10 wxt

cica onfa zekxrne yxtd ze‘eeyn

z‘ onqp .micica zeze‘ md dly daebzd oke dqipkd zeze‘ xy‘ zkxrn ‘id cica onfa zkxrn zeize‘nd zg‘a ynzyp ,cica onfa xaecn ik yibcdl dvxp xy‘k ,e‘ t-a el‘k zeze‘a onfd dpzyn ep‘ j‘ ,j ‘ed cica dpzynk zextqa laewnd sqep dpzyn .i, k, l, m, n :micica mipzynl zelaewnd . √ −1 xear ef ze‘ mixney ,ik d‘xp 11 wxta .yxtd ze‘eeyn---onfa zereawe zeix‘pil zekxrn xear ifkxnd beviia oecp df wxta .diveleepew zekxrnk---onfa zereaw od m‘e ,oirxb zekxrnk bviil ozip zeix‘pil zekxrn ,sivx onfa enk dnibc ici lr) aexiwk zelawznd zekxrnn - cica onfa zekxrnl inpic lcen zeedn yxtd ze‘eeyn qgiizp df qxewa .mipey mibeqn minzixebl‘ zeynnnd zekxrnl cre ,sivx onfa zekxrn ly (lynl .‘ven ze‘ zexviine dqipk ze‘ zelawn xnelk ,zkxrn zex‘znk ze‘eeynl ly zeillk zepekz izn wecape ,odizepexzt z‘ x‘zp ,zeix‘pil yxtd ze‘eeyn zxcbda ligzp .zeix‘pil yxtd ze‘eeyn ici lr zx‘eznd zkxrna zeniiwzn zekxrn :d‘ad d‘eeynd ici lr xe‘izl ozip illk iaihxhi‘ mzixebl‘

y(t) = f(t; y(t − 1), . . . , y(t − N); x(t), x(t − 1), . . . , x(t − M))

(10.0.1)

dqipkd epizpigan---oezp ze‘ ‘ed x(t) ,zkxrnd ly dwinpicd z‘ dxicbnd divwpet ‘id f xy‘k .zeix‘pil yxtd ze‘eeyna wx oecp df alyne---ix‘pild dxwna fkxzp ep‘ .daebzd ‘id y(t) -e---zkxrnl .d.n xeviwa e‘ ,”yxtd ze‘eeyn” ze‘eeynl ‘xwpe ”zeix‘pil”d z‘ hinyp ef daiqn

opexzte zeix‘pil yxtd ze‘eeyn 10.1

d‘ad zillkd dxeva zeix‘pil yxtd ze‘eeyna weqrp N∑ n=0 a_ny(t − n) = M∑ m=0 b_mx(t − m)

(10.1.1)

a_N ≠ 0 ik cinz gipp ep‘ .daebzd ‘id y(t)-e---zkxrnl dqipkd epizpigan---oezp ze‘ ‘ed x(t) xy‘k daiqd :a_0 = 1 ik gipp ,sqepa .zegt cg‘ xai‘ mr mekqd z‘ xicbdl ozip zxg‘y oeeik ,b_M ≠ 0 oke 117 zeix‘pil ze‘eeyn oexzt yxtd ze‘eeyn z‘ wlgl cinz ozip df i‘pz zgzy oeeik ,a_0 ≠ 0 ik ‘id dpexg‘d dgpdd dyrnl .jynda oeciz jkl .a_0 = 1 zniiwnd dlewy d‘eeyn lawle a_0-a mincwnd lk dlgzd i‘pz oke t ≥ t_0 − M xear x(t) ze‘ ozpida 10.1.1 htyn {y(t_0 − 1), y(t_0 − 2), . . . , y(t_0 − N)} .{y(t) : t ≥ t_0} cigi oexzit yi ( 10.1.1) yxtdd z‘eeynl dxeva ycgn d‘eeynd z‘ meyxpe a_0 = 1-y gipp .davd ici lr zexiyi :dgked y(t) = − N∑ n=1 a_ny(t − n) + M∑ m=0 b_mx(t − m).

(10.1.2) .l.y.n .t ≥ t_0 xear y(t) ikxr z‘ ziaihxhi‘ dxeva aygl ozip jk df aeyigy oaenk :dpezp dqipk lkl d.n ly oexztd z‘ aygl jxc epl zpzep dgkedd ik al miyp .iteq onf lkl oexztd ikxr z‘ aygl jk ozip j‘ ,oexztd xear dxebq dgqep ozi ‘l dlgzd i‘pze x_1 dqipk xear ( 10.1.1) z‘ xzet y_1 m‘ 10.1.2 dprh {y_1(t_0 − 1), y_1(t_0 − 2), . . . , y_1(t_0 − N)}, dlgzd i‘pze x_2 dqipk xear ( 10.1.1) z‘ xzet y_2 -e {y_2(t_0 − 1), y_2(t_0 − 2), . . . , y_2(t_0 − N)}, dlgzd i‘pze αx_1 + βx_2 dqipk xear ( 10.1.1) z‘ mixzet αy_1 + βy_2 if‘ {αy_1(t_0 − 1) + βy_2(t_0 − 1), αy_1(t_0 − 2) + βy_2(t_0 − 2), . . . , αy_1(t_0 − N) + βy_2(t_0 − N)}.

10.1.1 htyn itl .dlgzdd i‘pz miniiwzn ok enk .zniiwzn d‘eeyndy lawpe ( 10.1.1)-a aivp :dgked .l.y.n .oexztd edf ok‘ ik raep okle ,cigi oexzt yi d‘eeynl dqipkd ze‘l miwewf ep‘ ,xnelk :dqipkd ze‘ ly dlgzdd i‘pz z‘ zllek dqipkd ik al miyp .t_0 onfn lgd daebzd z‘ aygl epipevxa m‘ t_0 − M onfn lgd e‘ daebz mixicbn dlgzd i‘pz mr cgia d.nd x dqipk ze‘ xear :‘ad oaena zkxrn dxicbn d.n cvik d‘xp jynda .daebze dqipk oia xyw ly xe‘z edf ”:zkxrn’’ ly byend qiqaa oeirxd edf .y ‘ven .dlgzdd i‘pzl qgiizdl xge‘n wxta ozip zegkedd z‘ .d.nl oexztd aeyig zehiya oecp ,zekxrn zebviink d.na oecpy iptl .ipbened oexzte ihxt oexzt aeyig ‘id da oecpy dpey‘xd dhiyd .Z zxnzda ocd xzei .(t lkl x(t) = 0 xnelk) x ≡ 0 xy‘k d‘eeynd oexzt ‘ed ( 10.1.1) ly ipbened oexzt 10.1.3 dxcbd zn‘zd zxyt‘n mzxigay jk ,miiytg mixhnxt N lra ipbened oexzt ‘ed ( 10.1.1) ly illkd ipbenedd oexztd .y_h-a dfk oexzt onqp .dlgzd i‘pz lkl oexztd onqp .dlgzdd i‘pza zeaygzd ‘ll ,x oezpd dqipkd ze‘ xear d‘eeynd oexzt ‘ed ( 10.1.1) ly ihxt oexzt .y_p-a dfk oexzt Version 1.0 118 20 May 2006 zeix‘pil ze‘eeyn oexzt yxtd ze‘eeyn :jk ( 10.1.1) d.nl oexzt ‘evnl ozip 10.1.4 dprh ,y_p ihxt oexzt ‘vnp .1 ,y_h illkd ipbenedd oexztd z‘ aygp .2 .mipezpd dlgzdd i‘pzl eni‘ziy jk y_h + y_p ly miiytegd mixhnxtd ikxr z‘ aygp .3 .l.y.n .10.1.2 dprhn raep :dgked .qt‘ dqipka oexztle ,qt‘ dlgzd i‘pza oexztl dwelg ici lr ‘id oexzt ziipal dipyd dhiyd .y_{ZSR} qt‘ dlgzd i‘pza oexzt ly oke ,( 10.1.1) ly y_{ZIR} qt‘ dqipka oexzt ly 2.1.5 dxcbda xkfp . ( 10.1.1) d.nl oexzt ‘ed y .= y_{ZIR} + y_{ZSR} 10.1.5 dprh .l.y.n .10.1.2 dprhn raep :dgked ‘ed y_1 − y_2 if‘ (mipey dlgzd i‘pz j‘) ddf dqipk mr d.nd z‘ mixzet y_2 -e y_1 m‘ ik al miyp .ipbened oexzt ‘ed miipbened zepexzt ly ix‘pil sexiv ,ok enk .ipbened oexzt dxeva meyxp ( 10.1.1) d.nd z‘y jk ,σ onfa dffdd xehxte‘ zxfra didyd onqp 10.1.6 dxcbd N∑ n=0 a_nσ^{−n}y(t) = M∑ m=0 b_mσ^{−m}x(t).

(10.1.3) lr lenxpe λ lynl ,dpzyna D ztlgdn lawznd mepiletd ‘ed d.nd ly (ipbenedd wlgd) ly ipiit‘d mepiletd xnelk λ^N -a ltk ici λ^N N∑ n=0 a_nλ^{−n} = N∑ n=0 a_nλ^{N−n}.

(10.1.4) .qt‘l deey ( 10.1.4) iehiady jk λ ly mikxrd md ipiit‘d mepiletd iyxy

zipbenedd d‘eeynd ly ipiit‘d mepiletd z‘ aygp 10.1.7 dnbec y(n) + 3 2 y(n − 1) + 1 2 y(n − 2) = 0.

(10.1.5) ‘ed ipiit‘d mepiletd ,N = 2-y oeeik λ^2 + 3 2 λ + 1 2 (10.1.6) ‘id zipiit‘d d‘eeynde λ^2 + 3 2 λ + 1 2 = 0.

(10.1.7) .λ = −1, λ = −1/2 md zipiit‘d d‘eeynd iyxy Version 1.0 119 20 May 2006 zekxrne .d.n yxtd ze‘eeyn .zizhiy dxeva ‘evnl ozip ipbenedd oexztd z‘

‘ed illkd ipbenedd oexztd if‘ .d.nd ly ipiit‘d mepiletd ly miyxyd z‘ λ_1, . . . , λ_N -a onqp 10.1.8 htyn

y_h(t) = N∑ i=1 A_if_i(t)

(10.1.8)

.oldlk zepezpe ,zipbenedd d‘eeynd ly zeinvr zeivwpet od f_i(t) zeivwpetde mireaw md A_i xy‘k .f_i(t) = λ^t_i if‘ ipiit‘d mepiletd ly cigi ieaixa yxey ‘ed λ_i m‘ if‘ .mixg‘d miyxyd lkn dpey df yxeye λ_i = λ_{i+1} = · · · = λ_{i+k} xnelk ,k + 1 ieaixa yxey ‘ed λ_i ik gipp .0 ≤ j ≤ k xear f_{i+j}(t) = t^jλ^t_i

y(t) = λ^t dxevdn ze‘ .dygnda wtzqp df alya .Z zexnzd lr cnlpy xg‘l ,xen‘k ,gikep htynd z‘ miiwzn m‘ ( 10.1.3) ly ipbened oexzt ‘ed

0 = N∑ n=0 a_nD^ny(t) = N∑ n=0 a_nD^nλ^t = N∑ n=0 a_nλ^{t−n} = λ^{t−N} N∑ n=0 a_nλ^{N−n}.

.ipiit‘d mepiletd ly yxey ‘ed λ xy‘k weica t lkl qt‘zn oexg‘d iehiad d.na miynzyn ep‘ xy‘k mb jiynn oeincd .x.c.n oexztl c‘n minec d.n zepexzt ik mi‘ex ep‘ .d‘ivi-dqipk zkxrn ly xe‘zl

zeix‘pil yxtd ze‘eeyne zekxrn 10.2

.dqipkd zrtyda fkxzdl epipevxa df alya .dlgzd i‘pza mbe dqipka mb ielz d.n oexzt ik epi‘x jxcl .cala y_{ZSR} oexztl zeqgiizd xnelk ,qt‘ dlgzd i‘pz zxiga ici lr ‘id z‘f zeyrl zg‘ jxc .x.c.n xear epiyry itk jk lr xabzp .dlgzdd i‘pz mixcben ea reaw onf xegal mivl‘p ep‘ :oexqg yi ef .il‘ny iccv cg ze‘e ipni iccv cg ze‘ ly 2.2.11 zexcbda xkfp

zaebz m‘ (Initially At Rest) zizlgzd dgepna ‘id d.n ici lr zx‘eznd zkxrny xn‘p 10.2.1 dxcbd .s < t_x xear y(s) = 0 zniiwn ‘id xnelk ,dqipkd zligz cr qt‘ ‘id s < t_x xear qt‘znd ipni ze‘l zkxrnd

.d.n zekxrn ly beeiqe zepekz 10.2.1 .(2.2.1 dxcbd---IOM zkxrn) d‘ivi dqipk ietin zkxrnk d.n ici lr zx‘eznd zkxrnl miqgiizn ep‘ itle ,SISO zkxrn idef 2.2.5 dxcbd itl .cica onfa zinpic zkxrn zx‘zn d.n ,2.2.3 dxcbdd it lr zizaiq ‘id zkxrnd .(N = M = 0 ea oeepnd dxwnl hxt) oexkf zlra zkxrn idef 2.2.6 dxcbd dxeva ( 10.1.1) d‘eeynd z‘ meyxl ozipy meyn (2.2.8 dxcbd)

y(t) = − N∑ n=1 a_ny(t − n) + M∑ m=0 b_mx(t − m)

(10.2.1)

Version 1.0 120 20 May 2006 mldl daebz yxtd ze‘eeyn oke ,deedae xara dqipkd ly mikxra wx ielz t rbxa daebzd ly jxrd ,xnelk .(a_0 = 1 epgpdy oeeik) .xara daebzd ikxra -y dyixcd lehia ici lr lynl z‘f .zizaiq dpi‘y zix‘pil yxtd z‘eeyn xicbdl oaenk ozip .m < 0-a ligziy jk ( 10.1.1) ly oini cva mekqd ly oezgzd leabd iepiy ici lr oiteligl e‘ ,a_0 ≠ 0 .yxtd ze‘eeyn ly dpey bevii x‘znd 12.5.1 sirq mb d‘x

.zix‘pil zkxrn zx‘zn zizlgzd dgepna z‘vnpd d.n 10.2.2 dprh

dlgzdd i‘pz ,zizlgzd dgepna zkxrn zxcbdn .ipni ze‘ ‘ed miipni zeze‘ mekq ik al miyp :dgked .l.y.n .10.1.2 dprhn zraep zeix‘pild okl .witqn mcwen onf xear qt‘ md m‘ :(2.2.14 dxcbd) zipit‘ zkxrn ‘id (!dlgzd i‘pz llek) ( 10.1.1) ici lr zx‘eznd zkxrnd miiwi yxtdd if‘ ,midf md dlgzdd i‘pz xy‘k ,dqipk zeze‘ ipyl daebz aygpe dlgzd i‘pz rawp .zix‘pil zkxrn recik efe---qt‘ dlgzd i‘pz xear ( 10.1.1) z‘

.onfa dreaw zkxrn zx‘zn zizlgzd dgepna z‘vnpd d.n 10.2.3 dprh

onqp .ipni ze‘ ‘ed σ^sx mb if‘ ipni ze‘ ‘ed x m‘ ik al miype s rawp .2.2.15 dxcbda xkfp :dgked .l.y.n .σ^sx dqipk xear ( 10.1.1) z‘ xzet σ^sy ik ze‘xl lw .y = Φx-a

zeix‘pil yxtd ze‘eeyn ly mldl daebz 10.3

.cica onfa mb ,zekxrn ly zebdpzd gezipe aeyigl qiqa ‘id mldl daebz

oneqz xy‘ Kronecker delta function xwpexw ly dzlcd zivwpet ‘id cica onfa mld zivwpet 10.3.1 dxcbd ‘id dzxcbd .δ-a

δ(n) =

1 n = 0 0 .zxg‘

(10.3.1)

.xac lkl dlibx divwpet ‘id xwpexw ly dzlcd zivwpet ,sivx onfa dzlc ziivwpetl cebipa ‘id xeztl epilry d‘eeynd .d‘ad dxeva mldl daebz aygl ozip 10.1.7 dnbec xear

y(n) + 3 2 y(n − 1) + 1 2 y(n − 2) = δ(n).

(10.3.2)

oaenk mde ,N = 2 oky ,dlgzd i‘pz ipy miyexc

y(−1) = y(−2) = 0.

(10.3.3)

Version 1.0 121 20 May 2006 mldl daebz yxtd ze‘eeyn dxiyi dxeva aygp

y(0) = − 3 2 y(−1) − 1 2 y(−2) + δ(0)

(10.3.4) = 0 + 0 + 1 = 1.

(10.3.5) y(1) = − 3 2 y(0) − 1 2 y(−1)

(10.3.6) = − 3 2 · 1 − 0 = − 3 2 (10.3.7)

y(2) = − 3 2 y(1) − 1 2 y(0)

(10.3.8) = − 3 2 ( − 3 2 ) − 1 2 · 1 = 5 4 . (10.3.9)

oexztl miwewf ep‘ xnelk ,(qt‘ deey dzlcd zivwpety oeeik) qt‘zn d‘eeynd ly oini cv n ≥ 1 xear aivp n ≥ 1 xear ,okl .(−1, −1/2) md ipiit‘d mepiletd iyxy ik ep‘vne xak epayig mle‘ .ipbened :xiyid aeyigd ze‘vezl deeype illkd ipbenedd oexzta

y(n) = A_1(−1)^n + A_2 ( − 1 2 )_n (10.3.10)

y(1) = −A_1 − 1 2 A_2 = − 3 2 (10.3.11)

y(2) = A_1 + 1 4 A_2 = 5 4 . (10.3.12)

xeaign .ipbened eppi‘ oexztd zxg‘ ,n > 0 xear wx miiwzn d‘eeyn lka oexg‘d oeieeyd ik al miyp .A_1 = 1 lawpe y(1) xear d‘eeyna aivp .A_2 = 1 okle (−1/4)A_2 = −1/4 lawp zepexg‘d ze‘eeynd izy ik ep‘vn mekiql

h(n) =

(−1)^n + ( −^1_2

)_n

n ≥ 1 1 n = 0 0 .zxg‘

(10.3.13)

mld zaebz aeyig 10.3.1 :d‘ad dxeva d.n z‘ meyxp

y(t) = − N∑ n=1 a_ny(t − n) + M∑ m=0 b_mx(t − m).

(10.3.14)

.onfa zeriawe zeix‘pila yeniy ici lr mldd zaebz aeyig .1

zkxrnd ly h_0(t) mldd zaebz z‘ dligz aygp (‘)

y(t) = − N∑ n=1 a_ny(t − n) + x(t).

(10.3.15)

okl .t > 0 xear zipbenedd d‘eeynd ly oexzt ‘ed h_0 ze‘d

Version 1.0 122 20 May 2006 zil‘ivppetqw‘ dqipkl daebz yxtd ze‘eeyn miwewf ep‘ mze‘ ‘evnl zpn lr .mincwn N df oexztl .d‘eeynl ipbenedd oexztd z‘ ‘vnp (a) okl .ze‘eeyn N-l z‘ d‘eeynd jezn ,dnbeca enk ,aygp (b) y(N − 1), y(N − 2), . . . , y(0),

(10.3.16) .n < 0 xear y(n) = 0 md dlgzdd i‘pzy dcaera aygzda xear epayigy mikxrl mixhnxtd z‘ mi‘zpe ,d‘eeynl ipbenedd oexztd z‘ ‘vnp zrk (c) y(N − 1), y(N − 2), . . . , y(0),

(10.3.17) .h_0(n) z‘ jk m‘ ep‘vn lawpe ,onfa zeriawae zeix‘pila ynzyp zrk (d) h(n) = M∑ m=0 b_mh_0(n − m).

(10.3.18)

.(minld oefi‘) xiyi aeyig .2 df avna .N ≥ M :oey‘x dxwn (‘) z‘ aygp .i y(N − 1), y(N − 2), . . . , y(0),

(10.3.19)

xear epayigy mikxrl mixhnxtd z‘ mi‘zpe ,illkd ipbenedd oexztd z‘ aygp .ii y(N − 1), y(N − 2), . . . , y(0),

(10.3.20) .h(n) z‘ jk ep‘vn z‘ aygl epilr df dxwna .N < M :ipy dxwn (a) y(M − 1), y(M − 2), . . . , y(M − N),

(10.3.21) ep‘vny dgqepdy al miyp .mixhnxt mi‘zpe ipbened oexzt aygp :jxc dze‘a jiynp zrke epilr h(n), 0 ≤ n ≤ M − N − 1 ly mikxrl eli‘e ,n ≥ M − N xear ‘id df dxwna .yxetnd aeyigd z‘veza ynzydl .Z zxnzd jxc---mldd zaebz z‘ aygl dlirie ztqep dhiy cnlp 12 wxta

Version 1.0 123 20 May 2006 zil‘ivppetqw‘ dqipkl daebz yxtd ze‘eeyn

xcz zaebze zil‘ivppetqw‘ dqipkl d.n ly daebz 10.4

ici lr wecap .ihxt oexzt deedn ‘edy oaena ,akexn α xear yxtd z‘eeyn ly invr ze‘ ‘ed α^t ze‘d xear miyxtdd z‘eeyn z‘ mixzet y(t) = H(α)α^t daebzde x(t) = α^t dqipkd ik ( 10.1.1)-a davd .‘edylk H(α) akexn reaw N∑ n=0 a_ny(t − n) = N∑ n=0 a_nH(α)α^{t−n}

(10.4.1)

= α^tH(α) N∑ n=0 a_nα^{−n}

(10.4.2) M∑ m=0 b_mx(t − m) = M∑ m=0 b_mα^{t−m}

(10.4.3)

= α^t M∑ m=0 b_mα^{−m}.

(10.4.4)

m‘ wxe m‘ (α lkl) miiwzi oeieeiy

H(α) =

∑_M m=0 b_mα^{−m} ∑_N n=0 a_nα^{−n} . (10.4.5)

meyxp |α| = 1-y ihxtd dxwna .zxeqnzd zivwpet ‘ed H(α) ,jynda d‘xpy itke sivx onfa enk mdylk minly xear Ω = kπ/m m‘ wxe m‘ zixefgn dqipk ‘idy x(t) = e^{jtΩ} ‘id dqipkd α = e^{jΩ} .xczd zaebz ‘id H(e^{jΩ}) divwpetd .y(t) = H(e^{jΩ})e^{jtΩ} ‘id efk dqipkl daebzd .k, m

Version 1.0 124 20 May 2006