5 wxt

dixet zxnzd

?miil‘ivppetqw‘ zeze‘ recn :‘ean 5.1

dqipkd m‘ ,xnelk .(a”wl) onfa zereaw zeix‘pil zekxrn ly ’’invr ze‘” ‘ed il‘ivppetqw‘ ze‘ dze‘n ze‘ ‘id mb daebzd if‘ ,(akexn xtqn ‘ed s xy‘k) x(t) = e^{st} dxevdn ze‘ ‘id a”wl zkxrnl ly ihxt oexzt xear ef dcaer wecal lw .H(s) akexn reaw xear H(s)e^{st} didz daebzd xnelk ,dxev .wecape d‘eeyna aivp .y_p(t) = H(s)e^{st} dxevdn ihxt oexzt yi x(t) = e^{st} dqipk xeary ygpp .x”cn N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(5.1.1) N∑ n=0 a_n d^nH(s)e^{st} dt^n = M∑ m=0 b_m d^me^{st} dt^m

(5.1.2)

H(s) N∑ n=0 a_ns^ne^{st} = M∑ m=0 b_ms^me^{st}

(5.1.3)

H(s) =

∑_M m=0 b_ms^me^{st} ∑_N

n=0 a_ns^ne^{st} . (5.1.4)

mepiletd ly yxey eppi‘ s-y i‘pza xnelk ,qt‘ epi‘ dpkndy i‘pza ,dfk ihxt oexzt miiw ok‘ :dpwqn .x”cnd ly ipiit‘d

44 dxfg dixet :d‘ivid z‘ aygp ,diveleepew zkxrn xear

y(t) =

∫_∞ −∞ x(t − τ)h(τ) dτ

(5.1.5) = ∫_∞ −∞ e^{s(t−τ )}h(τ) dτ

(5.1.6) = ∫_∞ −∞ e^{st}e^{−sτ} h(τ) dτ

(5.1.7)

= e^{st}

∫_∞ −∞ e^{−sτ} h(τ) dτ

(5.1.8)

= e^{st}H(s).

(5.1.9)

mb zxcben zkxrn dze‘ m‘y oaenk .dqipkd ze‘ letk reaw ‘id daebzd ik d‘vezl eprbd aeye .zkxrnl dxeywd ,zg‘ divwpet zeidl zaiig H(s) divwpetd if‘ ,diveleepew zkxrnk mbe x”cn jxc ly xywda .qltl zxnzd ly xywda jynda dilr cnlpe ,zxeqnzd zivwpet z‘xwp H(s) divwpetd idef diveleepew zekxrn ly xywae ,minepilet ipy ly dpn cinz ‘id ef divwpet ik mi‘ex ep‘ x”cn xtqn ‘ed ω xy‘k s = jω m‘ ,hxta .(diveleepewd oirxb e‘) mldd zaebz ly ziccv ec qltl zxnzd zaebz mi‘xew ep‘ H(jω)-l .izief xczk yxtl ozip ω z‘e ,ipenxd ze‘ ‘ed dqipkd ze‘ if‘ ,iynn ze‘d ‘id df xcza ze‘l daebzd if‘ e^{jωt} ipenxd ze‘ ‘id dqipkd m‘y oeikn ,zkxrnd ly xczd zxnzd weica ‘id ( 5.1.9)--( 5.1.8) ici lr H(jω) zxcbd .xczd zaebz ‘edy reawa ltkend ,ixewnd lra xac---zeix‘pil zekxrn ly xczd xeyina gezipl epze‘ dliaen ef dcaer .h mldd zaebz ly dixet .ziaihi‘ehpi‘e zilwifit zernyn

dixet zxnzd 5.2

dixet lxbhpi‘ jxc dixet zxnzd z‘ xicbp (4.1.2 dxcbd) L_1-a zeivwpet xear

F{x}(ω) = X(ω) .=

∫_∞ −∞ x(t)e^{−jωt} dt.

(5.2.1)

dketdd dixet zxnzd z‘ xicbp if‘ L_1-a ‘ed mb X(ω) m‘

F^{−1}{X}(t) = x̂(t) .= 1 2π ∫_∞ −∞ X(ω)e^{jωt} dω.

(5.2.2)

oial x oia xywd .ixewnd ze‘d z‘ dxifgn dketdd dxnzddy epl ghaen ‘ly ‘id x̂ oeniql daiqd epi‘ j‘ ,dixet zxnzd aeyigl jxc ‘ed lxbhpi‘d ik yibcdl aeyg .wnerl epiadl aeyge akxen ‘ed x̂ lxbhpi‘d hxtae ,L_1-a zeze‘l wx dtwz jxc idef .dxnzdd z‘ xicbdl dcigid jxcd ∫_∞ −∞ e^{−jωt} dt

.(t lkl 1 deeyd ze‘d) 1 ze‘d ly dxnzdd z‘ xicbn epi‘ ‘linne ,llk xcben epi‘ jk onqp mdipia xywd z‘ .x ze‘d ly dixet zxnzd ‘id F[x](ω) .mi‘ad mipeniqa ynzyp ep‘ divwpet) izird ze‘dy jkl zeaiyg yi okle ,x ≠ F[X]-y oeeik ixhniq epi‘ df xyw ik al miyp .x^F↔ X .oini cva driten ,xczd dpzyn ly divwpet ‘idy ,dxnzdde l‘ny cva riten (t dpzynd ly

Draft 45 3 April 2006 dxfg dixet

dxfg 5.3

mi‘pzd lk z‘ oiivp ‘l jk awr .zeilxbhpi‘ zexnzde dixet ixeh qxewn xneg lr xefgp df sirqa miniiwn mpi‘y zeze‘l aigxp ‘ad sirqa .L_2-a mbe L_1-a md zeze‘d lky gipp df sirqa .miihnznd .el‘ mi‘pz ,x̂-a onqpy dketd dxnzd yi X-l .X-a onqpy dixet zxnzd el yi if‘ L_2-a ze‘ ‘ed x m‘ 5.3.1 htyn miiwzne ∫_∞ −∞ |x(t) − x̂(t)|^2 dt = 0 .

(5.3.1)

dxnzdd ik migihand mipey mi‘pz mpyi .xzei ea winrp jynda j‘ ,icnl hyten ‘ed df htyn .ixewnd ze‘d z‘ dxifgn dketdd dxnzdde ,dcewp lka zxcben X ∈ L_1 sqepa m‘ .meqg X(ω)-e ahid zxcben ely dixet zxnzd if‘ x ∈ L_1 m‘ .dlkixic i‘pz 5.3.2 htyn :mi‘ad mi‘pzd miniiwzne ,iteq onf rhw lka menipine meniqwn zecewp ly iteq xtqn lra ‘ed x ze‘d .1 ,iteq onf rhw lka zetivx i‘ zecewp ly iteq xtqn lra ‘ed x ze‘d .2 if‘ x̂(t) = 1 2 [x(t^−) + x(t^+)] .

(5.3.2)

.zetivx i‘ zecewpa mikxrd rvennl deeye ,zetivx zcewp lka ixewnd ze‘l deey dketdd dxnzdd ,xnelk oke ,ahid zxcben dxnzdd :dpey‘xd dprhd z‘ wx gikep :dgked |X(ω)| ≤

∫_∞ −∞ | e^{−jωt} | |x(t)| dt = ||x||_1 .

(5.3.3) .l.y.n :dxnzdd zepekz 5.3.1 :zix‘pil dlert ‘id dixet zxnzd 5.3.3 htyn ax_1 + bx_2^F↔ aX_1 + bX_2 .

(5.3.4)

.l.y.n .lxbhp‘d zeix‘piln raep---lxbhp‘d jxc zxcben dxnzddy dxwnd xear :dgked

Draft 46 3 April 2006 dxfg dixet X(ω) = X^∗(−ω) if‘ ,iynn ‘ed xnelk ,x(t) = x^∗(t) m‘ .dixet zxnzd ly dixhniq zepekz 5.3.4 htyn .(akexnd oaena) ibef ‘ed xnelk .iynn ‘ed X(ω) if‘ ,x^∗(t) = x(−t) xnelk ,(akexnd oaena) ibef ‘ed x m‘ oaena ixhniq ihp‘) x(t) = −x(−t) m‘ .X(ω) = X(−ω) if‘ (iynnd oaena ixhniq) x(t) = x(−t) m‘ .X(ω) = −X(−ω) if‘ (iynnd

if‘ iynn x m‘ :dgked X(ω) =

∫_∞ −∞ x(t)e^{−jωt} dt

(5.3.5) X^∗(ω) =

∫_∞ −∞ x^∗(t)e^{jωt} dt

(5.3.6) = ∫_∞ −∞ x(t)e^{−j(−ω)t} dt .

(5.3.7) .l.y.n .dnec zepekzd x‘y zgked onfa dffd .ze‘ad zepekzd opyi dixet zxnzdl 5.3.5 htyn x(t − τ)^F↔ X(ω)e^{−jωτ} .

(5.3.8) xcza dffd x(t)e^{jω0t F}↔ X(ω − ω_0)

(5.3.9) (onfd xeyina) dxifb d dt x(t)^F↔ jωX(ω) .

(5.3.10) d^n dt^n x(t)^F↔ (jω)^nX(ω) .

(5.3.11) (onfd xeyina) diveleepew (x ∗ y)(t)^F↔ X(ω)Y (ω) .

(5.3.12) onfd xeyina ltk e‘ (xczd xeyina) diveleepew x(t)y(t)^F↔ 1 2π (X ∗ Y )(ω) .

(5.3.13) (xcz e‘) onf zlwq iepiy x(at)^F↔ 1 |a| X (ω a ) . (5.3.14)

Draft 47 3 April 2006 dxfg dixet .F[f](ω) = 2πg(−ω) if‘ f = F[g] m‘ ,mini‘zn miipkh mi‘pz zgz .Duality zeil‘ec 5.3.6 htyn ,xzei illk ote‘a

F (F[h]) (u) = 2πh(−u) , F^4[h] = 4π^2h .

(5.3.15)

dxcbddn :dgked

F[f](u) .=

∫_∞ −∞ f(s)e^{−jus} ds

(5.3.16)

= 2π 1 2π ∫_∞ −∞ f(s)e^{j(−u)s} ds

(5.3.17)

= 2π ( F^{−1}[f] ) (−u)

(5.3.18) = 2πg(−u) .

(5.3.19)

.l.y.n .dipyd dxeyd mb zraep o‘kn zwzrd---reawa ltk ick cr---‘id ziriax dwfga F ly dlrtd ik ‘id dpexg‘d dgqepd zernyn ik ziciin raep o‘kn .ixewnd ze‘d z‘ dxifgn ‘id :zedfd

F^{−1} =

F^3 4π^2 . (5.3.20)

,L_2-a x, y lkl .(Plancherel lxyplt) 5.3.7 htyn ∫_∞ −∞ x(t)y^∗(t) dt = 1 2π ∫_∞ −∞ X(ω)Y^∗(ω) dω .

(5.3.21)

y ∈ L_2 lkl m‘ ,Z(ω)-e x(t) ∈ L_2 ozpda .‘ad oaena X(ω) z‘ dxicbn ef dpekz ∫_∞ −∞ x(t)y^∗(t) dt = 1 2π ∫_∞ −∞ Z(ω)Y^∗(ω) dω

(5.3.22)

:xczd megza e‘ onfd megza aygl ozip ze‘d ly dibxp‘d z‘ ,hxta .x^F↔ Z gxkda if‘ ∫_∞ −∞ x(t)x^∗(t) dt =

∫_∞ −∞ |x(t)|^2 dt = 1 2π ∫_∞ −∞ |X(ω)|^2 dω .

(5.3.23)

dhiy :silgz epl ozep htynd ,L_2-a zeze‘ xear dixet zxnzd aeyigl dgqep epl oi‘y oeeikn :dxrd 5.4.1 dnec dxcbda ynzydl xyt‘ ik d‘xp jynda .dixet zxnzd ok‘ ‘ed miieqn cnren m‘ wecal .dxnzdd aeyig jxevl mb

Draft 48 3 April 2006 zellken zeivwpetl dxnzd dixet ,L_1-a mbe L_2-a mdy x, y xear :(cala ( 5.3.23)-e ( 5.3.22) ly) dgked ∫_∞ −∞ x(t)y^∗(t) dt =

∫_∞ −∞ x(t) [ 1 2π ∫_∞ −∞ Y (ω)e^{jωt} dω

]_∗ dt (5.3.24) = 1 2π ∫_∞ −∞ Y^∗(ω) [∫_∞ −∞ e^{−jωt}x(t) dt ] dω (5.3.25) = 1 2π ∫_∞ −∞ Y^∗(ω)X(ω) dω .

(5.3.26)

.l.y.n .o‘k gikep ‘l dipyd dprhd z‘ .miaexw ici lr L_1-a gxkda mpi‘y zeze‘l z‘f aigxdl ozip xeyina ze‘d jxc mb j‘ ,onfd xeyin jxc mb aygl ozip ze‘ ly dibxp‘d z‘ ik d‘xn df htyn zxnzdl gztnd ‘id ef dgqep ik d‘xp jynda .ω xcza ze‘d ”lceb” z‘ x‘zn X(ω)-y o‘kn .xczd .xzei zillkd dixet

zellken zeivwpetl dixet zxnzd 5.4

u dbxcnd zivwpet lynl jk :zellken zeivwpetk zelibx zeivwpet yxtl ozip ik yibcdl yi ziy‘x dpgady oaenk .dixet zxnzdl lxbhpi‘d zgqep z‘ dilr lirtdl ozip ‘l okl .L_2-a ‘l mbe L_1-a dppi‘ .zellken zeivwpetl mb dpekp ef zeivwpetl mb dixet zxnzd xicbdl ozipy xazqn ,zixyt‘ dppi‘ lxbhpi‘d jxc dxcbddy zexnl if‘ ,ω dpzynd ly oga zivwpet ‘id ϕ-e L_1-a divwpet ‘id f m‘ ik al miyp ,dxcbdd jxevl .zellken ∫_∞ −∞ F(f)(ω)ϕ(ω) dω =

∫_∞ −∞ ∫_∞ −∞ f(t)e^{−jωt}ϕ(ω) dω dt

(5.4.1) = ∫_∞ −∞ f(t) (∫_∞ −∞ e^{−jωt}ϕ(ω) dω ) dt (5.4.2) = ∫_∞ −∞ f(t)F{ϕ}(t) dt.

(5.4.3)

zeivwpet xear epgked xy‘ df xyw .oga zivwpet dnvra ‘id oga zivwpet ly dixet zxnzd ik al miyp .zllken divwpet ly dixet zxnzd ly dxcbd dyrnl ynyn L_1-a

xy‘ ,ω dpzynd ly zllken divwpet ‘id t dpzynd ly f zllken divwpet ly dixet zxnzd 5.4.1 dxcbd :oga zeivwpet lr dzlert jxc zxcben ‘ide ,F(f)-a onqp ∫_∞ −∞ F(f)(ω)ϕ(ω) dω =

∫_∞ −∞ f(t)F{ϕ}(t) dt.

(5.4.4)

ly dixet zxnzd ici lr eplaiw xy‘ zllkend divwpetd ly dlertd z‘ x‘zn d‘eeynd ly l‘ny cv divwpetd ly dlertd weica ‘ed oky ahid xcben oini cv .oga zivwpet lr dzlert zwica ici lr z‘f ;f .oga zivwpet lr f zllkend wecal eplr zllken divwpet ok‘ ‘id zllken divwpet ly dixet zxnzdy ‘ceel ick :zihnzn dxrd lxbhp‘d oky ziciin ‘id zeix‘pild mle‘ ,o‘k oecp ‘l dipyd dcewpa .zetivxe zeix‘pil :mixac ipy .l‘ny cv mb okle ix‘pil dxcbdd ly oini cv okl ,ix‘pil ‘ed dixet zxnzd ly

Draft 49 3 April 2006 zellken zeivwpetl dxnzd dixet .zexnyp dixet zxnzd zepekz lk ,zilxbhpi‘d dxnzdd ly zepekz jxc dixet zxnzd epxcbdy oeeik ly xywda epi‘x) dxcbdd ly oaena ,dly dixet zxnzd oial divwpet oia ikxr cg cg xyw yi ,hxta .(dcewp lka jxrl qgia epi‘ xywdy dlkixic i‘pz :mld zivwpet ly dixet zxnzd z‘ aygp 5.4.2 dnbec ∫_∞ −∞ F{δ}(ω)ϕ(ω) dω =

∫_∞ −∞ ∫_∞ −∞ δ(t)e^{−jωt}ϕ(ω) dω dt

(5.4.5) = ∫_∞ −∞ ϕ(ω)

∫_∞ −∞ e^{−jωt}δ(t) dt dω

(5.4.6) = ∫_∞ −∞ ϕ(ω) · 1 dω,

(5.4.7) .t lkl 1 deeyd divwpetd xnelk ,1 divwpetd ‘id dzlc ly dixet zxnzd okle .1 divwpetd ly dixet zxnzd z‘ aygp ,jetdd oeeka dxcbda ynzyp .zllken divwpet l‘k dil‘ qgiizp 1 divwpetd ly dixet zxnzd z‘ aygl ick 5.4.3 dnbec lawpe ∫_∞ −∞ F{1}(ω)ϕ(ω) dω =

∫_∞ −∞ 1 · F{ϕ}(t) dt

(5.4.8) = 2π 1 2π ∫_∞ −∞ e^{j·0·t} · F{ϕ}(t) dt

(5.4.9) = 2πϕ(0)

(5.4.10) = ∫_∞ −∞ 2πδ(ω)ϕ(ω) dω

(5.4.11) zivwpet ‘id ϕ-y oeeik :ω = 0 dcewpa ϕ ly dxnzdd ly dketd dxnzd ef ik lawzd oexg‘d iptld oeieeyd xy‘k oexg‘l oey‘xd xai‘d ly d‘eeyd .divwpetd ly ixewnd jxrd z‘ zpzep dxnzdd ly dketdd dxnzdd ,oga .F{1}(ω) = 2πδ(ω) ik d‘xn lawp 1 ly dixet zxnzde onfa dffdd zpekzn F ( e^{jω0t} ) (ω) = 2πδ(ω − ω_0) .

(5.4.12) -y oeeik cos(ω_0t) = 1 2 [ e^{jωt} + e^{−jωt} ] (5.4.13) ik dxnzdd ly zeix‘pild zpekzn lawp F[cos(ω_0·)](ω) = π [δ(ω − ω_0) + δ(ω + ω_0] .

(5.4.14)

Draft 50 3 April 2006 zellken zeivwpetl dxnzd dixet ,L_1-a dpi‘ i‘ceea ‘id j‘ ,ahid zxcben divwpet idefy oaenk .x(t) = t^n ly dxnzdd z‘ aygp 5.4.4 dnbec lawp ( 5.4.4) dxcbdn .dxnzdd aeyigl zilxbhpi‘d dgqepa ynzydl ozip ‘l okle ∫_∞ −∞ F{x}(ω)ϕ(ω) dω =

∫_∞ −∞ t^nF{ϕ}(t) dt

(5.4.15)

= (−j)^n

∫_∞ −∞ (jt)^nF{ϕ}(t) dt.

(5.4.16)

,zncewd dnbeca enk ,okl .^{dn}_{dωn} ϕ(ω) ly dixet zxnzd ‘id (jt)^nF{ϕ}(t) ik epi‘x mle‘ ∫_∞ −∞ F{x}(ω)ϕ(ω) dω = (−j)^n

∫_∞ −∞ F { d^n dω^n ϕ } (t) dt

(5.4.17)

= (−j)^n2π 1 2π ∫_∞ −∞ e^{j0t}F { d^n dω^n ϕ } (t) dt

(5.4.18)

= 2π(−j)^nϕ^{(n)}(0)

(5.4.19) = ∫_∞ −∞ 2πj^nδ^{(n)}(ω)ϕ(ω) dω

(5.4.20)

.F{t^n} = 2πj^nδ^{(n)} eplaiw oexg‘de oey‘xd iehiad z‘eeydne

z‘ dl yie 5.4.1 jxc zxcben dxnzdd .zllken divwpet ‘id zllken divwpet ly dixet zxnzd 5.4.5 htyn ‘ed dxnzdde divwpetd oia xywd .5.3.6-e 5.3.5 ,5.3.4 ,5.3.3 mihtyna zeritend dixet zxnzd ly zepekzd ly oaena ‘id zecigid .zg‘ divwpet dni‘zn dxnzd lkle dcigi dxnzd yi divwpet lkl xnelk ikxr cg cg .zellken zeivwpet

ze‘ edfy oeeik .dixet lxbhpi‘ jxc dxnzdd z‘ aygl ozip ‘l okle L_1-a eppi‘ x(t) = sign(t) ze‘d ihnznd gezitd .ely dxnzdd aeyig z‘ x‘zl dqpp ,mixg‘ miaeyigl ‘ven zcewp deedne iqiqa .o‘k eze‘ x‘zp ‘le ,akxen ‘ed wiecnd dpekzdn ik al miyp ,ziy‘x F ( dx dt ) (ω) = jωX(ω)

(5.4.21)

miiwzn m‘ ik raep dx dt = dy dt (5.4.22)

ielz epi‘y reaw ‘ed x(t) − y(t) = c ik gihan zexfbpd ly oeieeyd .ω ≠ 0 lkl jωX(ω) = jωY (ω) if‘ xn‘p ,zxfbpd ly dixet zxnzd epl dreci m‘ ,jkn dxzi .t-a F ( dx dt ) (ω) = Y (ω)

(5.4.23)

ω ≠ 0 lk xear ,gxkda if‘

X(ω) = 1 jω Y (ω) + Z(ω)

(5.4.24)

Draft 51 3 April 2006 zellken zeivwpetl dxnzd dixet zllken divwpet ‘edy e‘ ,0 e‘ ‘ed Z(ω) ik ‘ed xacd yexity oaenk .ω ≠ 0 lkl qt‘zn Z(ω) xy‘k .dizexfbpe δ znbec ,0 aiaq wx ‘id dzrtydy ,iliaxbhpi‘e ixhniq-ihp‘ ze‘ xear

X(0) =

∫_∞ −∞ e^{j·0·t}x(t) dt = 0

(5.4.25)

mpi‘y miixhniq-ihp‘ zeze‘ xear mb dtwz didz ef dpekz ik mitvn ep‘ okl .dixhniq-ihp‘d awr ,hxta .miliaxbhpi‘

F[sign](0) = 0 .

(5.4.26)

,zxfbpd zpekz jezn F ( d dt sign ) (ω) = F(2δ) = 2 .

(5.4.27)

ik raep o‘kn

F(sign)(ω) = 2 jω (5.4.28)

.Z(ω) = 0 xnelk ,oewiz siqedl jxev oi‘y epl ghaen dixhniq ihp‘d zpekz llba xy‘k zniiwn dbxcnd zivwpety oeeik

u(t) = 1 2 (sign(t) + 1)

(5.4.29)

ik 1 ly dxnzddne dixet zxnzd ly zeix‘pildn raep

F(u)(ω) = 1 2 ( 2 jω + 2πδ(ω) ) = 1 jω + πδ(ω) .

(5.4.30)

:mkqp dpnn daeyg dpwqn oke d‘vezd z‘

miiwzn oniqd zivwpete dbxcnd zivwpet xear 5.4.6 htyn

F(sign)(ω) = 2 jω (5.4.31)

F(u)(ω) = 1 jω + πδ(ω)

(5.4.32)

lxbhpi‘ ly dxnzd F (∫_t −∞ x(τ) dτ ) = X(ω) jω 1_{{ω≠0}} + πX(0)δ(ω) .

(5.4.33)

Draft 52 3 April 2006 zekxrne zeze‘ dixet ,diveleepewd zpekzn .oexg‘d iehiad z‘ wx gikep :dgked F (∫_t −∞ x(τ) dτ ) (ω) = F (x ∗ u) (ω)

(5.4.34) = X(ω) · F(u)(ω)

(5.4.35) = X(ω) · [ 1 jω + πδ(ω) ] (5.4.36) = X(ω) jω + πX(0)δ(ω) .

(5.4.37)

.l.y.n

zekxrne zeze‘ ,dixet 5.5

aexiw ‘l‘ epi‘ lxbhpi‘ ik xkfp .dketd dixet zxnzd ly ( 5.2.2) zilxbhpi‘d dxcbda aey opeazp :mekql

x(t) = 1 2π ∫_∞ −∞ X(ω)e^{jωt} dω ≈ 1 2π ∞∑ k=−∞

X(kΩ)e^{jkΩt}Ω .

(5.5.1)

divwpetd ly mcwnd xy‘k e^{jkΩt} dxevdn zeipenxd zeivwpet ly sqe‘l x ze‘d z‘ epwxit xnelk ly jxrdy lkk ,jk m‘ .df xcza dixet zxnzd ly jxrd---X(kΩ) weica ‘ed kΩ xcza zipenxdd X(ω_0) = 0 m‘ ,jetdd oeeika .df xcza lecb aikxn ze‘l ik xnel ozip jk ,miieqn xcza xzei lecb X(ω) .df xcza dibxp‘ oi‘ x-l if‘ ‘id e^{jωt} dxevdn ipenxd ze‘l diveleepew zkxrn zaebz 5.1 sirqa epi‘xy itk

y(t) = H(ω)e^{jωt} .

(5.5.2)

zeze‘l zkxrnd zaebz ly lcebd z‘ zx‘zn ‘idy meyn zkxrnd ly xczd zaebz mi‘xew ep‘ H-l ‘id x dqipkl daebzd ik epi‘x xzei illk ote‘a .mipeyd mixcza miipenxd

y(t) = (x ∗ h)(t)

(5.5.3) Y (ω) = X(ω)H(ω)

(5.5.4)

.mldd zaebz ‘edy ,diveleepewd oirxb ly dixet zxnzd ‘id H xy‘k ‘ed d‘ivie dqipk oia xywdy oeeik .zekxrn ly mixeaig gzpl gep ilk epl zpzep dixet zxnzd ixabl‘

Y (ω) = H(ω)X(ω)

(5.5.5)

.miakxen mixeaig mb gzpl ziqgi lw ik ciin lawp .sxevnd hehxyd ici lr x‘ezn xeha zekxrn xeaig 5.5.1 dnbec

Draft 53 3 April 2006 zekxrne zeze‘ dixet

� y H_1 H_2 �x �z

xeha zekxrn xeaig :5.1 xei‘

Z(ω) = H_2(ω)Y (ω)

(5.5.6) = H_2(ω)H_1(ω)X(ω)

(5.5.7) ‘id zllekd zkxrnd ly xczd zaebz okle H(ω) = H_2(ω)H_1(ω) .

(5.5.8)

.zllekd xczd zaebz z‘ aygp .sxevnd hehxyd ici lr x‘ezn liawna zekxrn xeaig 5.5.2 dnbec

�x

�

�

H_1

H_2 �y^1

� y_2 � y � � +

liawna zekxrn xeaig :5.2 xei‘

Y (ω) = Y_1(ω) + Y_2(ω)

(5.5.9) = H_1(ω)X(ω) + H_2(ω)X(ω)

(5.5.10) = (H_1(ω) + H_2(ω))X(ω)

(5.5.11) .H(ω) = H_1(ω) + H_2(ω) ‘id zllekd zkxrnd ly xczd zaebz okle drityn zkxrnd :jk dqipkd ze‘ lr zkxrnd zrtyd z‘ yxtl xyt‘ ,df wxt ly zelkzqda z‘ zwfgne ,ohw ‘ed H(ω) mda mixcz zppqn zkxrnd .mipey mixcza ze‘d iaikx lr dpey dxeva jk m‘ opqn .”opqn” zkxrnl ‘exwl iraih zkxrn lr efk zelkzqda .lecb H(ω) mda mixcza ze‘d .xcz lka dqipkd ze‘ lr zkxrnd drityn cvik---dl‘yd jxc ‘id zelkzqdd xy‘k ,zkxrn ‘ed

Draft 54 3 April 2006 zekxrne zeze‘ dixet mippqn 5.5.1 .miniieqn mixcz opql ok‘ micrein xzeia miiqiqad mippqnd zkxrn ‘ed ω_B oerhw xcz mr il‘ici‘ Low Pass Filter mikenp xiarn opqn .hxq ixiarn mippqn 5.5.3 dxcbd ‘id dly xczd zaebz xy‘

H(ω) =

1 |ω| < ω_B 0 |ω| > ω_B .

(5.5.12)

�

�

ω

H(ω) 1

−ω_B ω_B mikenp xiarn opqn :5.3 xei‘

‘id dly xczd zaebz xy‘ zkxrn ‘ed ω_B oerhw xcz mr il‘ici‘ High Pass Filter mideab xiarn opqn

H(ω) =

1 |ω| > ω_B 0 |ω| < ω_B .

(5.5.13)

�

�

ω

H(ω)

1

−ω_B ω_B mideab xiarn opqn :5.4 xei‘

‘id dly xczd zaebz xy‘ zkxrn ‘ed ω_{B1} , ω_{B2} mixcza il‘ici‘ Band Pass Filter hxq xiarn opqn

H(ω) =

1 ω_{B1} < |ω| < ω_{B2} 0 otherwise.

(5.5.14)

Draft 55 3 April 2006 zekxrne zeze‘ dixet

�

�

ω

H(ω)

1

−ω_{B1} ω_{B1}

−ω_{B2} ω_{B2} hxq xiarn opqn :5.5 xei‘

zkxrn lka mi‘vnp el‘k mippqn .edaeb e‘ ezxev z‘ opeekl ozip xy‘ opqn ‘ed ixhnxt opqn 5.5.4 dnbec opqn .ynzynd zxigal m‘zda ,mikenpd mixczd z‘ xiabdl e‘ (oihwdl) zigpdl eciwtzy opqnd ,dnbecl :e‘xhq lk ‘ll xiardl xen‘ opqnd xy‘k zebdpzdd z‘ x‘zn irvn‘d xy‘k ,hehxya x‘eznk aexiwa d‘xp ixhnxt :laben mixcz megz wx dxiaq dxeva xiardl leki iyrn opqn ik mi‘ex ep‘ .ihpeelxd mixczd megz z‘ iepiy mixczd megz edn xexa ‘l okle ,(oaln zxeva epi‘ xnelk) il‘ci‘ epi‘ opqnd ,sqepa .zigpn ‘ed mdl xarn milewiyn zgwlpe ,zizexixy ‘id ef dhlgd .zigpn ‘ed megz dfi‘ae ,dzgpd ‘ll xiarn opqndy xn‘p ea wiecnd opeekn ‘ed xy‘k opqnd ly xczd zaebz z‘ x‘zn oezgzd ewd hehxya .9 wxta d‘xp ‘yepa cer .miiqcpd .mikenp mixcz xiabn ‘ed xy‘k ezaebz z‘ x‘zn oeilrd ewde ,mikenpd mixczd z‘ zigpdl �

� � � � � � � � �

� � � � � � � � � � � �

� � � � � �

� � � � � � � � �

� � � � � � � � � � � �

H(ω)

ω

1

−ω_B ω_B mikenp xiarn ixhnxt opqn :5.6 xei‘

xtqna yeniyl daiqd .dqtew dze‘a milewnx xtqnn dyrnl akxen rny zekxrnl izeki‘ lewnx 5.5.5 dnbec ipt lr dpn‘p dxeva miihqew‘ zeze‘l miilnyg zeze‘ mbxzl leki xy‘ izeki‘ lewnx zepal dywy ‘id milewnx lewnx j‘ ,lecb lewnx jixv okle ,zelecb xie‘ zeienk fifdl jxev yi mikenp mixczay oeeik z‘f .lecb mixcz geeh lewnx---Woofer zenyl mikefd ,milewnx dyely mpyi llk jxca ef daiqn .zedeab zeiexicza repl dywzn dfk -tweeter-e ,(uxd 700−5000) miipad ixcza lthnd lewnx---mid-range ,(uxd 70−700) mikenp mixcza lthnd lewnxdn wlgk .(c‘n mikenp mixczl subwoofer yi cgeina zeizeki‘ zekxrna) mideab mixcza lthnd lewnx-- lvpl ick z‘f .el rbepd mixczd megz z‘ wx lewnx lkl xiardl ‘ed eciwtz xy‘e ,crossover ‘xwpd ,lbrn mipea

Draft 56 3 April 2006 zekxrne zeze‘ dixet opqn---zekxrn yely eply dnbeca myiin lbrnd .milewnxl miwfp mexbln rpndle ,ze‘d ziibxp‘ z‘ xzei aeh mixczd z‘ mixiarnd mideab xiarn opqne hxq xiarn opqn ,mikenpd mixczd z‘ woofer-l xiarnd mikenp xiarn lewnx .milewnxd ly mizeeir owzl ick ilnygd lbrna mizirl miynzyn sqepa .mixg‘d milewnxl mini‘znd ‘id zkxrnd zaebz xnelk .iepiy ‘ll ihqew‘ ze‘l eze‘ jtede ,oezp mixcz megza ilnyg ze‘ lawn il‘ci‘ :dreaw

H(ω) =

K ω_{B1} < ω < ω_{B2} 0 zxg‘

(5.5.15)

.jk xcbeiy ,opqn---ilnyg lbrn ici lr dn zcina jk lr ffwl ozip .mil‘ci‘ mpi‘ recik miiyrn milewnx mle‘ ‘id ely xczd zaebz xy‘ opqn myiip H_L(ω) ‘id lewnxd ly xczd zaebz m‘

H_F (ω) =

K/H_L(ω) ω_{B1} < ω < ω_{B2} 0 .zxg‘

(5.5.16)

cgia zekxrnd izy ly xczd zaebz .xeha zelret zekxrnd xnelk ,lewnxl eixg‘e opqnl qpkp ilnygd ze‘d okl ‘id

H(ω) = H_L(ω)H_F (ω) =

K ω_{B1} < ω < ω_{B2} 0 zxg‘

(5.5.17)

.dievxd daebzd weica

zkxrn ly xczd zaebz z‘ owzl ick opqna xfrdl ozip ik epi‘x .mippqn bef ici lr miyrx zzgtd 5.5.6 dnbec lynl avnd edf .miyrx zllek dzlert xy‘ dpezp zkxrna zrk opeazp .(pre-filter) dnicwn zkxrn zxfra dnec dxevae ,dhlwdd alya zkxrna miyrx mixvep ipkn jekig awr :DVD axev e‘ mixehilwz axev ,tiiha el sqepe zix‘pil zkxrn jxc xaer dqipkd ze‘ :zllekd dlertd lr ok m‘ aeygp .drnydd onfa miyrx mixvep :yrx

y(t) = x(t) ∗ h(t) + n(t) Y (ω) = H(ω)X(ω) + N(ω) .

(5.5.18)

wfge mikenp mixcza ylg yrxd ze‘y (iyrn avn) gipp .N lre H lr dhily epl oi‘ ,zencew ze‘nbeca enk ,H_1 ici lr x‘eznd pre-filter micwn opqn :mippqn ipy ztqed ici lr dycg zkxrn xevip .mideab mixcza ziqgi mixczd megza H_1(ω)H_2ω) = 1-y jk H_2 ici lr x‘eznd post-filter iteq opqne ,mideab mixcz xiabn xy‘ z‘ dpyi ‘l mippqnd bef ,dpexg‘d dpekzd llba .aeyg epi‘ dlrtdd xcq ,zekxrnd zeix‘pil llba .ihpeelxd yrxd mda mixczd z‘ zigpn xy‘ H_2 opqn z‘ wx eptqed N(ω) yrxd zpigan mle‘ .d‘ivil dqipk oa xywd .miyrx zzgtd eplaiw .lecb onfa .dqipkd ze‘a mideabd mixczd mixaben xnelk H_1 lrten dhlwdd onfa :df beqn aikx llek ialec opqn .‘kecn yrxdy cera ,cg‘ cvn ixewnd ze‘d xnyp jke ,H_2 ici lr mideabd mixczd mizgpen drnydd .oecp ‘l ea ,ix‘pil ‘l aikx mb llek ialec opqn

Draft 57 3 April 2006 ze‘nbec dixet xiarn opqn ‘l‘ epi‘ oaenk xy‘ Low Stop Filter mikenp mqeg opqn mb xicbdl ozip dnec dxeva lk z‘ xiarn Band Stop Filter hxq mqeg opqn ,seqal .dnec mideab mqeg opqn zxcbd .mideab :zeiqiqa zekxrn izyn zepal xyt‘ lirl mix‘eznd mippqnd lk z‘ .mixcz oelg hrnl mixczd liawna mixeaig ici lr z‘f .mikenp xiarn opqne ,mixczd lka 1 ‘id dly xczd zaebz xy‘ zkxrn .mikenp xiarn opqn ‘yepa dwnrda wtzqp okl .xehae .B oerhw xcz mr mikenp xiarn opqn ly mldd zaebz z‘ aygp h_{LP F} (t) = F^{−1} [H_{LP F} ]

(5.5.19) = 1 2π ∫_∞ −∞ H_{LP F} (ω)e^{jωt} dω

(5.5.20) = 1 2π ∫_B −B e^{jωt} dω

(5.5.21) = 1 2πjt [ e^{jBt} − e^{−jBt} ] (5.5.22) = 1 πt sin(Bt)

(5.5.23) = B π sin Bt Bt (5.5.24) = B π sinc(Bt) .

(5.5.25) π ly zenly zeletka zqt‘zn divwpetd .dly ilniqwnd jxrd dfe t = 0-a 1 deey sinc divwpetd .t ly miilily mikxrl mbe t ly milecb mikxrl mb qt‘n dpey df ze‘ ik al miyp .0-a xen‘k hrnl ozip ‘l ik zxxeb dpey‘xd dcaerd .ziteq dpi‘y mld zaebz mr ,zizaiq ‘l zkxrn x‘zn ‘edy o‘kn axewn opqn ynnl ick .il‘ci‘ mikenp xiarn opqn ynnl ozip ‘l okle ,izin‘ onfa dfk opqn ynnl xzei dlecb didyddy lkk .miilily mipnfa dze‘ qt‘pe ,mldd zaebz z‘ ddyp :didyd mr opqn ynnp .opqnd zxhna ielzd iqcpd lewiy ‘ed zeeire didyd oia lwynd ieeiye---ze‘d zxev xzei xnyz jk zix‘pil df‘t zkxrn 5.5.2 ik zeyixcl m‘zda ,xczd zaebz jxc zxcben zix‘pil df‘t zkxrn |H(jω)| = 1,

(5.5.26) ∠\H(jω) = αω .

(5.5.27)

‘id x ze‘ lr zkxrnd zlert ,ok m‘ .H(jω) = e^{jαω} ik ‘id zeyixcd izy zernyn .edylk α xear Y (ω) = X(ω)e^{jαω}

(5.5.28)

okle

y(t) = x(t + α) .

(5.5.29) .didyd idef xnelk

Draft 58 3 April 2006 ze‘nbec dixet

dixet zxnzda yeniyl ze‘nbec 5.6

oekp j‘ iphyt) xe‘z ozip .dixet zxnzd ly miiqcpd miyeniyl ze‘nbec xtqn d‘xp df sirqa .xczd megza exe‘ze opqnd byen z‘ x‘zp jynda .aeaix lye oepti‘ ly (zipexwr

oepti‘ 5.6.1 ixcza zeze‘ dzigpn dxitqenh‘d .ax wgxnl (dwiqen ,xeaic) rny ze‘ xiardl mipiipern ep‘y gipp -xhwl‘ zeze‘ dxiarn dxitqenh‘d z‘f znerl .ax wgxnl mxiardl dyw okle ,(0 − 20KHz) rnyd aexw zeidl jixv dkxe‘ xy‘ ,dphp‘a jxev yi ihpbnexhwl‘ lb xvil ick .icnl daeh dxeva miihpbne didz deab xcza rny ze‘l mi‘znd dfn zixiyr ‘edy lb jxe‘l dni‘zn xy‘ dphp‘ .lbd jxe‘l ly jxe‘a λ = c ν = 300, 000 20, 000 km/sec 1/sec

= 15km .

(5.6.1)

deab xcza (ihpbnexhwl‘) ze‘ lr x ievxd ze‘d z‘ yialdl okl dqpp .ziyrn dphp‘ liaya jex‘ hrn 3000MHz = cr 500KHz = 0.5MHz-n md miihpbnexhwl‘ milb ixeciyl milaewnd mixczd .daxda mixcz jxhvp exiardl ick jynda d‘xpy itke 5.5MHz xcz cr ribn ihxcphq (e‘cie) ifeg ze‘ .3GHz .xzei mideab miihpbnexhwl‘ ef dhiya .AM—Amplitude Modulation---dcehiltn‘ oepti‘ z‘xwp xzeia dheytd oept‘d zhiy ycg ze‘ lawp---ievxd ze‘d z‘ ea militkne cos(ω_0t) gipp :ω_0-a onqpy xcza ze‘ mixviin

y(t) = x(t) cos(ω_0t) .

(5.6.2)

dtvp okle ,20KHz aiaq cr izernyn lceb lra ‘ed if‘ ,rny ze‘ ok‘ ‘ed x m‘ .xcyp ycgd ze‘d z‘ diveleepewd zpekze ( 5.4.14) itl :xceynd ze‘l dixet zxnzd rvap .ω >> 20KHz xear X(ω) ≈ 0 ik ,xcza

F (x cos(ω_0t)) (ω) = 1 2π X(ω) ∗ F(cos(ω_0t))(ω)

(5.6.3) = 1 2π X(ω) ∗ π (δ(ω − ω_0) + δ(ω + ω_0))

(5.6.4) = 1 2 (X(ω − ω_0) + X(ω + ω_0)) .

(5.6.5)

xexa if‘ ,X(ω + ω_0) = 0 e‘ X(ω − ω_0) = 0-y e‘ xnelk ,qt‘zn zeze‘dn cg‘ zegtl ω lkl m‘ jk ω_B miiw ik ok m‘ gipp .X(ω) ly ezxev dn weica mircei ep‘ :rcin mey epcai‘ ‘ly ziaihi‘ehpi‘ .ω_0 > ω_B miiwn ‘yepd lbd xcze ,|ω| > ω_B xear X(ω) = 0-y dze‘e xcz eze‘ mr ,cos ze‘ eze‘a aey xceynd ze‘d z‘ litkp Demodulation ze‘d z‘ xfgyl ick .(mi‘zn xabna ze‘d z‘ xiardl ozip cinz oky dreci ‘id cer lk daeyg dpi‘ dcehiltn‘d) df‘t

Draft 59 3 April 2006 ze‘nbec dixet lawp .z-a xfgeynd ze‘d z‘ onqp

z(t) = y(t) cos(ω_0t)

(5.6.6) Z(ω) = 1 2 [Y (ω − ω_0) + Y (ω + ω_0)]

(5.6.7) = 1 2 X(ω) + 1 4 X(ω − 2ω_0) + 1 4 X(ω + 2ω_0) .

(5.6.8)

oirxb ly dixet zxnzd xy‘ diveleepew zkxrn dpap .mixzeind miwlgd z‘ wexfl df epl xzepy lk zniiwn H(ω) diveleepewd

H(ω) =

2 |ω| < ω_B 0 |ω| > ω_B .

(5.6.9)

‘vena lawp ef zkxrnl z z‘ qipkp m‘ .mikenp xiarn opqn xnelk

Z(ω)H(ω) = X(ω) .

(5.6.10)

.xeciy jxevl eixcz iepiy mr cgi ,ievxd ze‘d z‘ mlyen xefgiy eplaw xnelk zkxrn mr mlyen df‘t me‘ze xcz me‘za didz xefgyd zkxrny yexcl dyw iyrn ote‘ay oaenk ly oniql xy‘a zexida xqeg repnl ick .zthrn ielb lr zqqeand xefgiy zkxrn xevil ozip .oepti‘d ik ze‘xl lw df avna .cinz iaeig didiy zpn lr ,reaw ztqez ici lr ze‘d z‘ fifdl jxev yi ,ze‘d z‘ gzpl mixyt‘n mpi‘ epiciay milkde zix‘pil zkxrn dpi‘ ef mle‘ .ze‘d z‘ xfgyi zthrn i‘lb .dzebdpzd aeaix 5.6.2 crvd .daxda deab xcza ,miihpbnexhwl‘ zeze‘ iab lr rny zeze‘ xcyl cvik epilib mcewd sirqa mixcz levip ici lr z‘f .xzei dlecb rcin zenk xiardl zpn lr mipey mixcza liri yeniy ‘ed ‘ad ixeciy zxardl mlerd lka zynyn ef dhiy .FDM: Frequency Division Multiplexing zhiya mipey mze‘ onqp .xcyl mipiipern ep‘ mze‘ zeze‘ dyely epl yiy gipp dygnd myl .cere difielh ,eicx xear X_i(ω) = 0 miiwzny jk ω_B miiw xnelk ,xcza milaben mleky zehyt myl gipp .x_1, x_2, x_3-a miiwziy jk ω_i xgap .|ω| > ω_B

ω_B < ω_1

(5.6.11) ω_1 + 2ω_B < ω_2

(5.6.12) ω_2 + 2ω_B < ω_3 .

(5.6.13)

‘ed ,xcypy ze‘d ‘edy ,lawzdy ze‘d .xagpe mi‘znd xcza cos -a dqipkd zeze‘n cg‘ lk litkp

y(t) = x_1(t) cos ω_1t + x_2(t) cos ω_2t + x_3(t) cos ω_3t .

(5.6.14)

Draft 60 3 April 2006 zetqez dixet lawp (dixet zxnzd) xczd megza

Y (ω) = 1 2 [ X_1(ω − ω_1) + X_1(ω + ω_1) + X_2(ω − ω_2) + X_2(ω + ω_2) + X_3(ω − ω_3) + X_3(ω + ω_3) ] . (5.6.15)

xeyina) dtitg mey oi‘ ik ze‘xl lw ,oept‘d ixcz oia mixywde (hxq agex) x_i lr epavdy i‘pzd llba z‘ .oey‘xd ze‘d z‘ dnbecl xfgyp .mxfgyl ozip jkitle ,mipeyd zeze‘d ly zexnzdd oia (xczd :hxq xiarn opqn jxc dligz xiarp (y ‘edy) hlwpd ze‘d

H_1(ω) =

1 |ω − ω_1| ≤ ω_B 0 otherwise.

(5.6.16)

‘vena lawp df opqna Y hlwpd ze‘d z‘ xiarp m‘

Y (ω)H_1(ω) = 1 2 [X_1(ω − ω_1) + X_1(ω + ω_1)] .

(5.6.17)

xiarpe cos ω_1t-a litkp .oepti‘a epc xy‘k mcewd sirqa z‘f epiyr :x_1 z‘ xfgyl mircei ep‘ o‘kn .ω_B-l zgzn mixcz wx xiarnd H mikenp xiarn opqna lke ,elyn xcz aiaq fkexn ze‘ lk xy‘k ,zeze‘ xtqn mipnf ea xiardl zxyt‘n eplaiwy zkxrnd .mxfgyl didi ozip jk .zeze‘d oia zetitg dpiidz ‘ly jk ,ynzyn ‘ed ea hxqd agexa laben ze‘ minyzyne 20KHz-k ‘ed mdly hxqd agex xy‘ ,rny zeze‘ mixcyn ep‘ m‘ ,dygnd jxevl wx dxard zxyt‘n (mixcz ipy oia 2ω_B ly geexn) dcxtdd zyixcy ixd 1.5GHz − 2.5GHz oiay megza ly (KHz-a aeyigd) 1, 000, 000

2 · 20

= 25, 000

(5.6.18)

.zipnf ea zeze‘

dixet zxnzd---zetqez 5.7

ze‘ceed i‘ oexwre dixet zxnzd 5.7.1 .xcza ”ze‘d xefit” oial onfa ”ze‘d xefit” oia qgid lr rcin lawl ozip dixet zxnzd zepekz zxfra (5.3.5 htyn ,( 5.3.14) d‘eeyn) xcz onf zlwq iepiy zpekzn

x(at)^F↔ 1 |a| X (ω a ) (5.7.1)

:‘id dl‘yd .xcza xefitd zphwdl mexbz (lecb a zxiga ici lr) onfa xefitd zlcbd ik mi‘ex ep‘ dielz daeyzdy oaenk ?izexixy ote‘a ohw ‘ed xcza ode onfa od mdly xefitdy zeze‘ miniiw m‘d xcben ‘ed .onfa xefitl ccnk Δt onfa iaihwt‘ agex xicbdl (dwifitae) dqcpda laewn .xefitd zxcbda ici lr

(Δt)^2 =

∫_∞ −∞ t^2|x(t)|^2 dt ∫_∞ −∞ |x(t)|^2 dt . (5.7.2)

Draft 61 3 April 2006 zetqez dixet

ici lr Δω xcza iaihwt‘d hxqd agex dnec dxeva

(Δω)^2 =

∫_∞ −∞ ω^2|X(ω)|^2 dω ∫_∞ −∞ |X(ω)|^2 dω . (5.7.3)

α edylk reawa ze‘d z‘ litkp m‘ :xabda ielz epi‘ xefitdy jkl ‘ian (dpknd) lenxipd ik al miyp .dpzyi ‘l iaihwt‘d hxqd agex

ipkhd i‘pzd z‘ miiwn x ze‘d m‘ 5.7.1 htyn lim |t|→∞ [√ t x(t) ] = 0 (5.7.4)

.x(t) = e^{−αt2} xear byen oeieeye Δt · Δω ≥ 1/2 if‘

,lirl epxrdy itk .df i‘pz ‘lnl aexw ze‘dy raep x lr i‘pzdn .x ∈ L_2-y dxwnd xear gikep :dgked zeze‘l .||x||_2 = 1 lawpy jk ,ok m‘ z‘f dyrp .edylk reawa x z‘ litkp m‘ dpzyn dpi‘ d‘vezd ‘ed uxeey-iyew oeieey i‘ L_2-a | | | ∫_∞ −∞ z(t)y(t) dt | | | 2 ≤ | | | ∫_∞ −∞ |z(t)|^2 dt | | | | | | ∫_∞ −∞ |y(t)|^2 dt | | | . (5.7.5)

zxnzde leeqxt htyna mb ynzyp .edylk reaw xear z(t) = αy(t) m‘ wxe m‘ miiwzi oeieey xy‘k :zxfbpd ∫_∞ −∞ |x(t)|^2 dt = 1 2π ∫_∞ −∞ |X(ω)|^2 dω

(5.7.6) ∫_∞ −∞ | | | dx(t) dt | | | 2 dt = 1 2π ∫_∞ −∞ |jωX(ω)|^2 dω .

(5.7.7)

miwlga divxbhpi‘a yeniy jez ,‘ad aeyigd jxc lawp 1/2 reawd z‘ ∫_∞ −∞ tx(t) dx dt dt = 1 2 ∫_∞ −∞ t dx^2(t) dt dt (5.7.8) = 1 2 tx^2(t) | |^∞_{−∞} − 1 2 ∫_∞ −∞ |x(t)|^2 dt

(5.7.9) = − 1 2 (5.7.10)

.1 ‘idy x ly dnxepd ‘ed lxbhp‘de x lr dgpdd llba zeleabd ipya qt‘zn oey‘xd iehiady oeeik ,y(t) = dx(t)/dt-e z(t) = tx(t) xy‘k uxeey iyew oeieey i‘ z‘ lirtpe mcewd aeyigda ynzyp zrk ( 1 2 )_2 = | | | ∫_∞ −∞ tx(t) dx dt dt | | | 2 (5.7.11) ≤ ∫_∞ −∞ t^2|x(t)|^2 dt

∫_∞ −∞ | |dx dt | |^2 dt (5.7.12)

Draft 62 3 April 2006 zetqez dixet

mi‘ad mipeieeiyd ipy z‘ lawp leeqxtne = ∫_∞ −∞ t^2|x(t)|^2 dt 1 2π ∫_∞ −∞ |ωX(ω)|^2 dt

(5.7.13) = ∫_∞ −∞ t^2|x(t)|^2 dt ∫_∞ −∞ |x(t)|^2 dt 1 2π ∫_∞ −∞ |ωX(ω)|^2 dt 1 2π ∫_∞ −∞ |X(ω)|^2 dt

(5.7.14)

= (Δt)^2(Δω)^2 .

(5.7.15)

xy‘k miiwzn oeieey

dx(t) dt = αtx(t)

(5.7.16) e‘ 1 x(t) dx(t) dt = d ln[x(t)] dt (5.7.17)

= αt

(5.7.18)

x(t) = ce^{−αt2 /2} .

(5.7.19)

.l.y.n

zewlg ihtyn 5.7.2

-y jk B xtqn miiw xnelk ,mineqge miniiw n xcq cr eizexfbpe x m‘ 5.7.2 htyn

sup_t | |d^kx(t)

dt^k | | ≤ B, 0 ≤ k ≤ n (5.7.20)

-y jk B_1 mqg miiw xnelk ,|ω|^{−(n+1)} avwa zegtl |ω| → ∞ xy‘k qt‘l zt‘ey dixet zxnzd if‘ lim |ω|→∞

|ω^{n+1}X(ω)| ≤ B_1 .

(5.7.21)

Draft 63 3 April 2006