6 wxt

qltl zxnzd

epynzyd dk cr .zeix‘pl zekxrn ly ’’invr ze‘” ‘ed il‘ivppetqw‘ ze‘ ik epi‘x 5.1 sirqa xeyina letihd dbxcn zivwpeta xake---mikrec zeze‘l mi‘zn xacd .xczd megza gezipl ef dcaera aeyg ilk zpzep Laplace transform qltl zxnzd .millken zeze‘a ynzydl epvl‘pe ,iziira xczd dze‘ dxnzdd ‘idy) ziccv cg qltl zxnzd ,hxta .zeze‘ ly dagx dgtyna xzei heyt letihl ,zelibx zeil‘ivpxtic ze‘eeyna letihl ilk zpzep (”zeilxbhpi‘ zexnzde dixet ixeh” qxewa micnel .ziccv-ecd dxnzda dligz weqrp .dlgzd i‘pza zeaygzd llek

ziccv ec qltl zxnzd 6.1

.onfa zereawe zeix‘pil d‘ivi-dqipk zekxrn gezipl aeyg ilk zynyn ziccv ec qltl zxnzd

mxear s akexnd dpzynd ly mikxr xear zxcben x ze‘ ly ziccv-ec qltl zxnzd 6.1.1 dxcbd ∫_∞ −∞ |x(t)|e^{−(ℜe s)t} dt < ∞ .

(6.1.1)

‘id dxnzdd f‘e

X(s) .=

∫_∞ −∞ x(t)e^{−st} dt .

(6.1.2)

dxnzdd mxear s ly mikxrd sqe‘ ‘ed (ROC: Region Of Converngence) zeqpkzdd megz e‘ ,dxcbdd megz :jk X dxnzdl x oia xywd z‘ onqp .( 6.1.1) oeieeyd i‘ miiwzn mxear xnelk ,zxcben

x^L↔ X , X(s) = L[x](s) .

(6.1.3)

llek epi‘ zeqpkzdd megz oky ,ziccv ec qltl zxnzd oi‘ x(t) ≡ 3 ze‘l ik al miyp ziy‘x 6.1.2 dnbec ipnid ze‘d ly dxnzd ok m‘ aygp .s mey

x(t) = e^{at}u(t)

(6.1.4)

68 ziccv ec dxnzd qltl .dbxcnd zivwpet ‘ed x ze‘d a = 0 dxigad xear .dbxcnd zivwpet ‘id u xy‘k X(s) = L[x](s)

(6.1.5) = ∫_∞ −∞ e^{at}u(t)e^{−st} dt

(6.1.6) = ∫_∞ 0 e^{−(s−a)t} dt .

(6.1.7) df megza .dxnzd ly zeqpkzdd megz edf okle ,ℜe (s − a) > 0 m‘ wxe m‘ qpkzn df lxbhpi‘ X(s) = 1 −(s − a) e^{−(s−a)t} | | | ∞ t=0 (6.1.8) = 1 s − a . (6.1.9) zeqpkzd megz mr u(t)^L↔ 1/s ,hxta .ℜe s > ℜe a zeqpkzd megz mr e^{at}u(t)^L↔ 1/(s − a)-y eplaiw .illk ote‘a megzd xcben jk :ℜe s = 0 leabd z‘ millek eppi‘ zeqpkzdd megza ik al miyp .ℜe s > 0

� ℜe s

�Im s a × ROC

ipni il‘ivppetq‘ ze‘l zeqpkzd megz :6.1 xei‘

:xg‘ ze‘ ly dxnzd zrk aygp il‘ny ze‘ xgap zrk 6.1.3 dnbec x(t) = −e^{at}u(−t) .

(6.1.10) dxcbdd itl X(s) = −

∫_∞ −∞ e^{at}u(−t)e^{−st} dt

(6.1.11) = − ∫_0 −∞ e^{(a−s)t} dt .

(6.1.12) s ikxr ly df megza .ℜe (a − s) > 0 m‘ wxe m‘ qpkzi lxbhpi‘d okl .cala miilily mikxr lawn t df dxwna X(s) = −1 (a − s) e^{(a−s)t} | | | 0 t=−∞

(6.1.13) = 1 s − a . (6.1.14) .ℜe (s) < a ‘ed ef dxnzd ly meiwd megz Draft 69 21 April 2006 ziccv ec dxnzd qltl ,X(s) = 1/(s − a) divwpetd ‘id mixwnd ipya qltl zxnzd ik ozep lirl ze‘nbecd izya aeyigd rcin lelkl epilr ezxnzdl ze‘ oia cigi xyw lr xenyl ick ,ok‘ .oihelgl mipey zeze‘dy zexnl z‘fe .zeqpkzdd megz lr iccv ecd ze‘d xear dxnzd aygp 6.1.4 dnbec x(t) = e^{at}u(t) + e^{bt}u(−t) .

(6.1.15) ik dpwqnl ‘ian zencewd ze‘nbeca enk aeyig X(s) = 1 s − a − 1 s − b , (6.1.16) ROC = {ℜe (s) > a} ∩ {ℜe (s) < b} .

(6.1.17) drevx xnelk .a < ℜe (s) < b ‘ed meiwd megz if‘ miiwzn df i‘pz m‘ .a < b m‘ wxe m‘ zniiw dxnzdd okl .df ze‘l qltl zxnzd oi‘ if‘ miiwzn epi‘ i‘pzd m‘ .akexnd xeyina zikp‘

minepilet ipy ly dpn ‘id m‘ zilpeivx z‘xwp X divwpet 6.1.5 dxcbd X(s) =

N(s) D(s)

(6.1.18) .D(s) ly miqt‘d md X(s) ly miahwde ,N(s) ly miqt‘d md X(s) iqt‘ .(szeyn mxeb ‘ll xnelk) minvnevn

.ze‘ad zepekzd z‘ yi zeqpkzdd megzl 6.1.6 htyn .jω xivl miliawn mieew ‘ed zeqpkzdd megz leab .1 m‘ .2 X(s) =

N(s) D(s)

(6.1.19) if‘ zilpeivx divwpet ‘id X(s) ly miahw llek epi‘ ROC-d • ,dpinie xzeia ipnid ahewdn ‘ed ROC-d zeipni zeivwpetl • ,dl‘nye xzeia il‘nyd ahewdn ‘ed ROC-d zeil‘ny zeivwpetl • xeyina---drevx e‘---qt cinz ‘ed okle xeyin i‘vg ipy ly jezig ‘ed ROC-d zeiccv ec zeivwpetl • .akexnd e‘ s lk ‘ed dxcbdd megz if‘ ,|t| > B xear x(t) = 0-y jk B miiw xnelk ,iteq jnz lra ‘ed x(t) m‘ .3 .s s‘ .il‘ny xeyin ivg---zil‘ny divwpetl .ipni xeyin ivg ‘ed dxcbdd megz zeipni zeivwpetl .4 Draft 70 21 April 2006 ziccv ec dxnzd qltl .s ly dnecnd wlga ielz epi‘ ‘ed ,zeqpkzdd megz zxcbd itl :dgked .s_1 < s_2 gipp .miiynn mdipyy gipdl lkep mcewd sirqd llbae ,zeqpkzdd megza md s_2 mbe s_1-y gipp ,t lkl ,ok‘e .zeqpkzdd megza ‘ed s mb if‘ s_1 < s < s_2 m‘ ik d‘xp

e^{−st} < e^{−s1t} + e^{−s2t} .

(6.1.20)

ik raep o‘kn ∫_∞ −∞ |x(t)|s^{−st} dt ≤

∫_∞ −∞ |x(t)|s^{−s1t} dt +

∫_∞ −∞ |x(t)|s^{−s2t} dt < ∞

(6.1.21)

oeieeyd i‘n .(sevx megz ‘ed xnelk) xiyw ‘ed zeqpkzdd megz xnelk .zeqpkzdd megza ‘ed s okle epi‘ X(s) ly lcebd ahewl aexw oky ,zeqpkzdd megza ahew okzi ‘ly raep ( 6.1.21)-a il‘nyd .meqg s_1 < s_2 xear miiwzn t ≥ 0 xeary oeeik

e^{−s1t} ≥ e^{−s2t} ,

(6.1.22)

ik raep ∫_∞ 0 |x(t)|s^{−s1t} dt >

∫_∞ 0 |x(t)|s^{−s2t} dt

(6.1.23)

zeqpkzdd megz ly il‘nyd leabd ,ahewd zxcbd itl .xeyin ivg ‘ed ipni ze‘l zeqpkzdd megz okle il‘ny ze‘l zeqpkzdd megz ik d‘xp dnec dxeva .xzeia ipnid ahewd xnelk---oey‘xd ahewd ‘ed .dl‘nye il‘nyd ahewdn ‘ed didz drevxd ilpeivx ze‘l .drevx illk ote‘a ‘ed zeqpkzdd megzy ( 6.1.21)-n wiqp dxev dze‘a .miahw bef oia ‘vnp s ≠ s_0-y i‘pzd z‘ aygpe ‘edylk s_0 rawp .[−B, B] megza lkend iteq jnz x(t)-ly gipp .zeqpkzdd megza ∫_∞ −∞ |x(t)|e^{−st} dt =

∫_B −B |x(t)|e^{−st} dt

(6.1.24) = ∫_B −B |x(t)|e^{−s0t}e^{(s0−s)t} dt

(6.1.25) ≤ ∫_B −B |x(t)|e^{−s0t} dt [ e^{(s0−s)B} + e^{−(s0−s)B} ] . (6.1.26)

mb jk if‘ zeqpkzdd megza s_0 m‘y raep ,iteq cinz ‘ed zeraexn miixbeqa oexg‘d iehiady oeeikn .l.y.n .s s‘ e‘ s lk ‘ed zeqpkzdd megzy eplaiw s_0 lkl dpekp ef d‘vezy oeeik .s

xnelk ,zix‘pil dlert ‘id dxnzdd 6.1.7 htyn

αx + βy^L↔ αX + βY

(6.1.27)

.ROC_x ∩ ROC_y z‘ zegtl likn meiwd megze

Draft 71 21 April 2006 ziccv ec dxnzd qltl .l.y.n .lxbhpi‘d zeix‘piln ziciin raep :dgked if‘ .α = 1 = −β-e mdylk x = y xgap dnbecl .xzei lecb zeidl leki meiwd megz ik yibcdl aeyg .s lkl dxnzd yi df ze‘le αx + βy = 0 .ROC_x ∩ ROC_y z‘ zegtl likn zeqpkzdd megz .x ∗ y^L↔ X(s)Y (s) 6.1.8 htyn ,diveleepewde dxnzdd zxcbd itl :dgked L(x ∗ y)(s) =

∫_∞ −∞ [∫_∞ −∞ x(τ)y(t − τ) dτ ] e^{−st} dt

(6.1.28) = ∫_∞ −∞ x(τ) [∫_∞ −∞ y(t − τ)e^{−st} dt ] dτ (6.1.29) = ∫_∞ −∞ x(τ) [∫_∞ −∞ y(t − τ)e^{−s(t−τ )} dt ] e^{−sτ} dτ

(6.1.30) = ∫_∞ −∞ x(τ)e^{−sτ} [∫_∞ −∞ y(u)e^{−su} du ] dτ (6.1.31) = ∫_∞ −∞ x(τ)e^{−sτ} dτ Y (s)

(6.1.32) = X(s)Y (s) .

(6.1.33) .l.y.n .zexnzdd izy ly zeqpkzdd megza ‘vnp s m‘ oaenk swz aeyigd .xzei lecb zeidl leki zeqpkzdd megz o‘k mb ‘id zffen dzlc ly qltl zxnzd L[δ(t − a)](s) =

∫_∞ −∞ e^{−st}δ(t − a) dt = e^{−sa} .

(6.1.34) .zffen dzlc mr diveleepew jxc didyd bviil ozip ik xkfp .X ly enk ‘ed zeqpkzdd megze x(t − a)^L↔ e^{−sa}X(s) 6.1.9 htyn :dgked L[x(t − a)](s) = L[(x(t) ∗ δ(t − a)](s) = X(s)e^{−sa} .

(6.1.35) .s lk ‘ed δ ly zeqpkzdd megz oky mcewd htynd llba iepiy ‘ll ‘ed ,zeqpkzdd megzl xy‘a .l.y.n :T agexa raexn qlet ly dxnzd aygp 6.1.10 dnbec

x(t) =

1 0 < t < T 0 zxg‘

(6.1.36)

dxnzdd ly dxcbdd itl .x(t) = u(t) − u(t − T ) ici lr ze‘d z‘ bvil ozip L[x](s) = L[u(t) − u(t − T )](s)

(6.1.37) = 1 s − 1 s e^{−sT}

(6.1.38) = 1 s ( 1 − e^{−sT} ) . (6.1.39)

Draft 72 21 April 2006 ziccv ec dxnzd qltl ‘id hppetqw‘a ltkend ze‘ ly dxnzdd L[e^{at}x(t)](s) =

∫_∞ −∞ x(t)e^{at}e^{−st} dt

(6.1.40) = ∫_∞ −∞ x(t)e^{−(s−a)t} dt

(6.1.41) = X(s − a) ,

(6.1.42) .s − a ∈ ROC_x jxc xcben zeqpkzdd megze if‘ lim_{|t|→∞} x(t)e^{−st} = 0 m‘ 6.1.11 htyn dx dt L↔ sX(s) .

(6.1.43) ,minec miipkh mi‘pz zgz d^nx dt^n

L↔ s^nX(s) .

(6.1.44) .(zeqpkzdd megzay s lkl miiwzn ipkhd i‘pzdy dgpda) iepiy ‘ll ‘ed zeqpkzdd megz :miwlga divxbhpi‘ :dgked L [ dx dt ] = ∫_∞ −∞ e^{−st}ẋ(t) dt

(6.1.45) = x(t)e^{−st} | |^∞_{−∞} +

∫_∞ −∞ se^{−st}x(t) dt

(6.1.46) = 0 + sX(s)

(6.1.47) .l.y.n .ipyd iehiad z‘ lawp dnec dxeva .dgpdd llba :miieqn ‘l lxbhpi‘ ly dxnzd 6.1.12 htyn ∫_t −∞ x(τ) dτ^L↔

X(s) s (6.1.48) ‘ed zeqpkzdd megze ROC_x ∩ {ℜe (s) > 0} .

(6.1.49)

dixet zxnzd xear epiyry itk :dgked L [∫_t −∞ x(τ) dτ ] (s) = L[x ∗ u](s)

(6.1.50) = X(s) 1 s . (6.1.51) .l.y.n Draft 73 21 April 2006 dketd dxnzd qltl :s dpzyna dxifb 6.1.13 htyn

−tx(t)^L↔ d ds X(s) .

(6.1.52)

:dgked ∫_∞ −∞ −tx(t)e^{−st} dt =

∫_∞ −∞ d ds x(t)e^{−st} dt

(6.1.53) = d ds ∫_∞ −∞ x(t)e^{−st} dt

(6.1.54) = d ds X(s) .

(6.1.55)

.l.y.n

.te^{at}u(t) ly dxnzdd z‘ aygp 6.1.14 dnbec L [ te^{at}u(t) ] = − d ds [ 1 s − a ] (6.1.56) = 1 (s − a)^2

, ℜe (s) > a .

(6.1.57)

lawp dnec dxeva

t^ke^{at}u(t)^L↔ k! (s − a)^{k+1}

ℜe (s) > a ,

(6.1.58)

t^ke^{at}u(−t)^L↔ −k! (s − a)^{k+1}

ℜe (s) < a .

(6.1.59)

iynn α xear :dlwq iepiy 6.1.15 htyn

x(αt)^L↔ 1 |α| X ( s α ) s α ∈ ROC_x .

(6.1.60)

:dgked X ( s α ) = ∫_∞ −∞ x(t)e^{− sα t} dt

(6.1.61)

= |α|

∫_∞ −∞ x(ατ)e^{−sτ} dτ

(6.1.62)

= |α|L[x(αt)](s) .

(6.1.63)

.l.y.n

Draft 74 21 April 2006 dketd dxnzd qltl

dketd dxnzd 6.2

megz lr rcin llek) dxnzdd oial ze‘d oia ikxr cg cg xyw yi ,dixet zxnzd ly dixe‘za enk z‘ xfgyl zpn lr (mincew migezit ,ze‘lah) miiw rcina ynzydl lkep llk jxca okl .(zeqpkzdd dketdd dxnzdd z‘ aygl cvik d‘xp df sirqa j‘ .dly zeqpkzdd megze qltl zxnzd jezn ze‘d .mikxc xtqna

dketd dxnzd zgqep 6.2.1 iynnd ewlg ly mekqk s = σ + jω akexnd dpzynd z‘ onqp .X(s) qltl zxnzd yi x(t) ze‘ly gipp ,zeqpkzdd megza σ xear ( 6.1.1) dxnzdd ly dxcbdd itl .dnecnd ewlge X(σ + jω) =

∫_∞ −∞ x(t)e^{−σt}e^{−jωt} dt .

(6.2.1)

-y meyn L_1-a ze‘ ‘ed e^{−(σt)}x(t) ik al miyp .e^{−(σt)}x(t) ly dixet zxnzd weica idef ∫_∞ −∞ | | |e^{−(σt)}x(t) | | | dt =

∫_∞ −∞ |x(t)|e^{−ℜe (st)} dt < ∞

(6.2.2) ozip (mini‘zn miipkh mi‘pza) jk m‘ .qltl zxnzd yi x-l ik dcaerdn raep oexg‘d oeieeyd xy‘k ly zeqpkzdd megza σ ly edylk jxr rawp .d‘ad dxeva ,dketdd dixet zxnzd zgqepa ynzydl aygpe qltl zxnzd 1 2πj ∫_{σ+j∞}

σ−j∞

X(s)e^{st} ds = 1 2πj ∫_∞ −∞ X(σ + jω)e^{σt}e^{jωt} jdω

(6.2.3)

= e^{σt} 1 2π ∫_∞ −∞ X(σ + jω)e^{jωt} dω

= e^{σt}F^{−1}[X(σ + jω](t)

(6.2.4) la‘ .reaw ‘ed σ dketdd dxnzda xy‘k X(σ + jω) = F[e^{−σt}x(t)]

(6.2.5) okle e^{−σt}x(t) = F^{−1}[X(σ + jω)]

(6.2.6) x(t) = e^{σt}F^{−1}[X(σ + jω)]

(6.2.7) = e^{σt} 1 2π ∫_∞ −∞ X(σ + jω)e^{jωt} dω .

(6.2.8) .zeqpkzdd megza didzy jk xegal epilr σ z‘ xy‘k ,dketd dxnzdl dgqep epl ozep oexg‘d oeieeiyd dketdd dxnzdd zgqep z‘ lawp ( 6.2.4)--( 6.2.3) ze‘eeyne df oeieeyn

x(t) = 1 2πj ∫_{σ+j∞}

σ−j∞

X(s)e^{st} ds

(6.2.9) .mini‘zn mi‘pz zgze ,zetivx zecewpa miiwzn oeieeyd ,dixet zxnzd zece‘ wxta epi‘xy itk ,xy‘k dixet zxnzd xear lxbhpi‘d zgqep z‘ lirtdl ozip ok‘y ‘cel yi ef dgqepa ynzydl zpn lr .dketdd

Draft 75 21 April 2006 dketd dxnzd qltl miiwlg mixayl gezit 6.2.2 dxevdn xnelk ,zilpeivx divwpet ‘id dxnzdd miax mixwna

X(s) = b_M s^M + b_{M−1}s^{M−1} + . . . + b_1s + b_0 s^N + a_{N−1}s^{N−1} + . . . + a_1s + a_0 . (6.2.10)

dxeva ef d‘eeyn meyxl xyt‘ M ≥ N m‘

X(s) = C_{M−N} s^{M−N} + C_{M−N−1}s^{M−N−1} + . . . + C_1s + C_0 + b̃_{N−1}sN−1 + b̃_{N−2}sN−2 + . . . + b̃_1s + b̃_0 s^N + a_{N−1}s^{N−1} + . . . + a_1s + a_0 . (6.2.11)

minxebl xayd z‘ wxtp .(dketdd dxnzdd ly mb okle) dxnzdd ly zeix‘pila ynzydl lkep zrk dxevdn Cs^l (s − λ_i)^k

(6.2.12)

.ze‘ad zecaera ynzype (X ly miahwd e‘ ,dpknd iqt‘ md λ_i-d xy‘k)

L^{−1} ( 1 (s − λ_i)^k ) = 1 (k−1)! t

k−1e^{λit}u(t) ipni ze‘ −1 (k−1)! t

k−1e^{λit}u(−t) il‘ny ze‘

(6.2.13)

L^{−1} (1) = δ(t) .

(6.2.14) L^{−1} (sZ(s)) = d dt z(t) .

(6.2.15)

.zilpeivx divwpet lk ly dketdd dxnzdd z‘ ‘evnl lkep ef dhiya meyxp :mincwn z‘eeyd ici lr miiwlg mixayl wxtp 6.2.1 dnbec s^2 + as + b (s − λ_1)^2(s − λ_2) = c_1 (s − λ_1)^2 + c_2 (s − λ_1) + c_3 s − λ_2 . (6.2.16)

lawpe (s − λ_1)^2(s − λ_2) szeyn dpkn zxfra meyxp oini cv z‘ s^2 + as + b (s − λ_1)^2(s − λ_2) = c_1(s − λ_2) + c_2(s − λ_1)(s − λ_2) + c_3(s − λ_1)^2 (s − λ_1)^2(s − λ_2)

(6.2.17)

(s − λ_1)^2(s − λ_2)-a mitb‘d ipy z‘ litkp .d‘ad dhiya z‘f :mikxrd z‘ lawp mincwn z‘eeyd ici lr o‘kne lawpe

s^2 + as + b = c_1(s − λ_2) + c_2(s − λ_1)(s − λ_2) + c_3(s − λ_1)^2 .

(6.2.18)

lawp s = λ_1 aivp m‘ zrk

λ^2_1 + aλ_1 + b = c_1(λ_1 − λ_2)

(6.2.19)

c_1 z‘ lawp o‘kn .miqt‘zn mipexg‘d mixa‘d ipyy oeeik

c_1 = λ^2_1 + aλ_1 + b

λ_1 − λ_2 . (6.2.20)

Draft 76 21 April 2006 dketd dxnzd qltl lawpe ( 6.2.18)-a s = λ_2 aivp zrk

λ^2 + aλ_2 + b = c_3(λ_2 − λ_1)^2

(6.2.21)

okl .miqt‘zn mipey‘xd mixa‘d ipy zrky oeeik

c_3 = λ^2 + aλ_2 + b (λ_2 − λ_1)^2 . (6.2.22)

jxrd z‘ lawle ( 6.2.18)-a aivdl ,epayigy mikxra ynzydl oaenk xyt‘ .xzei hrn akxen c_2 ly aeyigd :s itl d‘eeynd z‘ xefbp aivdl mewna j‘ ,( 6.2.18)-a aey dligzn zillk xzei dhiy .xqgd d ds [s^2 + as + b] = d ds [c_1(s − λ_2) + c_2(s − λ_1)(s − λ_2) + c_3(s − λ_1)^2]

(6.2.23) 2s + a = c_1 + c_2(s − λ_2 + s − λ_1) + 2c_3(s − λ_1)

(6.2.24)

lawpe s = λ_1 aivp zrk

2λ_1 + a = c_1 + c_2(λ_1 − λ_2)

(6.2.25)

okl .miqt‘zn mixa‘d x‘yy oeeik

c_2 =

2λ_1 + a − c_1

λ_1 − λ_2 . (6.2.26)

lawpe ( 6.2.18)-a mincwn zeeydl ozip ,dlewy dxeva

c_3 + c_2 = 1

(6.2.27) −c_32λ_1 − c_2(λ_1 + λ_2) + c_1 = a

(6.2.28) c_3λ^2_1 + c_2λ_1λ_2 − λ_2c_1 = b .

(6.2.29)

.c_1, c_2, c_3 mireawd z‘ ulgp ef zix‘pil ze‘eeyn zkxrnn dxnzdd z‘ lawl ick dlahae zeqpkzdd megz lr rcina ynzyp o‘kn .miiwlg mixayl wexit eplaiw .dketdd dlewyd dxeva wxtl mb ozip s^2 + as + b (s − λ_1)^2(s − λ_2) = d_1s + d_2 (s − λ_1)^2 + 3_2 (s − λ_2) . (6.2.30)

.milebxiza eritei zexevd izy

.zereci zepekza ynzydl aey f‘e ,zeilpeivx zeivwpet zxfra zeakxen zexnzd bviil ozip mizirl dnbecl

Draft 77 21 April 2006 zekxrne qltl qltl -l dketd dxnzd aygp 6.2.2 dnbec

X(s) = 1 1 − e^{−sT}

(6.2.31)

zxfra X(s) z‘ bviil xyt‘ okl .|e^{−sT} | < 1 miiwzn df megza .T > 0-e ℜe s > 0 ‘ed zeqpkzdd megz xy‘k :iqcpd xehl gezit 1 1 − e^{−sT}

= 1 + e^{−sT} + e^{−2sT} + . . .

(6.2.32)

lawpe xai‘ xai‘ dketd dxnzd rvap zeix‘pld llba

x(t) = δ(t) + δ(t − T ) + δ(t − 2T ) + . . . = ∞∑ k=0 δ(t − kT ) .

(6.2.33)

.”minld zakx” ‘xwp df ze‘

zekxrne qltl 6.3

.zekxrn gezipl ziccv ec qltl zxnzd iyeniya oecp df sirqa if‘ ,x”cn ici lr zx‘eznd zkxrnl x(t) = e^{st} il‘ivppetqw‘ ze‘ qipkp m‘ ik epi‘x 5.1 sirqa xe‘ jetyz xy‘ ,H-l ribdl dpey jxc zrk d‘xp .H xear iehia eplaiw s‘e ,H(s)e^{st} didz daebzd x”cn ici lr zx‘eznd zkxrnl dqipk ze‘ ‘ed x ik ok m‘ gipp .ef divwpet zedn lr ycg N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(6.3.1)

ik dcaera ynzype ,d‘eeynd iciv ipyl qltl zxnzd rvap .y ‘ed ‘vend xy‘ L [ d^n dt^n x ] (s) = s^nX(s)

(6.3.2)

lawpe N∑ n=0 a_ns^nY (s) = M∑ m=0 b_ms^mX(s)

(6.3.3)

Y (s) N∑ n=0 a_ns^n = X(s) M∑ m=0 b_ms^m

(6.3.4)

Y (s) X(s) = ∑_M

m=0 b_ms^m ∑_N

n=0 a_ns^n . (6.3.5)

dqipk oia xywd z‘ x‘zn ‘ed :zkxrnd ly zxeqnzd ziivwpet ‘xwp H(s) = Y (s)/X(s) iehiad ly mldl daebzd ly qltl zxnzd ‘ed H(s) iehiad ,L(δ) = 1-y oeeik ,hxta .qltl xeyina d‘ivie .zkxrnd

Draft 78 21 April 2006 zekxrne qltl qltl zivwpet iahw lk sqepae M ≤ N m‘ wxe m‘ BIBO daivi ‘id x”cn ici lr zx‘eznd zkxrn 6.3.1 htyn .ynn ilily iynn wlg ilra md zxeqnzd xcqn lecb epi‘ dpend xcq m‘ wxe m‘ BIBO daivi ‘id zilpeivx zxeqnz zivwpet ici lr zx‘eznd zkxrn .ynn ilily iynn wlg ilra md zxeqnzd zivwpet iahw lk sqepae dpknd dxcbda oky ,zkxrnd ly ahew epi‘ mvnhvdy mxebd ,dpkne dpen oia mevniv yi m‘ ik al miyl aeyg .my dtivx didz divwpetd if‘ mevniv yi m‘ .dneqg dpi‘ divwpetd eaiaq xy‘ s ly jxr ‘ed ahew ef ik epi‘x xake ,dzlc ly zexfbp zllek mldd zaebz if‘ M > N m‘ .( 6.2.11) wexita xkfp :dgked mldd zaebz m‘ wxe m‘ BIBO daivi ‘id zkxrn ik xkfp .M ≤ N-y ok m‘ gipp .daivi zkxrn dpi‘ mldd zaebz ik lawp miiwlg mixayl wexit ici lr okle ,zilpeivx ‘id H(s) o‘k la‘ .ziliaxbhpi‘ ‘id dxevdn zeze‘ ly mekq ‘id Ct^ke^{λit}u(t) .

(6.3.6) mikrec mihppetqw‘d lk m‘ wxe m‘ ziliaxbhpi‘ mldd zaebz okl .H ly miahwd od λ_i zewfgd .l.y.n .ddf ipyd wlgd zgked .ℜe λ_i < 0 xy‘k weica dxwi dfe ,t → ∞ xy‘k zekxrn xeaige qltl 6.3.1 ixabl‘ ‘ed d‘ivie dqipk oia xywdy oeeik .zekxrn ly mixeaig gzpl gep ilk epl zpzep qltl zxnzd Y (s) = H(s)X(s)

(6.3.7) .miakxen mixeaig mb gzpl ziqgi lw .sxevnd hehxyd ici lr x‘ezn xeha zekxrn xeaig 6.3.2 dnbec

� y H_1 H_2 �x �z

xeha zekxrn xeaig :6.2 xei‘

ik ciin lawp Z(s) = H_2(s)Y (s)

(6.3.8) = H_2(s)H_1(s)X(s)

(6.3.9) ‘id zllekd zkxrnd ly zxeqnzd zivwpet okle H(s) = H_2(s)H_1(s) .

(6.3.10) ohw H_2-e H_1 ly mipend xcq mekq m‘ wxe m‘ BIBO daivi H zllekd zkxrnd ik 6.3.1 htynn raep ,hxta m‘ xexa .ℜe (s_i) < 0 miniiwn mipend cg‘ ixa‘ mr minvnhvn mpi‘ xy‘ miahw mze‘e ,mipknd xcq mekqn Draft 79 21 April 2006 zekxrne qltl qltl zkxrnd mle‘ ,(miahw mewin llba m‘e dpend xcq llba m‘) daivi dpi‘ zekxrndn zg‘ ik okzi hlgda ik jk .daivi zllekd

.sxevnd hehxyd ici lr x‘ezn liawna zekxrn xeaig 6.3.3 dnbec

�x

�

�

H_1

H_2 �y^1

� y_2 � y � � +

liawna zekxrn xeaig :6.3 xei‘

.zllekd zxeqnzd zivwpet z‘ aygp

Y (s) = Y_1(s) + Y_2(s)

(6.3.11) = H_1(s)X(s) + H_2(s)X(s)

(6.3.12) = (H_1(s) + H_2(s))X(s)

(6.3.13)

.H(s) = H_1(s) + H_2(s) ‘id zllekd zkxrnd ly zxeqnzd zivwpet okle

.ie‘xk x‘zl epleki ‘l dk cr xy‘ zkxrn gzpp ,seqal .sxevnd hehxyd ici lr zx‘ezn aeyn zkxrn 6.3.4 dnbec

� � � + x �

�

�

H_1

H_2 � y

� � aeyn xeaig :6.4 xei‘

zllekd zxeqnzd zivwpet .H_1(s) = −1 exeary ,ilily dcigi aeyn ‘ed xzeia aeygd dxwnd ,hxta

Draft 80 21 April 2006 zekxrne qltl qltl jk zayegn Y (s) = H_2(s)[X(s) + H_1(s)Y (s)]

(6.3.14) = H_2(s)X(s) + H_2(s)H_1(s)Y (s)

(6.3.15) Y (s)[1 − H_2(s)H_1(s)] = H_2(s)X(s)

(6.3.16) Y (s) =

H_2(s) 1 − H_2(s)H_1(s)

X(s)

(6.3.17) illkd dxwna :aeynd zkxrn zgqep z‘ eplawe H(s) =

H_2(s) 1 − H_2(s)H_1(s)

(6.3.18) ilily dcigi aeyn xeare H(s) =

H_2(s) 1 + H_2(s) . (6.3.19) xnelk ,zeilpeivx od zxeqnzd zeivwpety gipp H_1(s) =

N_1(s) D_1(s)

(6.3.20) H_2(s) =

N_2(s) D_2(s)

(6.3.21) if‘ .s-a minepilet md N_i(s), D_i(s) xy‘k H(s) =

H_2(s) 1 − H_2(s)H_1(s)

(6.3.22)

= N_2(s) D_2(s)

1 −^{N2(s)}_{D2(s)}^{N1(s)}_{D1(s)}

(6.3.23)

lawpe D_2(s)D_1(s)-a dpknde dpend z‘ litkp H(s) =

N_2(s)D_1(s) D_2(s)D_1(s) − N_2(s)N_1(s)

(6.3.24) lawp ilily dcigi aeyn ly dxwnd xear hxtae H(s) =

N_2(s) D_2(s) + N_2(s) . (6.3.25) xcqn lecb epi‘ cinz zllekd zkxrnd ly dpend xcq ,(miilpeivx miaikx mr) aeyn zkxrna ik xexa df iehian ici lr miahwd mewin lr zizernyn dxeva ritydl ozip ik mb xexa .zeaivid i‘pzn cg‘ ‘lnzn jkae ,dpknd .mi‘zn H_1(s) aeyn zxiga dzgpd ,repn ly dwinpic) mdilr dhily epl oi‘y minxeb ly drtyd zx‘zn zkxrnd miax mixwna ep‘ llk jxca .dni‘zn zkxrn zepal ozip eli‘ mizeeir owzl ick .(’cke jilen jeez ly df‘t izeeire .zikted zkxrna mipiipern Draft 81 21 April 2006 ziccv cg dxnzd qltl

� y H G �x �x �yG H

�x �x

zikted zkxrn :6.5 xei‘

GH xy‘k GH = HG = I miiwzn m‘ ziktedd zkxrnd ‘xwz G zkxrnd H zkxrn ozpda 6.3.5 dxcbd deey dz‘ivi xy‘ zkxrnd ‘id I .d‘vezd lr G zlrtd okn xg‘le dqipkd ze‘ lr H zkxrnd ly dlrtd onqn .H^{−1}-a oneqz H ly ziktedd zkxrnd .dqipkl .oihelgl zillk ‘ide ,zkxrnd beviil zqgiizn dpi‘ dxcbdd megza wx zxcben zxeqnz zivwpety oeeikn ,zxeqnz zivwpet jxc zxcben zkxrnd m‘y oaenk zernyn didzy ick z‘f .zekxrnd izyl szeyn zeqpkzd megz yi m‘d al miyl yi ,zeqpkzdd .zekxrnd xeaigl miiwzn zilpeivx zxeqnz ziivwpetl

H^{−1}(s) = 1 H(s) = 1 N(s) D(s) = D(s) N(s) . (6.3.26)

ziccv cg qltl zxnzd 6.4

”.zeilxbhpi‘ zexnzde dixet ixeh” qxewa dritend dxnzdd ‘id ziccv cg qltl zxnzd -y jk s ly mikxr xear zxcben x ze‘d ly ziccv cg qltl zxnzd 6.4.1 dxcbd ∫_∞

0^−

|x(t)|e^{−(ℜe s)t} dt < ∞ .

(6.4.1)

‘id dxnzdd f‘e

X_+(s) .=

∫_∞

0^−

x(t)e^{−st} dt .

(6.4.2)

xywd z‘ onqp .zxcben dxnzdd mxear s ly mikxrd sqe‘ ‘ed (ROC: region of convergence) dxcbdd megz :jk X_+ dxnzdl x oia

x^{L+}↔ X_+ , X_+(s) = L_+[x](s) .

(6.4.3)

z‘f .0-l l‘nyn---izexixy ote‘a ohw---rhw millek ep‘y ‘id lxbhpi‘a 0^− oezgzd leabd zernyn dqipke ,0 onfp xear erawi yi m‘ dlgzd i‘pz .dzlc oebk zellken zeivwpet ly drtyd lelkl zpn lr .z‘f dyrp ‘l ep‘ mle‘ ,0^+-a dligznd dxnzd xicbdl ozip .ahid zxcben qt‘ aiaq edylk ze‘ ly -y xexa ,(millken ‘l) milibx zeze‘ xear

L_+x = L[x · u] .

(6.4.4)

Draft 82 21 April 2006 ziccv cg dxnzd qltl cinz ‘ed ziccv cgd dxnzdd ly zeqpkzdd megz ,(ziccv ec) qltl zxnzd zepekz itl ,jky oeeikn :daeyg dpekz zraep o‘kn .ℜe s > σ_0 xnelk ,ipni .szeyn zeqpkzd megz yi (zeiccv cg) zexnzd izy lkl .lawznd ze‘d ly zeqpkzdd megz edn dl‘ya mi‘ad mihtyna weqrp ‘l ef daiqn lk zxney dpi‘ dxnzdd :miipni zeze‘ xear wx ikxr cg cg ‘ed ezxnzde ze‘ oia xywdy oaenk .miilily mipnf xear ze‘d ikxr iabl rcin .ziccv ecd dxnzdd zepekzn lawl xyt‘ ziccv cgd dxnzdd zepekzn lecb wlg xnelk ,zix‘pil dlert ‘id dxnzdd 6.4.2 htyn αx + βy^{L+}↔ αX + βY

(6.4.5) ,x, y miipni zeze‘ xear x ∗ y^{L+}↔ X_+(s)Y_+(s) .

(6.4.6) miiwzn miipni gxkda mpi‘y zeze‘ xear (x · u) ∗ (y · u)^{L+}↔ X_+(s)Y_+(s) .

(6.4.7)

.l.y.n .ziccv ecd dxnzdd ly eli‘n zeraep zepekzd :dgked ‘id zffen dzlc ly ziccv cg qltl zxnzd L_+[δ(t − a)](s) = ∫ 0^−

e^{−st}δ(t − a) dt = e^{−sa}

(6.4.8) .zffen dzlc mr diveleepew jxc didyd bviil ozip ik xkfp .a < 0 m‘ 0 deeye a ≥ 0 m‘ ,a ≥ 0 xear 6.4.3 htyn x(t − a)^{L+}↔ e^{−sa}X_+(s) .

(6.4.9)

.l.y.n .ziccv ecd dxnzdd zepekzn raep :dgked zpekz okl .X_+(s) jezn ilily t xear eikxr z‘ xfgyl ozip ‘l ,iccv cg ze‘ eppi‘ x m‘ ik al miyp .a ≥ 0 xear wx dtiwz zeidl dleki dffdd ,akexn s_0 lkl ik ciin raep ziccv ecd dxnzdd zepekzn e^{s0t}x(t)^{L+}↔ X_+(s − s_0) .

(6.4.10) z‘f .dlgzd i‘pz mr ,zeix‘pil x”cn ly zepexzt aeyigl cgeina dni‘zn ziccv cg qltl zxnzd .d‘ad daiqdn Draft 83 21 April 2006 ziccv cg dxnzd qltl if‘ t → ∞ xy‘k x(t)e^{−st} → 0 m‘ 6.4.4 htyn d dt x^{L+}↔ sX_+(s) − x(0^−) .

(6.4.11)

.ziccv ec dxnzda avnl cebipa ,ziccv cgd dxnzda iehia icil mi‘a dlgzdd i‘pz xnelk :dgked

L_+ [ d dt x ] = ∫_∞

0^− d dt x(t)e^{−st} dt

(6.4.12)

miwlga divxbhpi‘

= x(t)e^{−st} |_∞ 0− −

∫_∞

0^−

x(t) d dt e^{−st} dt

(6.4.13)

= −x(0−) + s

∫_∞

0^−

x(t)e^{−st} dt

(6.4.14)

.l.y.n .d‘vezd idefe ,zeqpkzdd i‘pz llba (zeqpkzd i‘pz zgz) lawp ef dgqepa xfeg yeniy ici lr d^n dt^n x^{L+}↔ s^nX_+(s) − s^{n−1}x(0^−) − s^{n−2}x^{(1)}(0^−) − . . . − sx^{(n−2)}(0^−) − x^{(n−1)}(0^−)

(6.4.15)

= s^nX_+(s) − n∑ k=1 s^{n−k}x^{(k−1)}(0^−) .

(6.4.16)

cin raep o‘kn .ziccv ecd dxnzdl oaenk ddf dbxcn ly ziccv cg dxnzd

:miieqn ‘l lxbhpi‘ ly dxnzd 6.4.5 htyn ∫_t

0^−

x(τ) dτ^{L+}↔

X_+(s) s . (6.4.17)

.l.y.n .iccv ecd dxwnl dgkedl ddf :dgked

:s dpzyna dxifb 6.4.6 htyn

−tx(t)^{L+}↔ d ds X(s) .

(6.4.18)

.l.y.n .iccv ecd dxwnl ddf :dgked

α ≥ 0 xear :dlwq iepiy 6.4.7 htyn

x(αt)^{L+}↔ 1 α X_+ ( s a ) . (6.4.19)

Draft 84 21 April 2006 ziccv cg dxnzd qltl .l.y.n .ilily a-a ynzydl ozip ‘ly oaenk .ziccv ecd dxnzdl ddf :dgked ,lecb s-a dxnzdd jxr mr qt‘a ipnfd ze‘d ly jxrd z‘ mixyew iteqde ihlgzdd jxrd ihtyn .jtidle

md if‘ miniiw mi‘ad zeleabd m‘ ,seqpi‘a e‘ ziy‘xa zeixlebpiq zecewp ‘ll ipni ze‘ xear 6.4.8 htyn :mieey izlgzd jxr

x(0^+) = lim_{s→∞} [sX_+(s)] ,

(6.4.20)

iteq jxr

x(∞) = lim_{s→0} [sX_+(s)] .

(6.4.21)

iteqd jxrde e^0u(0^+) = 1 oaenk ‘ed izlgzdd jxrd a > 0 xy‘k x(t) = e^{−at}u(t) ze‘d xear 6.4.9 dnbec ,htyna ynzyp m‘ ,qltl xeyina .0 ‘ed

X_+(s) = 1 s + a

(6.4.22)

lim_{s→∞} s s + a

= 1 = x(0^+)

(6.4.23)

lim_{s→0} s s + a

= 0 = x(∞) .

(6.4.24)

miyp .z(t) = se^{−st} divwpetd z‘ ogap .ezedn z‘ oiadl dqpp iaihi‘ehpi‘ ote‘a j‘ ,df htyn gikep ‘l ik al

sX_+(s) = s

∫_∞

0^−

e^{−st}x(t) dt =

∫_∞

0^−

z(t)x(t) dt .

(6.4.25)

:1 ‘ed z divwpetl zgzn ghyd ∫_∞

0^−

se^{−st} dt = 1 ,

(6.4.26)

zivwpetl aexiw edf xnelk .(ziy‘xl oinin dyrnl) ziy‘xd aiaq zfkexn divwpetd aex s → ∞ xeare .0^+-a izlgzdd jxrd z‘ eplaiw hxtae ,dzlc cg‘ cvn ,iteqd jxrd xear

L_+ [ dx dt ] (s) = sX_+(s) − x(0^−)

(6.4.27)

Draft 85 21 April 2006 ziccv cg dxnzd qltl ,ipy cvn .dxifbd zpekzn

lim_{s→0} L_+ [ dx dt ] (s) = lim_{s→0}

∫_∞

0^−

e^{−st} dx dt (t) dt

(6.4.28) = ∫_∞

0^− dx dt (t) dt

(6.4.29)

= x(∞) − x(0^−) .

(6.4.30)

lawp zepexg‘d ze‘eeynd izyn

lim_{s→0} sX_+(s) − x(0^−) = x(∞) − x(0^−)

(6.4.31)

lim_{s→0} sX_+(s)) = x(∞) .

(6.4.32)

iccv cg qltl ici lr x”cn gezp 6.5

zxnzd jxc mldd zaebz z‘ lawl ozip ,d‘ivi dqipk zkxrnk x”cnl miqgiizn ep‘ xy‘k ik epi‘x zaebz z‘ lawp dketd dxnzd ici lre ,d‘eeyndn iciin ‘ed zxeqnzd zivwpet aeyig :ziccv ec qltl .dlgzdd i‘pz zrtyd z‘ llekd ,xzei hxetn gezip zxyt‘n ziccv cg qltl zxnzd .mldd zihxcphqd dzxeva x”cna aey opeazp N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(6.5.1)

:qt‘a dlgzd i‘pz mipezp xy‘k

y(0^−), y^{(1)}(0^−), y^{(2)}(0^−), . . . , y^{(N−2)}(0^−), y^{(N−1)}(0^−).

(6.5.2)

xear ( 6.4.15) dgqepde zeix‘pild zpekz zxfra ,lawpe d‘eeynd iciv ipy lr ziccv cg dxnzd rvap zxfbp ly dxnzd

L_+

(_N ∑ n=0 a_n d^ny(t) dt^n ) (s) = N∑ n=0 a_nL_+ ( d^ny(t) dt^n ) (s) (6.5.3)

= a_0Y_+(s) + N∑ n=1 a_n ( s^nY_+(s) − n∑ k=1 s^{n−k}y^{(k−1)}(0^−) ) (6.5.4)

= Y_+(s) N∑ n=0 a_ns^n − N∑ n=1 a_n

(_n ∑ k=1 s^{n−k}y^{(k−1)}(0^−) ) . (6.5.5)

Draft 86 21 April 2006 ziccv cg dxnzd qltl

dnec dxeva

L_+

(_M ∑ m=0 b_m d^mx(t) dt^m ) (s) = M∑ m=0 b_mL_+ ( d^mx(t) dt^m ) (s) (6.5.6)

= b_0X_+(s) + M∑ m=1 b_m ( s^mX_+(s) − m∑ k=1 s^{m−k}x^{(k−1)}(0^−) ) (6.5.7)

= X_+(s) M∑ m=0 b_ms^m − M∑ m=0 b_m

(_m ∑ k=1 s^{m−k}x^{(k−1)}(0^−) ) . (6.5.8)

oeieeyd z‘

L_+

(_N ∑ n=0 a_n d^ny(t) dt^n ) (s) = L_+

(_M ∑ m=0 b_m d^mx(t) dt^m ) (s) (6.5.9)

jk aezkl okl ozip

Y_+(s) N∑ n=0 a_ns^n = X_+(s) M∑ m=0 b_ms^m + N∑ n=1 a_n

(_n ∑ k=1 s^{n−k}y^{(k−1)}(0^−) ) − M∑ m=1 b_m

(_m ∑ k=1 s^{m−k}x^{(k−1)}(0^−) ) (6.5.10)

Y_+(s) = M∑ m=0 b_ms^m N∑ n=0 a_ns^n

X_+(s) + N∑ n=1 a_n

(_n ∑ k=1 s^{n−k}y^{(k−1)}(0^−) )

N∑ n=0 a_ns^n − M∑ m=1 b_m

(_m ∑ k=1 s^{m−k}x^{(k−1)}(0^−) )

N∑ n=0 a_ns^n

(6.5.11)

ly mldd zaebz mr diveleepewn zlawznd daebzd idef xnelk :H(s)X_+(s) ‘l‘ epi‘ oey‘xd xai‘d qltl zxnzd ,ok m‘ .Y_{ZIR} xnelk ,qt‘ dqipka daebzd weica ‘ed ipyd xai‘d .(x”cnd ly) zkxrnd daebz ly mekqk---x”cn ici lr zx‘eznd zkxrn ly zillkd daebzd aeyigl ilk epl zpzep ziccv cgd .dqipkl daebze dlgzd i‘pzl

Draft 87 21 April 2006