)](s) =^{∫ ∞}_0 e^{−st}uc(t)f(t − c) dt =^{∫ ∞}_c e^{−st}f(t − c) dt = ∫_∞ 0 e^{−s(c+v)}f(v) dv = e^{−cs} ∫_∞ 0 e^{−sv}f(v) dv = e^{−cs}L[f](s) sxbd . uc(t)f(t − c) ly sxbde f(t) ly sxbd oiay qgid z‘ mi‘ex 4.2-e 4.1 mixeiva divwpetd qeti‘ jez , f(t) ly sxbd ly zecigi c -a dpini dffd ‘ed uc(t)f(t − c) ly

. [0, c) rhwa

,xnelk .htynay efl dketdd dgqepa mb ynzyp

(4.6) L^{−1} [ e^{−cs}L[f](s) ] (t) = u_c(t)f(t − c) divwpetd ik xirp ,ok iptl . L[u1(t)f(t − 1)] z‘ aygp . f(t) = t2 idz :4.14 ‘nbec‘nbec

‘nbec

wiecn ote‘a . t ≥ 1 xear t2 divwpetl e‘ , (t − 1)2 divwpetl ddf dpi‘ u1(t)f(t − 1) meyxl lkep

.u_1(t)f(t − 1) = 0, 0 ≤ t < 1 (t − 1)^2, t ≥ 1

149 wxic ly ‘zlcd zivwpete ciiqiad zeivwpet .4 4.5 htyn jnq lr

L[u1(t)f(t − 1)](s) = e^{−s}L[f](s) =^{2e−s}_{s3}

idz :4.15 ‘nbec‘nbec

‘nbec f(t) = 0, 0 ≤ t < 2 t^2, 2 ≤ t

dxcbda xiyi yeniy ici lr z‘f zeyrl xyt‘ . L[f] z‘ aygp

.L[f](s) =^{∫ ∞}_2 e^{−st}t^2 dt

ici lr z‘f zeyrl xzei lw .miwlg itl divxbhpi‘a letk yeniya jexk lxbhpi‘d ly aeyigd -y jk g divwpet ytgp ,jk myl .zereci ze‘gqepa yeniy

.f(t) = u_2(t)g(t − 2)

oeieeyd z‘ miiwl g divwpetd lr , t ≥ 2 lkl

t^2 = f(t) = g(t − 2)

okle , g(v) = (v + 2)2 ik lawp v = t − 2 zavd ici lr

.g(t) = (t + 2)^2 = t^2 + 4t + 4

lawpe 4.5 htyna ynzyp

L[f](s) = L[u2(t)g(t − 2)](s) = e^{−2s}L[g(t)](s)

= e^{−2s}L[t^2 + 4t + 4](s) = e^{−2s}

[_2 s3 +^4_{s2} +^4_s ]

idz :4.16 ‘nbec‘nbec

‘nbec f(t) = 5, 0 ≤ t < 1 t + 4, 1 ≤ t < 2 4t − 2, 2 ≤ t zeivwpetd ly qltl zexnzdd ly libx mekq dpi‘ L[f] ik xirp ,ok iptl . L[f] z‘ aygp dxcbda xiyi yeniy ici lr L[f] z‘ aygl xyt‘ ,zncewd ‘nbeca enk . 4t−2 -e , t+4 , 5

.L[f](s) =^{∫ 1}_0 e^{−st}5 dt +^{∫ 2}_1 e^{−st}(t + 4) dt +^{∫ ∞}_2 e^{−st}(4t − 2) dt

dxeva f z‘ meyxl didi heyt xzei j‘

f(t) = g_0(t) + u_1(t)g_1(t − 1) + u_2(t)g_2(t − 2)

ziy‘x .4.5 htynay dgqepa ynzydl lkep f‘e ,zeixhpnl‘ zeivwpet od g2 -e , g1 , g0 xy‘k oeieeyd miiwzn [0, 1) rhwa . g2 -e , g1 , g0 zeivwpetd z‘ ‘vnp lk

5 = f(t) = g_0(t)

oeieeyd miiwzdl jixv [1, 2) rhwa . t ≥ 0 lkl , g0(t) = 5 gwp okl

t + 4 = f(t) = 5 + g_1(t − 1)

oeieeyd miiwzn [2, ∞) rhwa . t ≥ 0 lkl , g1(t) = t o‘kn . g1(t − 1) = t − 1 okle

4t − 2 = f(t) = 5 + (t − 1) + g_2(t − 2)

eiykr . t ≥ 0 lkl , g2(t) = 3t o‘kn . g2(t − 2) = 3t − 6 okle

L[f](s) = L[g0](s) + e^{−s}L[g1](s) + e^{−2s}L[g2](s) = 5 s + e^{−s} s^2 + 3e^{−2s} s^2

divwpet driten oda zeil‘ivpxtic ze‘eeyn oexzta ‘ed 4.5 htyn ly miyeniyd on cg‘ .d‘ad ‘nbeca d‘xpy itk ,zetivx-i‘ zecewp xtqn zlra

d‘eeynd z‘ xeztp :4.17 ‘nbec‘nbec

‘nbec y^{′′}(t) + y^′(t) = h(t), t > 0 y(0) = 0, y^′(0) = 0

xy‘k .h(t) = 1, π ≤ t < 2π 0, t /∈ [π, 2π) okle , h = uπ − u2π -y xexa

L[y^{′′} + y^′](s) = L[uπ − u2π](s)

151 wxic ly ‘zlcd zivwpete ciiqiad zeivwpet .4

lawp milw miaeyig ici lr

(s^2 + s)L[y](s) = e^{−πs} − e^{−2πs} s okle .L[y](s) =^{e−πs − e−2πs} s^2(s + 1) if‘ .y(t) = L^{−1} [ e^{−πs} s^2(s + 1) ] (t) − L^{−1} [ e^{−2πs} s^2(s + 1) ] (t) (4.6) dgqep it lr L^{−1 [ e−πs}_{s2(s + 1)}^] (t) = uπ(t)g(t − π) xy‘k

g(t) = L^{−1} [ 1 s^2(s + 1) ] (t) ote‘ eze‘ae .L^{−1 [ e−2πs}_{s2(s + 1)}^] (t) = u2π(t)g(t − 2π) miheyt mixay ly mekql 1s_2(s+1) xayd z‘ wxtp . g z‘ ‘evnl epl xzep 1 s^2(s + 1) = 1 s + 1 − 1 s + 1 s^2

lawp ,dn‘zda ,qltl zexnzd zlahay 6-e ,2 ,1 ze‘gqepa yeniy ici lr

g(t) = e^{−t} − 1 + t

okle .y(t) = u_π(t) [ e^{−(t−π)} − 1 + (t − π) ] − u_{2π}(t) [ e^{−(t−2π)} − 1 + (t − 2π) ] d‘eeyndy dcaerd mr ziawr ef dcaer . [0, π] rhwa y(t) ≡ 0 -y jkl al miyl yi :dxrd

, [2π, ∞) rhwa ,ipy cvn .miipbened dlgzdd i‘pz mbe df rhwa zipbened ‘id zil‘ivpxticd .(?dnl) zipbened d‘eeynd df rhwa mby dcaerd zexnl , y(t) ≢ 0

(Dirac) wxic ly ‘zlc zivwpet

“divwpet” ‘l‘ ,dlind ly libxd oaena divwpet dyrnl dpi‘ eiykr bivdl eppevxay divwpetd

ote‘a xicbdl icka mivegpd miihnznd milkd z‘ epcia oi‘ .dxcbdl jaeqne agx xzei oaena witqn ‘l mixaqda wtzqdl ul‘p okle ,divwpetd byen ly agx xzeid oaend z‘ wiecn z‘xwp ‘idy itk ,e‘ wxic ly ‘zlcd zivwpet .wxic ly ‘zlcd zivwpet idnl miwiecn dcewpd ly cgeind dxwna . δa ici lr zpneqn a dcewpa qletni‘d zivwpet ,minrtl

‘id δ_a ik d‘xp skiz .(δ_0 mewna) δ ici lr xeviwa minrtl zpneqn divwpetd , a = 0 . δ_a ly “dxcbd”a ligzp . δ_a(t) = δ(t − a) okle ,zecigi a -a δ ly dffd

zniiwnd δa “divwpet”d .oezp iynn xtqn a idi “:dxcbd:dxcbd

:dxcbd” ∫ A f(t)δ_a(t) dt = f(a) ,a ly daiaq dkeza zllekd ,A dveaw lk xeare ,a zaiaqa f dtivx divwpet lk xear .a dcewpa wxic ly ‘zlcd zivwpet z‘xwp

dtivxy f lkl df i‘pz zniiwnd dlibx divwpet mey zniiw ‘l ik gikedl dyw ‘l zg‘ .zeivwpet lr zlretd divwpetk ‘l‘ dlibx divwpetk zniiw dpi‘ δa . x = a dcewpa divwpet xicbp , c > 0 lkl .jildz ly leabk ‘id δa z‘ x‘zl zelaewnd mikxcd on

σ_c(t) = 1 2c , a − c < t < a + c 0, t /∈ (a − c, a + c) :ze‘ad zepekzd z‘ yi σc zeivwpetl ik ze‘xl lw ∫_∞ −∞ σ_c(t) dt = 1 .1

t ∈ R lkl , σ_c(t) ≥ 0 .2

t ≠ a lkl , lim_{c→0+} σ_c(t) = 0 .3

leabd ,aey .“limc→0+ σc(t)” leabl deey dzid eli‘k oiadl lkep δa divwpetd z‘ dpekzd z‘ “wecap” .miiw epi‘ leabd t = a dcewpae xg‘n libxd oaena miiw epi‘ oexg‘d if‘ . A = R idze , a dcewpd zaiaqa dtivx divwpet f idz . δa ly ∫_∞ −∞ f(t)δ_a(t) dt = ∫_∞ −∞ f(t) [ lim_{c→0+} σ_c(t) ] dt = lim_{c→0+} ∫_∞ −∞ f(t)σ_c(t) dt

= lim_{c→0+} 1 2c ∫_{a+c} a−c f(t) dt = lim_{c→0+} 1 2c [2cf(t_c)] = f(a)

zniiw c > 0 lkly raep epnn xy‘ ,ilxbhpi‘d miipiad jxr htyna epynzyd oexg‘d alya

153 wxic ly ‘zlcd zivwpete ciiqiad zeivwpet .4

-y jk a − c < tc < a + c dcewp ∫_{a+c} a−c f(t) dt = 2cf(t_c) .dpekp dpi‘ l”pd “dgkedd” ik aey oiivpe xefgp . a -l s‘ey tc ,qt‘l s‘ey c xy‘ky xexae

ik raep “dxcbd”dn ∫_t −∞ δ_a(s) ds = 0, t < a 1, t > a = u_a(t)

ly qltl zxnzdd z‘ aygl mb lkep .“δa(t) = u′a(t)” ik xnel lkep ,mieqn oaena ,okle

: a > 0 lkl , δ_a .L[δa](s) =^{∫ ∞}_0 e^{−st}δa(t) dt = e^{−as} milpbiqd zxeza dax zeaiyg zrcep δa divwpetl . δ0 ly qltl zxnzdd z‘ xicbp ‘l .dheyt ‘nbec ‘iap .jkl zerbepd zeil‘ivpxticd ze‘eeynl xywdae

diiral ihxt oexzt ‘vnp :4.18 ‘nbec‘nbec

‘nbec

y^{′′}(t) + 2y^′(t) + 2y(t) = δ_π(t), t > 0 y(0) = 0, y^′(0) = 0

lawpe d‘eeynd itb‘ ipy lr qltl zxnzd z‘ lirtp :oexzt:oexzt

:oexzt

(s^2 + 2s + 2)L[y] = e^{−πs}

okle

.y(t) = L^{−1} [ e^{−πs} s^2 + 2s + 2 ] (t) (4.6 dgqep d‘x) 4.5 htyn it lr y(t) = u_π(t)g(t − π) xy‘k

.g(t) = L^{−1} [ 1 s^2 + 2s + 2 ] (t) = L^{−1} [ 1 (s + 1)^2 + 1 ] (t) = e^{−t} sin t okl .y(t) = u_π(t)e^{−(t−π)} sin(t − π)

milibxz

:ze‘ad zeivwpetd on zg‘ lk ly qltl zxnzdd z‘ ayg .1

f(t) = 0, 0 ≤ t ≤ 1 (t − 1)^2, t > 1

.a f(t) = 1, 0 ≤ t ≤ T 0, t > T .‘

f(t) = t, 0 ≤ t ≤ 7 3 − t, 7 < t < 8 1, 8 ≤ t .c f(t) = t^2, 0 ≤ t < 2 4t, t ≥ 2 .b

.ze‘ad zeivwpetd on zg‘ lk ly dketdd qltl zxnzdd z‘ ayg .2 e^{−16s} s(s^2 + 2s + 4) .a e^{−s}(1 − e^{−s}) s(s^2 + 1) .‘ ik gked .3

.L[cos t ln t δπ(t)] = −e^{−πs} ln π

miiwnd [0, ∞) rhwa ihxt oexzt ‘vn ,ze‘ad zeil‘ivpxticd ze‘eeyndn zg‘ lkl .4 .mitxevnd dlgzdd i‘pz z‘

y^{′′}(t) + 4y^′(t) + 7y(t) = u_1(t), y(0) = 1, y^′(0) = 0 .‘ y^{′′}(t) + 2y^′(t) + 3y(t) = δ_π(t), y(0) = 1, y^′(0) = 0 .a y^{′′}(t) − 2y^′(t) + y(t) = (−1)^{[t]}, y(0) = 0, y^′(0) = 0 .b y^{′′}(t) + 2y^′(t) + 2y(t) = δ_π(t), y(0) = 1, y^′(0) = 0 .c y^{′′}(t) + 4y(t) = δ_π(t) − δ_{2π}(t), y(0) = 0, y^′(0) = 0 .d y^{′′′}(t) − y(t) = h(t), y(0) = y^′(0) = 0, y^{′′}(0) = 1 .e

xy‘k

.h(t) = 1, π ≤ t ≤ 2π 0, zxg‘ , y(t) = 0 xy‘k , t > 0 , y^′(t) + y(t − 1) = t^2 :d‘ad miyxtdd z‘eeyn z‘ xezt .5 . t ≤ 0 lkl

.zewfg ixeha ynzyd :dkxcd

155 diveleapew .5

diveleapew .5

ik epgked dixet zxnzd xear

.F[f ∗ g](ω) = 2πF[f](ω) · F[g](ω)

2π -d ‘ll qltl zxnzd xear mb dpekp dgqepd dze‘

L[f ∗ g](s) = L[f](s) · L[g](s)

epxcbd 3 wxta .qltl zxnzd ly dxwna diveleapew idn oiadl epilr lk ziy‘x j‘ .(f ∗ g)(t) = ∫_∞ −∞ f(t − y)g(y) dy dxcbda ynzydl lkepy icka . (−∞, 0) rhwa zexcben opi‘ eply zeivwpetd ,igkepd wxta okl .df rhwa qt‘l zeey eidi ody jk (−∞, 0) rhwl mb odly dxcbdd megz z‘ aigxp ,ef meyxl lkep .(f ∗ g)(t) = ∫_∞ −∞ f(t − y)g(y) dy -y lawp , t < y lkl f(t − y) = 0 -e y < 0 lkl g(y) = 0 -y llba

.(f ∗ g)(t) = ∫_∞ −∞ f(t − y)g(y) dy = 0, t < 0 ∫_t 0 f(t − y)g(y) dy, t ≥ 0 mixicbn ep‘ , [0, ∞) rhwa zexcbend g -e f xeary jkl daiqd idef (f ∗ g)(t) = ∫_t 0 f(t − y)g(y) dy, t ≥ 0 oeieeyd miiwzn t lkl ik ze‘xl lw ,dheyt davd ici lr .lxbhpi‘d miiw exear xy‘ t lkl .(f ∗ g)(t) = (g ∗ f)(t) ,|g(t)| ≤ K_2e^{at} -e |f(t)| ≤ K_1e^{at} -y jk K_2 -e ,K_1 ,a mireaw miniiw m‘ :4.6 htynhtyn htyn

if‘ ,t ≥ 0 lkl |(f ∗ g)(t)| ≤ K_1K_2te^{at}, t ≥ 0 oeieeyd miiwzne .L[f ∗ g](s) = L[f](s) · L[g](s), s > a

:dgked |(f ∗ g)(t)| = | | | | ∫_t 0 f(t − y)g(y) dy | | | | ≤ ∫_t 0 |f(t − y)| · |g(y)| dy

≤ ∫_t 0 K_1e^{a(t−y)}K_2e^{ay}dy ≤ K_1K_2e^{at} ∫_t 0 dy = K_1K_2te^{at}

f ∗g ly qltl zxnzdd okle , s > a lkl hlgda ziliaxbhpi‘ e^{−st}(f ∗g)(t) -y raep jkn

hlgda zeiliaxbhpi‘ e−stg(t) -e e−stf(t) zeivwpetd ,mipezpd it lr . s > a lkl zniiw okl . s > a lkl , [0, ∞) rhwa L[f ∗ g](s) =^{∫ ∞}_0 e^{−st (∫ t}_0 f(t − y)g(y) dy^) dt = ∫_∞ 0 (∫_t 0 e^{−s(t−y)}f(t − y)e^{−sy}g(y) dy ) dt

= ∫_∞ 0 (∫_∞ y e^{−s(t−y)}f(t − y)e^{−sy}g(y) dt ) dy

= ∫_∞ 0 (∫_∞ y e^{−s(t−y)}f(t − y) dt ) e^{−sy}g(y) dy

= ∫_∞ 0 (∫_∞ 0 e^{−su}f(u) du ) e^{−sy}g(y) dy = L[f](s)^{∫ ∞}_0 e^{−sy}g(y) dy = L[f](s) · L[g](s)

if‘ G = L[g] -e F = L[f] m‘y ‘id df htynl ziyeniye daeyg ziciin dpwqn

(4.7) .L^{−1} [F (s)G(s)] (t) = (f ∗ g)(t) = ∫_t 0 f(t − y)g(y) dy .(4.7) dgqepe 4.6 htyn ly milw myeniy dnk zrk mibcp

xicbp . [0, ∞) rhwa oirhewnl dtivx divwpet f idz :4.19 ‘nbec‘nbec

‘nbec φ(t) = ∫_t 0 f(y) dy

157 diveleapew .5

.zehiy izya z‘f dyrp . L[f] zervn‘a L[φ] z‘ ‘hap

okl . g(t) ≡ 1 xy‘k , φ(t) = (f ∗ g)(t) -y wecal ozip :1 dhiy

.L[φ](s) = L[f ∗ g](s) = L[f](s) · L[g](s) = L^{[f](s)}_s

zxfbpd zgqepa ynzydl lkep , φ′(t) = f(t) -e φ(0) = 0 -e xg‘n :2 dhiy

L[f](s) = L[φ^′](s) = sL[φ] − φ(0) = sL[φ](s)

aey lawp okle

.L[φ](s) = L^{[f](s)}_s

izya L−1 [F ] z‘ aygp . a > 0 xy‘k , F (s) = as_2(s_2+a_2) idz :4.20 ‘nbec‘nbec

‘nbec

.zehiy

it lr . H(s) = as_2+a_2 -e G(s) = 1s_2 xy‘k , F (s) = G(s)H(s) meyxl lkep :1 dhiy

. L^{−1} [H] (t) = sin at 4 dgqep itle , L^{−1} [G] (t) = t qltl zexnzd zlahay 6 dgqep

lawp (4.7 dgqep) 4.6 htynn okl

.L^{−1} [F ] (t) =^{∫ t}_0 (t − y) sin ay dy

d‘vezd z‘ ozep lxbhpi‘d ly izxbiy aeyig

.L^{−1} [F ] (t) =^t_a −^{sin at}_{a2}

:2 dhiy F (s) = a s^2(s^2 + a^2) = 1/a s^2 − 1/a s^2 + a^2

okle

.L^{−1} [F ] (t) =^1_aL^{−1 [ 1}_{s2}^] (t) −^1_{a2} L^{−1 [ a}_{s2 + a2}^] (t) =^t_a −^{sin at}_{a2}

zilxbhpi‘d d‘eeynd z‘ zniiwnd f divwpet ‘vnp :4.21 ‘nbec‘nbec

‘nbec . ∫_t 0 f(t − u)f(u) du = te^{−at}, t ≥ 0

lawp mitb‘d ipy lr qltl zxnzd z‘ lirtp m‘ ,(4.7) dgqep jnq lr

.L[f](s) · L[f](s) =^1_{(s − a)2}

. f(t) = ±e^{at} if‘ , L[f](s) = ±^1_{s−a} okl

zilxbhpi‘d d‘eeynd z‘ xeztp :4.22 ‘nbec‘nbec

‘nbec .g(t) + ∫_t 0 g(u)e^{−(t−u)}du = 1, t ≥ 0 mitb‘d ipy lr qltl zxnzd z‘ lirtp

L[g](s) + L^[g(t) ∗ e^{−t]}(s) = L[1](s)

okle

.L[g](s) + L[g](s) ·^1_{s + 1} =^1_s

lawpe L[g] z‘ ulgp

.L[g](s) =^{s + 1}_{s(s + 2)} =^{1/2}_s +^{1/2}_{s + 2}

. g(t) =^1_2 +^1_2 e^{−2t} okl ‘ed d‘eeynl oexztd

d‘eeyn lk ly oexztd z‘ivnl zillk dhiy zrk bivdl lkep ,diveleapewd zlert jnq lr dcewpa dlgzd i‘pz mr , [0, ∞) rhwa mireaw mincwn mr ipy xcqn dlibx zil‘ivpxtic ‘id diirad ly zillkd dxevd . t = 0 ay^{′′}(t) + by^′(t) + cy(t) = h(t), t > 0 y(0) = y_0, y^′(0) = y_1

rhwa dpezp divwpet ‘id h(t) -e , a ≠ 0 ,miiynn mireaw md y1 -e , y0 , c , b , a xy‘k z‘ milydl icka .zipbenedd d‘eeynd oexztl zillk dhiy ep‘vn 4.3 sirqa . [0, ∞) zipbened-‘ld d‘eeynd z‘ xeztl epl witqi dpenzd ay^{′′}(t) + by^′(t) + cy(t) = h(t), t > 0 y(0) = 0, y^′(0) = 0

lawp d‘eeynd ly mitb‘d ipy lr qltl zxnzd z‘ lirtp m‘

(as^2 + bs + c)L[y](s) = H(s)

159 diveleapew .5

okl . H(s) = L[h](s) xy‘k

.L[y](s) =^{H(s)}_{as2 + bs + c}

onqp .F (s) = 1 as^2 + bs + c

z‘ aygl lkep 4.3 sirq ly zehiyd ici lr

.f(t) = L^{−1} [F ] (t)

ici lr oezp okl diiral oexztd

.y(t) = L^{−1} [H(s)F (s)] (t) = ∫_t 0 f(t − y)h(y) dy . H(s) z‘ aygl jxev oi‘ ik xexa

milibxz

divwpetd ly qltl zxnzdd z‘ ayg .1 .f(t) = ∫_t 0 (u^2 − u + e^{−u}) du

.ze‘ad zeilxbhpi‘d ze‘eeyndn zg‘ lk z‘ xezt .2

f(t) + 2 ∫_t 0 f(u) cos(t − u) du = 9e^{2t} .‘

a > 0 , ∫_t 0 f(u) du − f^′(t) = 0, 0 ≤ t ≤ a 1, a ≤ t .a

f(t) + ∫_t 0 (t − u)f(u) du = sin 2t .b

f^′(0) = 1 , f(0) = −1 , f^{′′}(t) = ∫_t 0 uf(t − u) du .c

f(t) + ∫_t 0 f(u)e^{−(t−u)}du = 1 .d

f^′(0) > 0 , f(0) = 0 , ∫_t 0 f^′(u)f(t − u) du = 3te^{3t} − e^{3t} + 1 .e f(0) = 2 , 3f^′(t) − 10f(t) + 3 ∫_t 0 f(u) du = 10 sin t − 5 .f

?cigi ‘ed oexztd m‘d , ∫_t 0 f(u)f(t − u) du = 2f(t) + t − 2 .g

f(0) = 1 , f^′(t) + ∫_t 0 f(u) du = sin t .h

f^′(0) = 1 , f(0) =^1_a , ∫_t 0 f^{′′}(t)f(t − u) du = te^{at} .i

f(t) = at + ∫_t 0 f(u) sin(t − u) du .‘i

f(0) = 2 , f^′(t) + 5 ∫_t 0 f(u) cos 2(t − u) du = 10 .ai

f(0) = 0 , ∫_t 0 f^′(u)f(t − u) du = 24t^3 .bi

miiwnd [0, ∞) rhwa ihxt oexzt ‘vn ,ze‘ad zeil‘ivpxticd ze‘eeyndn zg‘ lkl .3 .mitxevnd dlgzdd i‘pz z‘

y^{′′}(t) + y(t) = g(t), y(0) = 0, y^′(0) = 0 .‘

xy‘k g(t) = t, 0 ≤ t < 1 1, 1 ≤ t y^{′′}(t) + 2y^′(t) − 3y(t) = f(t), y(0) = 1, y^′(0) = 0 .a

xy‘k f(t) = 0, 0 ≤ t ≤ 2π sin t, t > 2π y^{′′}(t) + 2y^′(t) + 3y(t) = δ_π(t) + sin t, y(0) = 0, y^′(0) = 1 .b y^{′′}(t) + y(t) = δ_π(t) cos t, y(0) = 0, y^′(0) = 1 .c , y^{′′′}(t) − y^{′′}(t) + 4y^′(t) − 4y(t) = 68e^x sin 2x .d y(0) = 1, y^′(0) = −19, y^{′′}(0) = −37

161 mitqep miyeniye ze‘nbec .6 y^{′′}(t) + 9y(t) = f_c(t), y(0) = a, y^′(0) = b .e , c > 0 xear xy‘k

f_c(t) = 0, 0 ≤ t ≤ c t − c, c < t diirad ly oexzt y1(t) idz .4

y^{′′}(t) − 4y^′(t) + 4y(t) = f_1(t), y(0) = 1, y^′(0) = 1, (t ≥ 0)

diirad ly oexzt y2(t) idze

y^{′′}(t) − 4y^′(t) + 4y(t) = f_2(t), y(0) = 1, y^′(0) = 1, (t ≥ 0)

zeneqge zetivx f2 -e f1 zeivwpetdye , t ≥ 0 lkl , f1(t) ≤ f2(t) -y oezp xy‘k

. t ≥ 0 lk xear y_1(t) ≤ y_2(t) ik gked . [0, ∞) rhwa

mitqep miyeniye ze‘nbec .6

sirq xg‘l mi‘ay mitirqd .qltl zxnzd ly mitqep miyeniye ze‘nbec dnk ‘iap df sirqa .eilr blcl ozip okle ea miielz mpi‘ df

ze‘xl lw . p > −1 , t ≥ 0 , f(t) = tp ly qltl zxnzdd z‘ aygp :4.23 ‘nbec‘nbec

‘nbec

lawpe (s > 0) u = st aivp . s > 0 lkl zxcben L[f](s) , p > −1 lkly

.L[f](s) =^{∫ ∞}_0 e^{−st}t^pdt =^{∫ ∞}_0 e^{−u (u}_s^{)p du}_s =^1_{sp+1}^{∫ ∞}_0 e^{−u}u^pdu

zivwpet z‘xwpd p ly divwpet dyrnl ‘ede , s^-a ielz izla ‘ed ∫_∞ 0 e^{−u}u^pdu ly jxrd

‘id ‘nb zivwpet ly zlaewnd dxcbdd .(Gamma) ‘nb

Γ(p) = ∫_∞ 0 e^{−u}u^{p−1}du, p > 0 ik mekiql xnel lkep okle

.L[t^p](s) =^{Γ(p + 1)}_{sp+1} , s > 0, p > −1

d‘vezd z‘ dkeza zllek ef d‘vez . Γ(p + 1) deey dnl mircei eppi‘y ‘id dcigid diirad

4.6 ‘nbeca eplawy zncewd

.L[t^n](s) =^{n!}_{sn+1} , s > 0, n ∈ Z+

zxcbdn mb zraep ef dcaer . n ∈ Z+ lkl , Γ(n + 1) = n! ik raep dl‘d ze‘vezd izyn .zrk bivpy ‘nb zivwpet ly zepekzdn zraep mb ‘ide miwlg itl divxbhpi‘e Γ divwpetd

‘nb zivwpet ly zepekz

. Γ(p + 1) = pΓ(p) , p > 0 lkl .1

p > 0 xear :dgked

:dgked

Γ(p + 1) = ∫_∞ 0 e^{−u}u^pdu

= −e^{−u}u^p | | |^∞_0 − ∫_∞ 0 ( −e^{−u} ) ( pu^{p−1} ) du

= p ∫_∞ 0 e^{−u}u^{p−1}du = pΓ(p)

. Γ(1) = 1 .2 :dgked Γ(1) = ∫_∞ 0 e^{−u}du = −e^{−u} | | |^∞_0 = 1

. Γ(^1_2 ) = √ π .3 :dgked Γ(^1_2 ) = ∫_∞ 0 e^{−u}u^{− 12} du okle , dv = 12 u−^{12} du lawp . v = u^{12} aivp

.Γ(^1_2 ) = 2 ∫_∞ 0 e^{−v2} dv = ∫_∞ −∞ e^{−v2} dv . Γ(^1_2 ) = √ π okle , √ π deey oexg‘d lxbhpi‘dy epi‘x (2 libxz d‘x) 3 wxta

-y raep 3-e 1 zepekzn Γ ( 2n + 1 2 ) = (2n − 1)(2n − 3) · · · 3 · 1 2^n √ π, n ∈ N okle

.L^{[ 1}√_t^](s) =^{√π}√_s , L^{[√}t^](s) =^{√π}_{2s 32} , . . .

163 mitqep miyeniye ze‘nbec .6

ici lr zxcben (Beta) ‘ha zivwpet :4.24 ‘nbec‘nbec

‘nbec .B(p, q) =^{∫ 1}_0 x^{p−1}(1 − x)^{q−1}dx, p, q > 0 xicbp .qltl zxnzda yeniy ici lr , p, q > 0 lk xear B(p, q) z‘ aygp .g(t) = ∫_t 0 x^{p−1}(t − x)^{q−1}dx f(t) = t^{p−1} zeivwpetd ly diveleapewd ‘id g(t) ike , g(1) = B(p, q) ik xexa

okl . h(t) = tq−1 -e

L[g](s) = L[f](s) · L[h](s) =^{Γ(p)}_{sp} ·^{Γ(q)}_{sq} =^{Γ(p)Γ(q)}_{sp+q}

okle

g(t) = L^{−1} [ Γ(p)Γ(q) s^{p+q} ] (t) =

Γ(p)Γ(q) Γ(p + q)

· L^{−1 [Γ(p + q)}_{sp+q}^] (t) = Γ(p)Γ(q) Γ(p + q) t^{p+q−1} if‘ ∫_t 0 x^{p−1}(t − x)^{q−1}dx = Γ(p)Γ(q) Γ(p + q) t^{p+q−1} hxtae

.B(p, q) =^{∫ 1}_0 x^{p−1}(1 − x)^{q−1}dx =^{Γ(p)Γ(q)}_{Γ(p + q)}

dhiy cer bivp . ∫_∞ 0 sin x

x dx lxbhpi‘d z‘ epayg 3.3 htyn zgked jeza :4.25 ‘nbec‘nbec

‘nbec

xicbp t > 0 lkl .df lxbhpi‘ aeyigl f(t) = ∫_∞ 0 sin tx x dx f dyrnl ik ze‘xl xyt‘ u = tx davdd ici lr) . f(1) -l deey eply lxbhpi‘d ik xexa (.eppiprn df oi‘ j‘ ,dreaw divwpet ‘id

.L[f](s) =^{∫ ∞}_0 e^{−st (∫ ∞}_0^{sin tx}_x dx^) dt

lawpe (o‘k ixyt‘ df) divxbhpi‘d xcq z‘ silgp

L[f](s) =^{∫ ∞}_0^{(∫ ∞}_0 e^{−st} sin tx dt^{) dx}_x = ∫_∞ 0 x s^2 + x^2 · 1 x dx

= ∫_∞ 0 dx s^2 + x^2

lawp su = x davdd ici lr . L[sin tx](s) = xs_2+x_2 -y dcaera epynzyd xy‘k

.L[f](s) =^1_s^{∫ ∞}_0^1_{1 + u2} du =^1_s arctan u^|^∞_0 =^π_{2s} okl f(t) = L^{−1} [ π 2s ] = π 2 . f(1) =^π_2 hxtae

lpxt ly milxbhpi‘ mi‘xwp ∫_∞ 0 sin u^2 du -e ∫_∞ 0 cos u^2 du milxbhpi‘d :4.26 ‘nbec‘nbec

‘nbec

ik gikep . ∫_∞ 0 sin u^2 du -e ∫_∞ 0 cos u^2 du milxbhpi‘d z‘ aygp ep‘ .(Fresnel)

xicbp . ∫_∞ 0 sin u^2 du =^{√π}_2^√_2 ik gikedl ozip dhiy dze‘ae , ∫_∞ 0 cos u^2 du =^{√π}_2^√_2 .f(t) = ∫_∞ 0 cos tu^2 du

s > 0 xear if‘

L[f](s) =^{∫ ∞}_0 e^{−st (∫ ∞}_0 cos tu^2 du^) dt = ∫_∞ 0 (∫_∞ 0 e^{−st} cos tu^2 dt ) du

= ∫_∞ 0 s s^2 + u^4 du -y dcaerd on zraep ziteqd d‘vezde ,divxbhpi‘d xcq ztlgd z‘ wicvdl ozip

.L^[cos tu^{2]}(s) =^s_{s2 + (u2)2}

165 mitqep miyeniye ze‘nbec .6

lawpe , s > 0 , x = u√s aivp

L[f](s) =^{∫ ∞}_0^s_{s2 + s2x4}^√s dx =^1√_s^{∫ ∞}_0^1_{1 + x4} dx = 1 2 √ s ∫_∞ −∞ 1 1 + x^4 dx me‘ecifxd htyna yeniy ici lr e‘ ,ilxbhpi‘d oeaygd ly miiwlgd mixayd zhiy ici lr

-l ribdl ozip ,(mi‘ad mitirqd d‘x) zeakexnd zeivwpetd ly . ∫_∞ −∞ 1 1 + x^4 dx = π √ 2 okle , L [_{1√} t ] (s) =^{√π√}_s ik xak epi‘x . L[f](s) =^π_2^√_2√_s okl f(t) = √ π 2 √ 2 · 1 √ t ik ciin lawp dfne . ∫_∞ 0 cos u^2 du = f(1) = √ π 2 √ 2 milibxz

.ze‘ad zeilxbhpi‘d ze‘eeyndn zg‘ lk z‘ xezt .1 ∫_t 0 f(u) √ t − u du = 1 + t + t^2 .‘ ∫_t 0 f(u) 3√ t − u du = t(1 + t) .a

, p, q > 0 lkly gked .2 .2 ∫ π_2 0 sin^{2p−1} θ cos^{2q−1} θ dθ = B(p, q)

milxbhpi‘d z‘ ayg .3 ∫_∞ 0 4√ xe^{−√x}dx .a ∫_∞ 0 x^2e^{−2x2} dx .‘

. ∫_1 0 ( ln 1 x )_{p−1} dx = Γ(p) , p > 0 lkly gked .4

. ∫_1 0 x^p ( ln 1 x )_q dx = Γ(q + 1) (p + 1)^{q+1}

, p, q > −1 lkly gked .5

:mi‘ad milxbhpi‘d z‘ ayg .6 ∫_∞ 0 1 − cos x x^2 dx .a ∫_2 0 (4 − x^2)^{32} dx .‘

ici lr p > 1 lkl zxcben onix ly ‘hf ziivwpet .7 .ζ(p) = 1 1^p + 1 2^p + 1 3^p + · · · ik gked .ζ(p) = 1 Γ(p) ∫_∞ 0 t^{p−1} e^t − 1 dt dketdd dxnzdd zgqep .7

eppevxa ,df sirqa .dixet zxnzdl dketdd dxnzdd xear dxebq dgqep epbvd 3.4 sirqa icka .jaeqn xzei ‘ed oiiprd o‘ky ‘l‘ ,dketdd qltl zxnzd xear dnec dgqep zzl qltl zxnzd ly dxcbdd z‘ lilkdl epilr didi ,dketd qltl zxnzdl dgqepd z‘ lawl

. σ ∈ C miakexn mikxr xear zxcben didz L[f](σ) -y jk

f idz . v = Im(σ) -e s = Re(σ) xy‘k ,edylk akexn xtqn σ = s + iv idi

xicbp . C -a mikxr zlawnde [0, ∞) rhwa zxcbend ,oirhewnl dtivx divwpet

F (σ) = ∫_∞ 0 e^{−σt}f(t) dt . F (σ) = F (s) = L[f](s) f‘ σ = s m‘ .qpkzn lxbhpi‘d exear xy‘ σ lkl

rhwa hlgda ziliaxbhpi‘e oirhewnl dtivx e−atf(t) m‘ .a ∈ R idi :4.7 dprhdprh

dprh .Re(σ) ≥ a -y jk σ ∈ C lkl zxcben F (σ) if‘ ,[0, ∞)

if‘ . s = Re(σ) ≥ a idi :dgked:dgked

:dgked . | e^{−σt} | = | e^{−(s+iv)t} | = | e^{−st}e^{−ivt} | = e^{−st} t ≥ 0 lkl okl | e^{−σt}f(t) | = e^{−st}|f(t)| ≤ e^{−at}|f(t)| .zxcben F (σ) if‘ .hlgda ziliaxbhpi‘ e−σtf(t) -e d‘vez ‘id la‘ dketdd dxnzdd zgqep z‘ lawl icka epl dyexc dpi‘ d‘ad d‘vezd

.dketdd dxnzdd zgqepl yiy mipeyd miyeniya epl riiqz xy‘ ,dnvr ipta daeyg

F (σ) if‘ [0, ∞) rhwa hlgda ziliaxbhpi‘e oirhewnl dtivx e^{−at}f(t) m‘ :4.8 htynhtyn htyn

.Re(σ) > a akexnd xeyind ivga zihilp‘

zecewp ly dxcq σn idz . Re(σ) > a megza dtivx F (σ) ik gikep lk ziy‘x :dgked:dgked

:dgked

ik gikep ,zetivxd z‘ gikedl icka .megzl zkiiy ‘id mb xy‘ σ∗ dcewpl zqpkznd megza

dxcbdd it lr . limn→∞ F (σn) = F (σ∗) |F (σ_n) − F (σ^∗)| = | | | ∫_∞ 0 ( e^{−σnt} − e^{−σ∗t} ) f(t) dt | | | ≤ ∫_∞ 0 | |e^{−σ}n^t − e^{−σ∗t} | | |f(t)| dt ik xexa lim_{n→∞} | e^{−σnt} − e^{−σ∗t} | = 0 g hlgda ziliaxbhpi‘ divwpet ‘vnp m‘ . lim_{n→∞} e^{−σnt} = e^{−σ∗t} -y meyn , t ≥ 0 lkl

-y jk

(4.8) | e^{−σnt} − e^{−σ∗t} | · |f(t)| ≤ g(t) ik lawp (3.2 htyn d‘x) bal ly zhlypd zeqpkzdd htynn f‘ lim_{n→∞} ∫_∞ 0 | |e^{−σ}n^t − e^{−σ∗t} | | · |f(t)| dt = 0 okle , Re(σn), Re(σ∗) = s∗ > a -y epl oezp . limn→∞[F (σn) − F (σ∗)] = 0 okle . | |e^{−σ}n^t − e^{−σ∗t} | | ≤ | |e^{−σ}n^t | | + | |e^{−σ∗t} | | < 2e^{−at} okl .(4.8) dgqep z‘ zniiwn ‘ide hlgda ziliaxbhpi‘ g(t) = 2e−at|f(t)| divwpetd

. Re(σ) > a akexnd xeyind ivga dtivx F

htynae (Cauchy) iyew htyna ynzyp jk myl .df megza zihilp‘ F ik eiykr gikep

.dt xikfpy (Morrera) dxxen

heyt mewr lkl if‘ ,D xyw heyt megza zihilp‘ divwpet ‘id G m‘ :iyew htyn:iyew htyn

:iyew htyn

miiwzn D megzd jeza C xebqe . ∮ C G(z) dz = 0

C xebqe xyw heyt mewr lkl m‘e ,D xyw heyt megza dtivx F m‘ :dxxen htyn:dxxen htyn

:dxxen htyn

miiwzn D jeza ∮ C F (z) dz = 0 .D megza zihilp‘ F if‘

xtqd z‘ lynl d‘x ,dl‘ mihtyn ipy zgkedl

Complex Variables and Applications, by R. V. Churchill, J. W. Brown, and R. F. Verhey.

zxcbd itl .df megza edylk xebqe heyt mewr C idi . Re(σ) > a ‘ed eply megzd

F divwpetd . ∮ C F (σ) dσ = ∮ C (∫_∞ 0 e^{−σt}f(t) dt ) dσ lawle divxbhpi‘d xcq z‘ silgdl lkep ,hlgda zilaxbhpi‘ e−σtf(t) -e xg‘n . ∮ C F (σ) dσ = ∫_∞ 0 (∮ C e^{−σt}dσ ) f(t) dt okle , C lka σ dpzyna zihilp‘ divwpet ‘id (reaw t xy‘k) G(σ) = e−σt divwpetd raep iyew htynn ∮ C e^{−σt}dσ = 0 okl . t lkl . ∮ C F (σ) dσ = 0 . Re(σ) > a megza zihilp‘ F ik raep dxxen htynne megza dtivx F -y dcaerd on

dveawa dly mikxrd ici lr oihelgl zrawp xyw heyt megza zihilp‘ divwpet :dxrd rhwa zlawn ‘idy mikxrd ici lr ixnbl zrawp divwpetd ,lynl .zecewp ly ziqgi dphw ixnbl zrawp F (σ) if‘ , s > a lkl , F (s) = L[f](s) m‘ okl .megza ‘vnpy edylk iciin ote‘a F (σ) z‘ lawl epl zxyt‘n ‘ide xg‘n daeyg ef dcaer . L[f](s) ici lr

, L[f](s) =^1_s ik epl reci f(t) = 1 xear lynl .mitqep miaeyiga jxev ila L[f](s) -n

f‘ , F (s) = e^{−ds}s_2+bs+c ik epl reci , s > a lkl m‘ ,dnec ote‘a . F (σ) = 1σ okl . s > 0

. F (σ) =^{e−dσ}_{σ2+bσ+c} gxkda

169 dketdd dxnzdd zgqep .7

hlgda ziliaxbhpi‘ e−atf(t) -y gipp (dketdd qltl zxnzd zgqep) :4.9 htynhtyn

htyn

idz .t dcewp lka zeniiw zeiccv-cgd zexfbpde dtivx f(t) ik gippe ,[0, ∞) rhwa .F (σ) = ∫_∞ 0 e^{−σt}f(t) dt, σ ∈ C , Re(σ) > a if‘ f(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt}F (σ) dσ, t > 0 .s > a lk xear

dxevd on xyi ew jxe‘l ziyrp divxbhpi‘d :dxrd L_s = {σ = s + iv ∈ C | − ∞ < v < ∞} jeza ezenlya lelkd ,akexnd xeyind ly dnecnd xivl liawnd xyi ew edf . s > a -y jk lkl lawzz , f(t) ,divxbhpi‘d ly d‘vezd .zihilp‘ F ea xy‘ , Re(σ) > a megzd ’uinexa ly lxbhpi‘d zgqep mb minrtl z‘xwp l”pd dgqepd ! s > a ly zizexixy dxiga

.(Bromwich)

zelert izy rval epilr L[f] -n f z‘ lawl ickay al miyp

. Re(σ) > a megza σ lkl , F (σ) -l L[f](s) z‘ aigxdl .‘ . s > a xear , L_s mieewd on cg‘ ly ekxe‘l^1_{2πi} e^{σt}F (σ) ly lxbhpi‘d z‘ aygl .a

.epzrc lewiyl dpezp s > a ly dxigad

‘edy gippe s > a idi .dketdd dixet zxnzdae dixet zxnzda ynzyp :4.9 htyn zgkedhtyn zgked htyn zgked divwpetd z‘ xicbp .oeicd lk jxe‘l reaw G(v) = F (s + iv), v ∈ R xnelk G(v) = ∫_∞ 0 e^{−(s+iv)t}f(t) dt = ∫_∞ 0 e^{−ivt} [ e^{−st}f(t) ] dt

= 1 2π ∫_∞ −∞ e^{−ivt}g(t) dt xy‘k .g(t) = 2πe^{−st}f(t), t ≥ 0 0, t < 0

okl .hlgda ziliaxbhpi‘e oirhewnl dtivx g divwpetd .G(v) = F[g](v) dixet zxnzd htyn it lr okle , t ≠ 0 dcewp lka zeniiw g ly zeiccv-cgd zexfbpd ,ok-enk

(3.3 htyn) dketdd .g(t) = lim_{M→∞} ∫_M −M e^{ivt}F[g](v) dv = lim_{M→∞} ∫_M −M e^{ivt}G(v) dv, t ≠ 0 milawn ep‘ t > 0 lkl 2πe^{−st}f(t) = lim_{M→∞} ∫_M −M e^{ivt}F (s + iv) dv okle .f(t) = lim_{M→∞} 1 2π ∫_M −M e^{(s+iv)t}F (s + iv) dv . dv =^{dσ}_i -e , v =^{σ−s}_i lawpe , σ = s + iv aivp . R jxe‘l v itl ‘id o‘k divxbhpi‘d okl .f(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt}F (σ) dσ

. f(0+)/2 -l s‘yi lxbhpi‘d , t = 0 dcewpa

dketdd dxnzdd zgqepa yeniy .8

‘ed dketdd qltl zxnzd dgqepa yeniyd ,dketdd dixet zxnzd zgqepa yeniyl d‘eeyda .miax mixwna jaeqn zeidl ieyr ∫_{s+i∞} s−i∞ e σtF (σ) dσ lxbhpi‘d ly aeyigd .gep zegt

dhiyd .df beqn milxbhpi‘ aeyigl zeheytde zeirahd zehiyd zg‘ z‘ df sirqa bivp ep‘ .me‘ecifxd htyn lr zqqean

xyw heyt megza zihilp‘ divwpet g -e heyte xebq mewr ‘ed C m‘ :me‘ecifxd htyn

:me‘ecifxd htyn ‘le) jeza σ_n ,. . . ,σ_2 ,σ_1 zecewp ly iteq xtqnn ile‘ ueg C z‘ ekeza llekd

if‘ ,C (lr . 1 2πi ∮ C g(σ) dσ = n∑ j=1 Res {g; σ_j}

171 dketdd dxnzdd zgqepa yeniy .8

(Laurent) oxel xehl g gezita (z−σ_j )^{−1} ly mcwnd ‘ed σ_j dcewpa g ly me‘ecifxd if‘ σ_j dcewpa m xcqn (pole) ahew yi g -l m‘ . σ_j dcewpl aiaq .Res {g; σ_j} = lim_{σ→σj} d^{m−1} dσ^{m−1} [ (σ − σ_j)^mg(σ) (m − 1)! ]

, p(σ_j) ≠ 0 , σ_j zaiaqa zeihilp‘ q(σ) -e p(σ) xy‘k , g(σ) =^{p(σ)}_{q(σ)} ea cgeind dxwna -e σ = σ_j dcewpa (1 xcqn) heyt ahew yi g -l if‘ , q^′(σ_j) ≠ 0 -e , q(σ_j) = 0 .Res {g; σ_j} = p(σ_j) q^′(σ_j)

zihilp‘ F (σ) -y gipp .dketdd dxnzdd zgqepay lxbhpi‘d aeyig ziiral zrk xefgp z‘ aygl mipiipern ep‘ . s > a idie , Re(σ) > a megza .f(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt}F (σ) dσ, t > 0 minieqn mi‘pza . F (σ) divwpet lk xear df lxbhpi‘ aeyigl zg‘ dhiy zniiw ‘l ,xen‘k zecewp ly iteq xtqn caln xeyind lka zihilp‘ F (σ) -y gipp .eze‘ aygl lkep F (σ) lr dgpdd itle , σn , . . . , σ2 , σ1 .Re(σ_j) < a, j = 1, 2, . . . , n efkxn xy‘ ΓR il‘nyd lbrnd ivgy jk lecb witqn iynn xtqn R > 0 idie s > a idi mewrd z‘ wlgp . σn , . . . , σ2 , σ1 zecewpd lk z‘ ekeza lelki R eqeicxe (s, 0) dcewpa mi‘ad minewrd ipyl ΓR I_R = {σ ∈ C | σ = s + iv, −R < v < R} C_R = {σ ∈ C | |σ − s| = R, Re(σ) ≤ s} me‘ecifxd htyn jnq lr .4.3 xeiva mi‘exy itk . 1 2πi ∮ Γ_R e^{σt}F (σ) dσ = n∑ j=1 Res { e^{σt}F (σ); σ_j }

-y ixd , ΓR = CR ∪ IR -y xg‘ne ,lecb witqn R cer lk , R -a ielz epi‘ ipnid sb‘d . 1 2πi ∮ Γ_R e^{σt}F (σ) dσ = 1 2πi ∫ I_R e^{σt}F (σ) dσ + 1 2πi ∫ C_R e^{σt}F (σ) dσ

ik xexa lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt}F (σ) dσ = lim_{R→∞} 1 2πi ∫ I_R e^{σt}F (σ) dσ miiwzn m‘ okle

(4.9) lim_{R→∞} 1 2πi ∫ C_R e^{σt}F (σ) dσ = 0 dgqepd z‘ lawp f‘ .f(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt}F (σ) dσ = n∑ j=1 Res { e^{σt}F (σ); σ_j }

z‘ miiwz F eizgz xy‘ mieqn i‘pz gqpp . F lkl miiwzn epi‘ (4.9) oeieey ,lfnd rexl

.(4.9)

.zecewp ly iteq xtqnl ile‘ hxt ,akexnd xeyina zihilp‘ divwpet F idz :4.10 htynhtyn

htyn

m‘ .l”pk CR idi

lim_{R→∞} max_{σ∈CR} |F (σ)| = 0 if‘ lim_{R→∞} 1 2πi ∫ C_R e^{σt}F (σ) dσ = 0 .t > 0 lkl miiwzn

173 dketdd dxnzdd zgqepa yeniy .8

.(Jordan’s Lemma) ocxe’b ly dnll wwcfp htynd zgked myl

:ocxe’b ly dnld ∫ π_2 0 e^{−R sin θ} dθ < π 2R oeieeyd-i‘ miiwzn , 0 ≤ θ ≤ π2 lkl :dgked:dgked

:dgked . 2θ π ≤ sin θ

dcewpa miizqne (0, 0) dcewpa ligzny xyi ew ‘ed θ ∈ [0, π2 ] xear 2θπ -y ‘id jkl daiq

lrn ‘vnp okle ,rhwa xerw sxbd j‘ ,dvw zecewp oze‘ df rhwa sin θ ly sxbl mb . ( π2 , 1)

ik raep df oeieey-i‘n .l”pd ewd ∫ π_2 0 e^{−R sin θ} dθ ≤ ∫ π_2 0 e^{− 2Rθπ} dθ = − π 2R e^{− 2Rθπ} | | | | π 2 0 = π 2R ( 1 − e^{−R} ) < π 2R ici lr oezp CR mewrd :4.10 htyn zgked htyn zgked C_R = {σ ∈ C | |σ − s| = R, Re(σ) ≤ s} = { σ ∈ C^| σ = s + Re^{iθ},^π_2 ≤ θ ≤^{3π}_2^}

, σ ∈ C lkl . | |e^{σt} | | = | | |e^{(s+Reiθ )t} | | | = e^{st} | | |e^{Rteiθ} | | | = e^{st}e^{Rt cos θ} = e^{st}e^{−Rt sin(θ− π2 )} okl | | | 1 2πi ∫ C_R e^{σt}F (σ) dσ | | | ≤ 1 2π ∫ C_R | |e^{σt} | | |F (σ)| |dσ|

≤ 1 2π max σ∈C_R |F (σ)| ∫ C_R | |e^{σt} | | |dσ|

= 1 2π max σ∈C_R |F (σ)| ∫ 3π_2 π 2 e^{st}e^{−Rt sin(θ− π2 )}R dθ okle , dσ = iReiθdθ ik wiqdl icka σ = s + Reiθ -y dcaera epynzyd iteqd alya okl . |dσ| = R dθ . | | | 1 2πi ∫ C_R e^{σt}F (σ) dσ | | | ≤ 1 2π max σ∈C_R |F (σ)|Re^{st} ∫ 3π_2 π 2 e^{−Rt sin(θ− π2 )} dθ

ik lawp φ = θ − π2 davdd ici lr . ∫ 3π_2 π 2 e^{−Rt sin(θ− π2 )} dθ = ∫_π 0 e^{−Rt sin φ} dφ ,ocxe’b ly dnldn ,okle Rt > 0 sqepa . π2 dcewpd aiaq zibef divwpet ‘id sin φ divwpetd lawp . ∫_π 0 e^{−Rt sin φ} dφ = 2 ∫ π_2 0 e^{−Rt sin φ} dφ < π Rt oeieeyd-i‘ z‘ epcia yi igkepd alya ,okl . | | | 1 2πi ∫ C_R e^{σt}F (σ) dσ | | | ≤ 1 2π max σ∈C_R |F (σ)| πe^{st} t if‘ , limR→∞ maxσ∈C_R |F (σ)| = 0 m‘y o‘kn lim_{R→∞} 1 2πi ∫ C_R e^{σt}F (σ) dσ = 0 .htynd zgked z‘ epniiq . t > 0 lkl miiwzn

iteq xtqnl ile‘ hxt , C lka zihilp‘ F m‘ :ok m‘ ‘id df htynn ziciind dpwqnd m‘e , 1 ≤ j ≤ n lkl , Re(σj) < s -y jk , σn , . . . , σ2 , σ1 zecewp ly

lim_{R→∞} max_{σ∈CR} |F (σ)| = 0

‘id F (s) ly dketdd qltl zxnzdd if‘

(4.10) f(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt}F (σ) dσ = n∑ j=1 Res { e^{σt}F (σ); σ_j }

.zepey zehiy izya F (s) = 1s_2−3s+2 ly dketdd dxnzdd z‘ aygp :4.27 ‘nbec‘nbec

‘nbec

-e xg‘n

F (s) = 1 s^2 − 3s + 2 = 1 s − 2 − 1 s − 1 ik epl zerecid ze‘gqepd on ciin lawp

.f(t) = L^{−1} [F (s)] (t) = e^{2t} − e^t

.lirl eplawy dgqepd zervn‘a f(t) z‘ aygp dzr

175 dketdd dxnzdd zgqepa yeniy .8

. σ ∈ C xy‘k , F (σ) =^1_{σ2−3σ+2} ik raep 4.8 htyn zgked ixg‘y dxrdd on

okle σ2 = 2 -e σ1 = 1 miheyt miahw ipy yi F (σ) -l f(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt} 1 σ^2 − 3σ + 2 dσ okl . s = 3 z‘ lynl xgap . s > 2 lkl .C_R = {σ ∈ C | |σ − 3| = R, Re(σ) ≤ 3} .lirl d‘veza ynzydl lkepy iptl , limR→∞ maxσ∈C_R |F (σ)| = 0 -y wecal epilr max σ∈C_R |F (σ)| = max_{σ∈CR} | | | | 1 (σ − 1)(σ − 2) | | | | okle ,seqpi‘l et‘yi |σ − 2| -e |σ − 1| mb f‘ seqpi‘l s‘yi R = |σ − 3| m‘y xexae . lim_{R→∞} max_{σ∈CR} 1 |(σ − 1)(σ − 2)| = 0 if‘ f(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt} 1 σ^2 − 3σ + 2 dσ

= Res { e^{σt} (σ − 1)(σ − 2)

; σ = 1 } + Res { e^{σt} (σ − 1)(σ − 2)

; σ = 2 }

= e^{σt} σ − 2 | | |_{σ=1} + e^{σt} σ − 1 | | |_{σ=2} = e^t 1 − 2 + e^{2t} 2 − 1

= −e^t + e^{2t}

.dpey‘xd dhiyay efl ddf d‘vez eplawe

.daeyg zg‘ dcaer cer ‘iap ,zetqep ze‘nbec d‘xpy iptl

zlrnn dphw P zlrny jk minepilet Q -e P xy‘k ,F (σ) = P (σ)Q(σ) m‘ :4.11 htynhtyn

htyn

if‘ ,Q

lim_{R→∞} max_{σ∈CR} |F (σ)| = 0

.edylk iynn xtqn ‘ed s -e CR = {σ ∈ C | |σ − s| = R, Re(σ) ≤ s} xy‘k dyw ‘l . k = n − m > 0 idie , deg(Q) = n -e deg(P ) = m -y gipp :dgked:dgked

:dgked

miiwzn |σ| ≥ M lkly jk c > 0 -e M > 0 miniiwy gikedl . | | | P (σ) Q(σ) | | | ≤ c |σ|^k okle |σ| ≥ M miiwzi σ ∈ CR lkle R ≥ |s| + M lkl ,okl .|F (σ)| = | | | P (σ) Q(σ) | | | ≤ c |σ|^k .htynd z‘vez zraep o‘kn

ik epgked , c > 0 , uc(t) divwpetd iabl :4.28 ‘nbec‘nbec

‘nbec .L[uc](s) =^{e−cs}_s , s > 0 dgqepd z‘ lawp 4.9 htynn . F (σ) = e^{−cσ}σ if‘ F (s) = e^{−cs}s xicbp m‘ okl .u_c(t) = lim_{M→∞} 1 2πi ∫_{s+iM} s−iM e^{σt}e^{−cσ} σ dσ, 0 < t ≠ c df ! uc(t) z‘ dxfg lawl icka (4.10) dgqepa ynzydl lkep ‘l ,zncewd ‘nbecl cebipa

ik wecal lw .4.10 htyn ly i‘pzd z‘ zniiwn dpi‘ e^{cσ}σ divwpetdy meyn . lim_{R→∞} max_{σ∈CR} | | | | e^{−cσ} σ | | | | = ∞ okle , σ = s − R z‘ xgap . max_{σ∈CR} | | |e^{−cσ} σ | | | ≥ e^{cR}e^{−cs} |s − R| ynzydl lkep ‘l .seqpi‘l s‘ey R xy‘k seqpi‘l s‘ey oini sb‘y ixd , c > 0 -e xg‘n

df dxwna liaen ef dgqepa yeniyd .dketdd dxnzdd z‘ ‘evnl icka (4.10) dgqepa

okle , σ = 0 dcewpa cigi heyt ahew yi e^{−cσ}σ divwpetl .dpekp ‘l d‘vezl Res { e^{σt}e^{−cσ} σ ; σ = 0 } = 1 ‘xewd z‘ xidfdl icka d‘aed ef ‘nbec . uc(t) divwpetd dppi‘ oaenk efe , t ly jxr lkl

.(4.10)^-a oekp ‘l yeniy iptn

177 dketdd dxnzdd zgqepa yeniy .8

ik xexa . F (s) = 1s_3−1 ly dketdd qltl zxnzd z‘ eiykr aygp :4.29 ‘nbec‘nbec

‘nbec .(4.10) dgqepa ynzydl lkep okle ,miniiwzn 4.10 htyn ly i‘pzye F (σ) =^1_{σ3−1}

if‘ . f(t) = L−1 [F (s)] (t) onqp .f(t) = n∑ j=1 Res { e^{σt} σ^3 − 1 ; σ_j }

, 1 :miheyt miahw dyely yi o‘k .^1_{σ3−1} ly miahwd md σ_n -e , . . . , σ_2 , σ_1 xy‘k

-y ‘evnl ozip mdn cg‘ lk iable , −1±i √ 3 2 .Res { e^{σt} σ^3 − 1 ; σ_j } = e^{σj t} 3σ^2_j okl f(t) = e^t 3 · 1^2 + e^{−1+i} √ 3 2 t 3 (_{−1+i√3} 2 )_2 + e^{−1−i} √ 3 2 t 3 (_{−1−i√3} 2 )_2

f ly d‘ad dxevl xearl lkep mitqep miaeyig ici lr f(t) = e^t 3 + (−1 + i √ 3) 6 e^{−1+i} √ 3 2 t + (−1 − i √ 3) 6 e^{−1−i} √ 3 2 t

= e^t 3 − 1 3 e^{− t2} cos √ 3 2 t − 1 √ 3 e^{− t2} sin √ 3 2 t z‘ xi‘yp . f z‘ ‘evnl icka miheyt mixayl wexita yeniy dyery ztqep jxc zniiw .‘xewl libxzk dz‘ivn

milibxz

z‘ ayg ,dketdd dxnzdd zgqepa yeniy ici lr .1

L^{−1 [ 1}_{(1 + s2)2}^] .a 0 < a < 1 , L^{−1 [ cosh a√s}_{s cosh} √_s^] .‘

L^{−1 [ s}_{(1 + s2)3}^] .c L^{−1 [ 1}_{s3(1 + s2)}^] .b

L^{−1 [ √s}_{s − 1}^] .e L^{−1 [ 1}_s√_{1 + s}^] .d

L^{−1 [ 1}_{(s + 2)2(s2 + 4)}^] .g L^{−1 [ 1}_{s(es + 1)}^] .f zillk dxfgl milibxz

. f(t) = ∫_∞ 0 u sin ut 1+u2 du idz .1

. f ly qltl zxnzdd z‘ ayg .‘ . f z‘ ayg .a [0, 2c] rhwa xy‘ , [0, ∞) rhwa 2c zixefgnd divwpetd f_c idz c > 0 reaw xear .2

ici lr dpezp .f_c(t) = t, 0 ≤ t ≤ c 2c − t, c ≤ t ≤ 2c . f_c ly qltl zxnzdd z‘ ayg a -e K mireaw miniiwe , [0, ∞) rhwa oirhewnl dtivx^{f(t)}_t -y jk divwpet f idz .3

-y jk .|f(t)| ≤ Kte^{at}, t ≥ 0 , s > a lkly gked

L^{[f(t)}_t^](s) =^{∫ ∞}_s L[f](u) du

. ln ( 1 +^1_s ) -l deey 1−e^{−t}

t ly qltl zxnzdd ik gked .4 zilxbhpi‘d d‘eeynd z‘ xezt .5 .f(t) − 1 6 ∫_t 0 (t − y)^3f(y) dy = t^2

rhwa hlgda zeliaxbhpi‘ odizexfbpe ody jk ,zetivxa zexifb zeivwpet g -e f eidi .6 ik gked . f(0) = g(0) = 0 -e , [0, ∞) .(f ∗ g)^′ = f^′ ∗ g = f ∗ g^′ zeivwpetd ly qltl zxnzdd z‘ ayg .7 ∫_t 0 sin(t − y) cos y dy .a ∫_t 0 (t − y)^2 cos 2y dy .‘

zil‘ivpxticd d‘eeynd z‘ xezt .8

y^{′′} + 2y^′ + 2y = sin at, y(0) = 0, y^′(0) = 0

.oezp reaw ‘ed a xy‘k

179 dketdd dxnzdd zgqepa yeniy .8 . 1 (s+1)2(s2+4) ly dketdd qltl zxnzdd z‘ ‘vn .9

:ze‘ad zekxrnd z‘ xezt ,qltl zxnzda yeniy ici lr .10 .‘ u_x + 2xu_t = 2x (0 < x < ∞, 0 < t < ∞) u(x, 0) = 1 (0 ≤ x < ∞) u(0, t) = 1 (0 ≤ t < ∞) .a xu_x + u_t = xt (0 < x < ∞, 0 < t < ∞) u(x, 0) = 0 (0 ≤ x < ∞) u(0, t) = 0 (0 ≤ t < ∞)