044130 zekxrne zeze‘

uxey mc‘ lnyg zqcpdl dhlewtd oeipkh

September 2006 1.1 dqxb

uxey mc‘ 2005, 2006 ©

mipipr okez

5 ‘ean 1 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . divaihen 1.1 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . qxewd zece‘ 1.2 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ze‘nbec 1.3

12 zkxrnk zelibx zeil‘ivpxtic ze‘eeyn 2 12 . . . . . . . . . . . . . . . . . . . . . . . . . dxfg :opexzte zeix‘pil zeil‘ivpxtic ze‘eeyn 2.1 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeix‘pil zeil‘ivpxtic ze‘eeyne zekxrn 2.2 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zekxrn ly beeiqe zepekz 2.2.1 22 . . . . . . . . . . . . . . . . . zekxrn ly zepekze zeil‘ivpxtic ze‘eeynl znkqn dnbec 2.3 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeil‘ivpxtic ze‘eeynl xarn :zekxrn 2.4

25 .diveleepew zekxrne zeilxbhpi‘ zekxrn 3 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dzlc zivwpet 3.1 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .diveleepew zkxrne dzlc zivwpet 3.2 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .zellken zeivwpet 3.3 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dxcbd---zellken zeivwpet 3.3.1 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zellken zeivwpet ly dxifb 3.3.2 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeagxd 3.3.3 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dizexfbpe dzlc zivwpet 3.3.4 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oirxb zekxrn 3.4 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . diveleepew zekxrn 3.5 37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .diveleepew 3.6 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . diveleepew zekxrne x”cn 3.6.1 40 . . . . . . . . . . . . . . . . . . . . . . . . . il‘ivppetqw‘ ze‘l diveleepew zkxrn zaebz 3.7 41 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zekxrn xeaig 3.8

44 zeaivi 4 44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeze‘ iagxn 4.1

45 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dneqg d‘ivi-dneqg dqipk zeaivi 4.2 48 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zihehtniq‘ zeaivi 4.3

50 dixet zxnzd 5 50 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ?miil‘ivppetqw‘ zeze‘ recn :‘ean 5.1 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dixet zxnzd 5.2 52 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dxfg 5.3 52 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . :dxnzdd zepekz 5.3.1 55 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zellken zeivwpetl dixet zxnzd 5.4 59 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zekxrne zeze‘ ,dixet 5.5 61 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mippqn 5.5.1 64 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zix‘pil df‘t zkxrn 5.5.2 65 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dixet zxnzda yeniyl ze‘nbec 5.6 65 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oepti‘ 5.6.1 66 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . aeaix 5.6.2 67 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dixet zxnzd---zetqez 5.7 68 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ze‘ceed i‘ oexwre dixet zxnzd 5.7.1 69 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zewlg ihtyn 5.7.2

71 qltl zxnzd 6 71 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ziccv ec qltl zxnzd 6.1 78 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dketd dxnzd 6.2 78 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dketd dxnzd zgqep 6.2.1 79 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miiwlg mixayl gezit 6.2.2 82 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zekxrne qltl 6.3 83 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zekxrn xeaige qltl 6.3.1 86 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ziccv cg qltl zxnzd 6.4 90 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iccv cg qltl ici lr x”cn gezp 6.5

92 dixet xeh 7 92 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dxfg-dixet xeh 7.1 94 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . qaib zrtez 7.2 95 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miixefgn zeze‘l dixet zxnzd 7.3 96 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xefgye dnibc 7.4 98 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iyrn xefgiy 7.5 100 . . . . . . . . . . . . . . . . . . . . . . dixet xehe dixet zxnzd ,qltl zxnzd oia mixyw 7.6 100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . qltl zxnzde dixet zxnzd 7.6.1

Version 1.1 2 September 2006

101 . . . . . . . . . . . . . . . . . . . . . . . . . . . . dixet xeh incwne dixet zxnzd 7.6.2

102 a”wl zkxrn ly daebze miqt‘ ,miahw 8 102 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oey‘x xcqn zkxrn 8.1 104 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ipy xcqn zkxrn 8.2 106 . . . . . . . . . . . . . . . . . . . . . . . . . . . . onfd xeyina daebz ,miqt‘e miahw ztn 8.3 108 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . df‘te xabd miqt‘ miahw 8.4 110 . . . . . . . . . . . . . . . . . . . . . . . . . dcea znxb‘ic---xczd zaebz ly zitxb dbvd 8.5 111 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oey‘x xcqn iynn ahew 8.5.1 112 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ipy xcqn zkxrn 8.5.2

114 iyrn opqn :znkqn dnbec 9 114 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . eizepekze opqnd 9.1 115 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . opqnd dpan 9.2 116 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . opqnd oepkz 9.3

119 cica onfa zekxrne yxtd ze‘eeyn 10 119 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . opexzte zeix‘pil yxtd ze‘eeyn 10.1 122 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeix‘pil yxtd ze‘eeyne zekxrn 10.2 123 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .d.n zekxrn ly beeiqe zepekz 10.2.1 123 . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeix‘pil yxtd ze‘eeyn ly mldl daebz 10.3 125 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mld zaebz aeyig 10.3.1 126 . . . . . . . . . . . . . . . . . . . . . . xcz zaebze zil‘ivppetqw‘ dqipkl d.n ly daebz 10.4

127 .cica onfa diveleepewe oirxb zekxrn 11 127 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .diveleepew zkxrne dzlc zivwpet 11.1 128 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oirxb zekxrn 11.2 130 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . diveleepew zekxrn 11.3 131 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .diveleepew 11.4 133 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . diveleepew zekxrne d”n 11.4.1 133 . . . . . . . . . . . . . . . . . . . . il‘ivppetqw‘ ze‘l diveleepew zkxrn zaebz 11.4.2 133 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zekxrn xeaig 11.5

137 Z zxnzd 12 138 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ziccv ec dxnzd 12.1 141 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ziccv cg dxnzd 12.2 142 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dxnzdd zepekz 12.3 148 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dketd dxnzd 12.4

Version 1.1 3 September 2006

150 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . yxtd ze‘eeyn oexzt 12.5 152 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miyxye miahw 12.5.1 154 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . diveleepew zkxrn 12.6

155 cica onfa zekxrn zeaivi 13 155 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dneqg d‘ivi-dneqg dqipk zeaivi 13.1 157 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zihehtniq‘ zeaivi 13.2

158 cica onfa dixet 14 158 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cica onfa dixet zxnzd 14.1 161 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dketd dixet zxnzd 14.1.1 161 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . yxtd ze‘eeyn 14.1.2 162 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . diveleepew zkxrn 14.1.3 162 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . sivxe cica onfa dixet 14.1.4 163 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cica onfa dixet xeh 14.2

166 avnd agxna zekxrn 15 168 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . sivx onfa avn ze‘eeyn 15.1 169 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . avn ze‘eeyn ici lr x”cn bevii 15.2 173 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . avn ze‘eeyn oexzt 15.3 174 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . qt‘ dqipka oexzt 15.3.1 179 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . illk oexzt 15.3.2 179 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeipepw zexev 15.4 181 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . qltl---dxnzd zehiy 15.5 182 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . avn aeyn 15.5.1 183 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cica onfa avn ze‘eeyn 15.6 184 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . avn ze‘eeyn ici lr d”n bevii 15.7 186 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . onfd xeyina oexzt 15.7.1 186 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Z zxnzd 15.8

Version 1.1 4 September 2006

1 wxt

‘ean

.qxewl ze‘vxd xivwz md eli‘ mitc ze‘nbec zzle ,xyt‘d lk mcwen izednd xnegl ribdl :ily d‘xedd zqitzn xfbp oebx‘d ,jky oeeik zepekz lynl) uegp ‘ed xy‘k wx llk jxca ozpi yexc rwxy raep jkn .xyt‘d lkk mcwen zeiyrn wlg wx dqkn df ‘yepa wxtd - zeaivi lynl) zenewn xtqna miriten miniieqn mi‘yepe ,(zeze‘ ly .(zeaivi gezipl zehiydn dnbecl .oeipkha lnyg zqcpdl dhlewta micenld zipkzl zen‘zend ,xfr zexrd zeriten zxaega .oeipkha mcew qxewl diptd mr ,miieqn ‘yep cenil z‘xwl dxfgl dvlnd - .yxetna z‘f izazk xyt‘zd ‘l xacd xy‘k :miihnznd miccva xyt‘d lkk wiecn zeidl iziqip ok‘ ‘id ”dgked” lk .miriten miihnznd mi‘pzd lky ‘id dpeekd - ”htyn” dlind driteny mewn lka ,mipiiprznl zcreind dxrdl ‘id dpeekd ”zihnzn dxrd” milind zeriten xy‘k .ihnznd oaena dgked .qxewd xnegl xarn daigxne d‘ixw mle‘ .daeyg divi‘ehpi‘ zxaren ze‘vxda oky ,ze‘vxdl silgz mpi‘ el‘ mitc izrcl ddeab dpad znx) d‘vxddn zlrezd axin z‘ witdl xyt‘z d‘vxdl dpkdk el‘ mitc ly zighiy lky ‘ceel ick d‘vxdd xg‘l ‘exwl xyt‘ sqepa .(lkd aezkl jxevl ‘le d‘vxdl al zneyze ,xzei .xnegd zrnhd z‘ zxtynd dxfgke epaed zecewpd xy‘ mi‘yep ,(mcew xneg lr dxfg hxta) dzika eqeki ‘l xy‘ mi‘yep zxaega yi mixacd rahn zeriten xy‘ ze‘nbec opyi ipy cvn .dzika eritei ‘l xy‘ ze‘nbece ,dxvwa wx dzika miqekn qxewd ly ihxe‘zd xnegd ,z‘f mr .miax mihehxy zxaega mixqg ,sqepa .zxaega ‘l j‘ d‘vxda .zxaega elek dqekn .sxevnd hqwhle ‘yepd z‘ izpadl mznexz lr qxewd ixenl dcez

divaihen 1.1

,milk zzl ‘id qxewd zxhn .oepkze gezip jxevl miizenk milka ynzydl daxn ipxcend qcpdnd .oepkzl eynyi xy‘ milk xtqne ,zekxrn ly zebdpzd gezipl ,miihnzn maex divaihen ‘ean :ze‘nbec .1

miyrx oepq :ze‘ cear • xczd megza yrx oeiti‘ – miyrx zzgtd – z‘ mixikn eplek hxta .mei-meid iign ”jenp lilv’’-e ”deab lilv’’ mibyend z‘ mixikn ep‘ oiit‘l ozip cvik .mikenpd e‘ mideabd mililvd zxabd xyt‘n xy‘ epilr aiagd obpa xxead ze‘ dpynd xiykn xnelk---opqn opkzl ozip cvike ,oezp ze‘ ly mideabd mililvd megz z‘ sqep ievxd ze‘l’’ htynl zwiecn zernyn zzl cvik ?mieqn xcz megz xabeiy jk oezp el‘k miyrx zigti xy‘ opqn opkzl cvik ?”mideabd mililva cgeina hlea xy‘ yrx d‘xpk xczd megz zpad .xczd megza oepkze gezipl dnbec idef ?ievxd ze‘a zilnipin dribt jez .qxewa miifkxn mi‘yep md rivn ‘edy milkde oept‘ :xefgiye ceciw • zeiqcpd zeaiqn---uxd-dbn d‘n cr zexyr---ziqgi mideab mixcza rvazn eicx xeciy xcyl jk m‘ ozip cvik .mikenp md rnyd ixcz z‘f znerl .xcz ia‘yn zepinf ly zeaiqne xcza ”‘yep lb’’ iab lr ievxd ze‘d ”zyald’’ xnelk ,oept‘ ici lr ‘ed oexztd ?rny ze‘ zernynd ly dpad miyxece ,xczd megz ly zehiya migep oepti‘ ly gezipe oeiti‘ .xeciyd .dixet zexnzd ly ziqcpdd .izxtq ze‘ cear jxevl xefgye dnibc • ?(zenibc zxcq xnelk) izxtq ze‘ epnn xvil ozip cvik,(rny ze‘ dnbec) ibelp‘ ze‘ ozpda rval yi jk myle ,zizxtq dxeva mcarle zeze‘a lthl gep ,miaygn ly xaebd mgek awr ick ?ceai‘l jled rcindn wlg dfi‘ ?rcin ceai‘l znxeb dnibcd zlert m‘d .dnibc onfd megza aleyna cearle ,zellken zeivwpet ly miihnzn milk lirtdl yi daeyz zzl .xczd megzae .zekxrn oepkze gezip • zeze‘ zeidl e‘ ,(n”kn ly zecicn lynl) rcin bviil mileki milthn ep‘ mda zeze‘d ‘xewa xfiild ‘xew zlrtdl dxwa zeze‘ lynl) ‘idylk zkxrn ly dlert lr miritynd lre (miyrx) epizhilya mpi‘ mwlg .miax minxeb mirityn el‘ zeze‘ lr .(mixehilwzd lr drityn xy‘ ”dxegy dqtew’’ ‘id ”zkxrn’’ epizpigan .(mippqn lynl) mihley ep‘ mwlg zekxrn oepkzl milk gztle (gezip) zeze‘ lr dpezp zkxrn drityn cvik oiit‘l dvxp .ze‘d ,miax mipiit‘n itl zekxrn gzple oiit‘l cnlp qxewa .zeze‘ lr dievx drtyd ebiyi xy‘ xy‘ zkxrn ‘id daivi zkxrn ,ziaihi‘ehpi‘ .”zkxrn ly zeaivi’’ ly ifkxn oeixhixw llek .dievx dpekz i‘ce ef ziqcpd dpigane---dphw d‘vez epl ozz ohw ze‘ lr dly dlrtd

:qxewa zexhne zel‘y .2

.zellken zeivwpet---zwiecn dxeva lthl mircei ep‘ mda zeze‘d beq zagxd •

Version 1.1 6 September 2006 divaihen ‘ean .xczd megza milk gezite xczd megza ze‘ oeit‘ • .dqipka zelza zkxrn ‘ven oeit‘ • .aeyn xeaig llek ,ixlecen oepkz jxevl zekxrn xeaig • zihnznd dxezd ly dpad gztle milk xikdl .zizkxrn daiyg gztl :zillk dxhn • .zeix‘pil zekxrn lye zeze‘ ly ziqiqad

qxewd zece‘ 1.2

mcwen rci .1 -xnzde dixet ixeh ,zix‘pil dxabl‘n mi‘yep aigxne ynzyn df qxew ,miinyixd mincwl xarn .xzei ohw ‘ed zeakexn zeivwpetn milka yeniyd .zelibx zeil‘ivpxtic ze‘eeyne ,zeilxbhpi‘ ze ynzyp sqepa .ozi‘ ihnzn qeqia elawie o‘k eagxei milbrnd zxeza ecnlp xy‘ miax ceqi ibyen .zekxrn lye zeze‘ ly ze‘nbeck (1 dwifit) zeipkin zekxrnae miilnyg milbrna

jynd iqxewe qxewd zipkz zxiwq .2

.qxewd i‘yep zxiwq .ze‘nbec :‘ean (‘) jxc zepexzt bevii .x”cn ly zepexzt .x”cn ly zepekz .zkxrnk zeil‘ivpxtic ze‘eeyn (a) .zkxrnk x”cn zepekze zekxrn ly zepekz .mldd zaebz mr diveleepew zilxbhpi‘ zkxrn zepekz .zellken zeivwpet .diveleepew zekxrne zeilxbhp‘ zekxrn (b) .diveleepew zekxrn ly xeaig .diveleepew zkxrne -niq‘ zeaivi zxcbd .diveleepew zkxrn ly BIBO zeaivi .BIBO zeaivi zxcbd .zeaivi (c) .ipiit‘d mepiletd iyxye x”cn zkxrn ly zihehtniq‘ zeaivi .zihehtq .e^{αt} dqipkl diveleepewe x”cn zkxrn zaebz .mippqnl ‘ean .yeniyl ze‘nbec .zellken zeivwpetl dagxd .dixet zxnzd (d) llek zkxrn xeaig ,BIBO zeaivi .zxeqnzd zivwpete ziccv ec dxnzd .qltl zxnzd (e) .zikted zkxrn ,aeyn xeaig .zihehtniq‘ zeaivi .dlgzd i‘pz mr x”cn oexzte ziccv cg dxnzd .daeyige dketd dxnzd dnibc .qaib zrtez .dixet zxnzdl miyeniy .zellken zeivwpetl dagxd .dixet xeh (f) - znkqn dnbec .dcea zenxb‘ice xcz zaebz .dixet xehe dixete qltl oa mixyw .xefgye .Butterworth opqn ly dzlc .yxtd ze‘eeyn ly zepekz ,yxtd ze‘eeyne dffd .cica onfa zekxrne zeze‘ (g) dqipkl zeaebz .diveleepewe oirxb zkxrn zepekz .cica onfa diveleepew .mld zaebze xwpexw .zihehtniq‘ zeaivie BIBO zeaivi .zil‘ivppetqw‘

Version 1.1 7 31 October 2005 divaihen ‘ean oexzt ,ziccv cg dxnzd .BIBO zeaivie zxeqnz zivwpet ,ziccv ec zxnzd .Z zxnzd (h) .zihehtniq‘ zeaivie BIBO zeaivi ,yxtd ze‘eeyn .DTFT zepekz .dixet xeh .cica onfa dixet zxnzd (i) x”cn oexzte bevii ,avn zxcbd .aeyn zxfra miahw mewin :dnbec .avnd agxna zekxrn (k) e^{At} divwpetd ,ziceqid dvixhnd .onfd xeyna avn ze‘eeyn oexzt .avn ze‘eeyn ici lr -ynl dxnzd zehiy .cica onfa avn ze‘eeyn .avnd agxn jxc BIBO zeaivi .dizepekze .avn ze‘ee

:jynd iqxew .3 .zibelp‘ zxeywze zizxtq zxeywz :zxeywzd megz .miibeleia zeze‘ ,zepenz ceair ,q”lan :zeze‘ ceair megz .zezyxd zxez .zekxrnd zxeze dxwa .minzixebl‘e ly miaygn zezyx ly gezipa miqxew .mii‘xw‘ zeze‘

ze‘nbec 1.3

lr aeygp .5.5.1 sirqn dgewld dnbec x‘zp---xczd megza gezip---mi‘yepd cg‘ yigndl zpn lr ok‘ micrein xzeia miiqiqad mippqnd .mipey mixcza zeze‘l zepey zexeva qgiiznd aikx lrk opqn m‘ :xczd zaebz z‘xwpd divwpet jxc opqn x‘zl xyt‘ ik jynda d‘xp .miniieqn mixcz opql if‘ H(ω) divwpetd ici lr x‘ezn opqnde m‘e ,ω_0 ‘ed ely xczde X elceby iqepiq ze‘ opqna xiarp zaebz xy‘ zkxrn ‘ed ω_B oerhw xcz mr mikenp xiarn opqn lynl .H(ω_0)X(ω_0) lawp opqnd ‘vena ‘id dly xczd

H(ω) =

1 |ω| < ω_B 0 |ω| > ω_B .

(1.3.1)

.llk xeari ‘l xzei deab xcza ze‘e ,iepiy ‘ll xeari ω_B-n jenp xcza ze‘ ,xnelk (gzn e‘ mxf) ze‘ lbrnl qipkp m‘ :lbrn ly zebdpzdd z‘ x‘znd xef‘td weica ‘id xczd zaebz ze‘ xef‘t m‘ xnelk H(ω_0)X(ω_0)e^{jω0t} didz (gzn e‘ mxf aey) lbrnd zaebz if‘ X(ω_0)e^{jω0t} dxeva .H(ω_0)X(ω_0) ‘ed ‘vend ze‘ xef‘t if‘ X(ω_0) ‘ed dqipkd xczd zaebz mr zkxrn ‘ed ω_B oerhw xcz mr mideab xiarn opqn ,dnec dxeva

H(ω) =

1 |ω| > ω_B 0 |ω| < ω_B .

(1.3.2)

‘id dly xczd zaebz xy‘ zkxrn ‘ed ω_{B1} , ω_{B2} mixcza hxq xiarn opqn

Version 1.1 8 September 2006 divaihen ‘ean

�

�

ω

H(ω) 1

−ω_B ω_B

mikenp xiarn opqn :1.1 xei‘

�

�

ω

H(ω)

1

−ω_B ω_B

mideab xiarn opqn :1.2 xei‘

H(ω) =

1 ω_{B1} < |ω| < ω_{B2} 0 otherwise.

(1.3.3)

:ziyrn zkxrn x‘zl xyt‘ opqnd byen zxfra

xtqna yeniyl daiqd .dqtew dze‘a milewnx xtqnn dyrnl akxen rny zekxrnl izeki‘ lewnx 1.3.1 dnbec ipt lr dpn‘p dxeva miihqew‘ zeze‘l miilnyg zeze‘ mbxzl leki xy‘ izeki‘ lewnx zepal dywy ‘id milewnx lewnx j‘ ,lecb lewnx jixv okle ,zelecb xie‘ zeienk fifdl jxev yi mikenp mixczay oeeik z‘f .lecb mixcz geeh lewnx---Woofer zenyl mikefd ,milewnx dyely mpyi llk jxca ef daiqn .zedeab zeiexicza repl dywzn dfk -tweeter-e ,(uxd 700−5000) miipad ixcza lthnd lewnx---mid-range ,(uxd 70−700) mikenp mixcza lthnd lewnxdn wlgk .(c‘n mikenp mixczl subwoofer yi cgeina zeizeki‘ zekxrna) mideab mixcza lthnd lewnx-- lvpl ick z‘f .el rbepd mixczd megz z‘ wx lewnx lkl xiardl ‘ed eciwtz xy‘e ,crossover ‘xwpd ,lbrn mipea opqn---zekxrn yely eply dnbeca myiin lbrnd .milewnxl miwfp mexbln rpndle ,ze‘d ziibxp‘ z‘ xzei aeh

Version 1.1 9 September 2006 divaihen ‘ean

�

�

ω

H(ω)

1

−ω_{B1} ω_{B1}

−ω_{B2} ω_{B2}

hxq xiarn opqn :1.3 xei‘

mixczd z‘ mixiarnd mideab xiarn opqne hxq xiarn opqn ,mikenpd mixczd z‘ woofer-l xiarnd mikenp xiarn .mdly xvd oaena mippqna yeniy edf .mixg‘d milewnxl mini‘znd ilnyg ze‘ lawn il‘ci‘ lewnx .milewnxd ly mizeeir owzl ick ilnygd lbrna mizirl miynzyn sqepa :dreaw ‘id zkxrnd zaebz xnelk .iepiy ‘ll ihqew‘ ze‘l eze‘ jtede ,oezp mixcz megza

H(ω) =

K ω_{B1} < ω < ω_{B2} 0 zxg‘

(1.3.4)

zetcrd yi mdl mb xnelk .mil‘ci‘ mpi‘ recik miiyrn milewnx mle‘ .lewnxd ly dzgpdd e‘ xabdd ‘ed K o‘k xabdl zetvl xyt‘ lewnxd zqtew ly dcedz ixcza ,lynl .zeax zil‘ci‘ ‘l daebzl zeaiqd .minieqn mixczl ,xczd ziilr mr mireviaa dcixil llk jxca mxeb lewnxd ly lwynd .dqtewd ly dzgpdl mixg‘ mixczae ,deab .’eke -a lewnxd ly xczd zaebz z‘ onqp .jk xcbeiy ,opqn---ilnyg lbrn ici lr dn zcina jk lr ffwl ozip ‘id ely xczd zaebz xy‘ opqn myiil mileki ep‘y gipp .H_L(ω)

H_F (ω) =

K/H_L(ω) ω_{B1} < ω < ω_{B2} 0 .zxg‘

(1.3.5)

cgia zekxrnd izy ly xczd zaebz .xeha zelret zekxrnd xnelk ,lewnxl eixg‘e opqnl qpkp ilnygd ze‘d okl ‘id

H(ω) = H_L(ω)H_F (ω) =

K ω_{B1} < ω < ω_{B2} 0 zxg‘

(1.3.6)

lewnxd z‘ ‘iai dfk oewiz ,mippqnd mr cgia .ilnyg lbrn ici lr (lewnx) zipkn zkxrn ly zebdpzd epwiz jkae .zeeir lk ‘ll ihqew‘ ze‘l ilnygd ze‘d zxnd :mlyen revial elek

Version 1.1 10 September 2006 divaihen ‘ean zeze‘ icarn mlek md miycgd mixiyknd .drinyd xiykn ‘ed miizxtq mippqnl aeyg meyii 1.3.2 dnbec .opqnd---mdly cg‘ aikx wx dxvwa x‘zp ef dnbeca .‘iltdl minkgezne mixirf zcxei libd mr llk jxca .mixcz zpigan zecig‘ opi‘ oke ,miipf‘d izy oia zecig‘ opi‘ drinya zeribt ddfn mc‘d xy‘ ze‘ ly zilnipind dnvrd zcixi :od drinyd zcixi zeiernyn .mideabd mixcza drinyd dligz xacd yexit :mixabn eid mipyid drinyd ixiykn .’eke (xeaic) miakxen zeze‘ zedfle oigadl zlekid zcixi ,ze‘k e‘ ,mideab mililvl ”zeyxg” :ze‘ad zetelgd oia xegal ul‘p mideab mixcza ezriny zleki drbtp xy‘ mc‘y :Multi-channel-k mix‘ezn (miizxtiq xen‘k mdy) miycgd drinyd ixiykn .mikenp mililvl zlaqp izla dnver ze‘n) c‘n mikenp mixcza wqerd opqn ,dnbecl .opeekzn xabd mdn cg‘ lkl xy‘ mippqn jxrn mdl yi ,xnelk ,(5000 aiaq) drinyd ly irvn‘d megza ,(miccea mitl‘ cr ze‘n) mikenp mixcza opqn ,(mivxd ly zeccea yi efk zkxrn .miakxen zeze‘ zedfle oiadl zlekil hlgda dliren efk dcxtdy mi‘xn miieqip .deab megzae hxq ixiarn mpi‘ mippqnd o‘k .ziahin didz drinydy dfk ote‘a opqn lk ly xabdd z‘ mi‘zdl xnel :opeekl ifkxn xcz aiaq xiabn opqn lk ‘l‘ .xczd zaebza (mitivx ‘l) milecb miiepiy repnl oevxd llba ,miil‘ci‘ .ifkxnd xczdn zewgxzdd mr xaebe jled ote‘a zigpne ,elyn .mippqnd xabd zxiga ici lr (drbtp xy‘) ofe‘d ly xczd zaebz z‘ owzl ‘ed llk jxca oeiqpd ,o‘k mb renyl zlekid oca‘ dyexit drinya dribt .dcehiltn‘ iielz miaikx md drinyd ixiykna mitqep miaikx zkxrn zepal yi (zeyw zeribta cgeina) okl .miwfg mililvl epzcinr z‘ zxtyn ‘id oi‘ j‘ :miylg mililv df qxewae ix‘pil ‘l ‘ed dfk aikx .ofe‘d zelekil m‘zend dfl ,laewnd dfn ,zenverd geeh z‘ dpihwn xy‘ .el‘ka oecp ‘l

.wnerl xzei dze‘ oiadl lkep f‘ :dixet zxnzda oecpy xg‘l 5.5.1 sirqa ef dnbecl xefgp

Version 1.1 11 September 2006

2 wxt

zkxrnk zelibx zeil‘ivpxtic ze‘eeyn

itk ihxte ipbened oexzt :mireaw mincwn mr zeix‘pil x”cn lr xefgl yi :df wxt z‘xwl dxfg qxewa ecnlpy itk (y_{ZSR}) qt‘ dlgzd i‘pzae (y_{ZIR}) qt‘ dqipka zepexzt ,x”cn qxewa ecnlpy .mde‘ weg---miilnyg milbrn qxewn .zepexztd aeyigl zehiy llek ,miilnyg milbrn jxc ,zeipkn zekxrnn - mipey mibeqn zekxrnl inpic lcen zeedn zelibx zeil‘ivpxtic ze‘eeyn ze‘ zelawn xnelk ,zkxrn zex‘znk ze‘eeynl qgiizp df qxewa .cere (miibelp‘) miilnyg milbrn .‘ven ze‘ zexviine dqipk zepekz izn wecap zekxrn ly zepekz ly zeillk zexcbd ozip ,odizepexzte x.c.n lr dxfg xg‘l .x.c.n ici lr zx‘eznd zkxrna zeniiwzn eli‘

dxfg :opexzte zeix‘pil zeil‘ivpxtic ze‘eeyn 2.1

x.c.n mcwd qxewa dqekn df ‘yep .mireaw mincwn mr zeix‘pil x.c.n ‘yep lr xefgp df wxta y_{ZSR} qt‘ dlgzd i‘pza daebz ibyen ‘ed (mcwd qxewl qgia) df sirqa cigid yecigd .131401 ’g . y_{ZIR} qt‘ dqipka daebze ‘id N (xcqn e‘) dbxcn efk x.c.n ly zillkd dxevd N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(2.1.1)

a_N ≠ 0 ik cinz gipp ep‘ .daebzd ‘id y(t) -e---zkxrnl dqipkd epizpigan---oezp ze‘ ‘ed x(t) xy‘k .zegt cg‘ xai‘ mr mekqd z‘ xicbdl ozip zxg‘y oeeik ,b_M ≠ 0 oke dxeva mizirl ef d‘eeyn driten zextqa :dxrd N∑ n=0 a_{N−n} d^ny(t) dt^n = M∑ m=0 b_{M−m} d^mx(t) dt^m . (2.1.2)

.( 2.1.1) ly oeniqa miiawr didp ep‘ .oeniqd edn wecal yi j‘ ,izedn lcad oi‘y oaenk .y^{(k)}(t) .=^{dky(t)}_{dtk} onqp dxfg x”cn dlgzd i‘pz oke t ≥ t_0 xear zexfbp M zlra x(t) divwpet ozpida 2.1.1 htyn {y(t_0), y^{(1)}(t_0), . . . , y^{(N−1)}(t_0)} .{y(t) : t ≥ t_0} cigi oexzit yi ( 2.1.1) x.c.nl ,t_0 onfa -petd xear sqep ihnzn oeniq .x(t) jxrd z‘ t rbxa zlawn xy‘ ,divwpetd z‘ x-a onql bedp :dxrd .divwpet efy rnzyne---dpzyn xear mewn zpnqn dcewpd xy‘k ,x(·) ‘ed ,ynzydl hrnp ea ,divw .divwpetd z‘ x(t)-a onqpe dpgadd lr citwp ‘l mizirl dlgzd i‘pze x_1 dqipk xear ( 2.1.1) z‘ xzet y_1 m‘ 2.1.2 dprh {y_1(t_0), y^{(1)}_1 (t_0), . . . , y^{(N−1)}_1 (t_0)}, dlgzd i‘pze x_2 dqipk xear ( 2.1.1) z‘ xzet y_2 -e {y_2(t_0), y^{(1)}_2 (t_0), . . . , y^{(N−1)}_2 (t_0)}, dlgzd i‘pze αx_1 + βx_2 dqipk xear ( 2.1.1) z‘ xzet αy_1 + βy_2 if‘ {αy_1(t_0) + βy_2(t_0), αy^{(1)}_1 (t_0) + βy^{(1)}_2 (t_0), . . . , αy^{(N−1)}_1 (t_0) + βy^{(N−1)}_2 (t_0)}.

miniiwzn ok enk .dxifbd zlert zeix‘pil llba ,zniiwzn d‘eeyndy lawpe ( 2.1.1)-a aivp :dgked .l.y.n .oexztd edf ok‘ ik raep okle ,cigi oexzt yi d‘eeynl 2.1.1 htyn itl .dlgzdd i‘pz daebz dxicbn dlgzd i‘pz mr cgia x.c.nd x dqipk ze‘ xear :‘ad oaena zkxrn dxicbn x.c.n d‘xp jynda .daebze dqipk oia xyw ly xe‘z edf ”:zkxrn’’ ly byend qiqaa oeirxd edf .y ‘ven e‘ .dlgzdd i‘pzl qgiizdl cvik oecpy dpey‘xd dhiyd .x.c.nl oexztd ziipa zehiy lr xefgp ,zekxrn zebviink x.c.na oecpy iptl .ipbened oexzte ihxt oexzt aeyig ‘id da .(t lkl x(t) = 0 xnelk) x ≡ 0 xy‘k d‘eeynd oexzt ‘ed ( 2.1.1) ly ipbened oexzt 2.1.3 dxcbd zn‘zd zxyt‘n mzxigay jk ,miiytg mixhnxt N lra ipbened oexzt ‘ed ( 2.1.1) ly illkd ipbenedd oexztd .y_h-a dfk oexzt onqp .dlgzd i‘pz lkl oexztd onqp .dlgzdd i‘pza zeaygzd ‘ll ,x oezpd dqipkd ze‘ xear d‘eeynd oexzt ‘ed ( 2.1.1) ly ihxt oexzt .y_p-a dfk oexzt

:jk ( 2.1.1) x.c.nl oexzt ‘evnl ozip 2.1.4 dprh ,y_p ihxt oexzt ‘vnp .1 ,y_h illkd ipbenedd oexztd z‘ aygp .2 Version 1.1 13 September 2006 zekxrn x”cn .mipezpd dlgzdd i‘pzl eni‘ziy jk y_h + y_p ly miiytegd mixhnxtd ikxr z‘ aygp .3

.l.y.n .2.1.2 dprhn raep :dgked .qt‘ dqipka oexztle ,qt‘ dlgzd i‘pza oexztl dwelg ici lr ‘id oexzt ziipal dipyd dhiyd

.mipezpd dlgzdd i‘pz xear ,x ≡ 0 xy‘k d‘eeynd oexzt ‘ed ( 2.1.1) ly qt‘ dqipka oexzt 2.1.5 dxcbd .y_{ZIR}-a dfk oexzt onqp mieeyd dlgzd i‘pz xeare ,x oezpd dqipkd ze‘ xear d‘eeynd oexzt ‘ed ( 2.1.1) ly qt‘ dlgzd i‘pza oexzt .y_{ZSR}-a dfk oexzt onqp .qt‘l

.( 2.1.1) x.c.nl oexzt ‘ed y .= y_{ZIR} + y_{ZSR} 2.1.6 dprh

.l.y.n .2.1.2 dprhn raep :dgked y_1 − y_2 if‘ (mipey dlgzd i‘pz j‘) ddf dqipk mr x.c.nd z‘ mixzet y_2 -e y_1 m‘ ik al miyp .(illkd ipbenedd oexztd ‘l oaenk j‘) ipbened oexzt ,ezxcbd itl ,‘ed y_{ZIR} oexztd .ipbened oexzt ‘ed sexiv ik raep lirl mihtyndn ,ok enk .qt‘ dlgzd i‘pz xear wx ihxt oexzt ‘ed y_{ZSR} z‘f znerl .ihxt oexzt ‘ed ipbened oexzte ihxt oexzt ly mekqe ipbened oexzt ‘ed miipbened zepexzt ly ix‘pil

dxeva meyxp ( 2.1.1) x.c.nd z‘y jk ,D ”xehxte‘’’ zxfra zxfbp onqp 2.1.7 dxcbd N∑ n=0 a_nD^ny(t) = M∑ m=0 b_mD^mx(t)

(2.1.3)

.d‘eeynd ly (l‘ny cv) daebzd ze‘l qgiiznd mepiletd ‘ed x.c.nd ly (ipbenedd wlgd) ly ipiit‘d mepiletd xnelk .λ lynl ,dpzyna D ztlgdn lawzn ‘ed N∑ n=0 a_nλ^n

(2.1.4)

.qt‘l deey ( 2.1.4) iehiady jk λ ly mikxrd md ipiit‘d mepiletd iyxy

.zizhiy dxeva ‘evnl ozip ipbenedd oexztd z‘

‘ed illkd ipbenedd oexztd if‘ .x.c.nd ly ipiit‘d mepiletd ly miyxyd z‘ λ_1, . . . , λ_N -a onqp 2.1.8 htyn

y_h(t) = N∑ i=1 A_if_i(t)

(2.1.5)

.oldlk zepezpe ,(miipbened zepexzt xnelk) zipbenedd d‘eeynd ly zeinvr zeivwpet od f_i(t) zeivwpetd xy‘k .f_i(t) = e^{λit} if‘ ipiit‘d mepiletd ly cigi ieaixa yxey ‘ed λ_i m‘ if‘ .mixg‘d miyxyd lkn dpey df yxeye λ_i = λ_{i+1} = · · · = λ_{i+k} xnelk ,k + 1 ieaixa yxey ‘ed λ_i ik gipp .0 ≤ j ≤ k xear f_{i+j}(t) = t^j e^{λit}

Version 1.1 14 September 2006 zekxrn x”cn

zeix‘pil zeil‘ivpxtic ze‘eeyne zekxrn 2.2

x.c.n oexzt ik epi‘x .dnbeck zeynyn x.c.n xy‘k ,zekxrnl xzei zillk dxeva qgiizp df sirqa .cala dqipkd zrtyda df alya fkxzp .dlgzd i‘pza mbe dqipka mb ielz

zekxrn ly beeiqe zepekz 2.2.1 .d‘ivie dqipk oia xyw zexicbnd zekxrna opeazp

(sqe‘) agxn oia ,Φ-a oneqiy ,ietin ‘id Input Output Map—IOM d‘ivi-dqipk ietin zkxrn 2.2.1 dxcbd .Y-a onqp xy‘ ,d‘ivid zeze‘ (sqe‘) agxn oial ,X-a onqpy ,dqipkd zeze‘

hehxyd jxc xywd z‘ onqp .H zkxrnl ‘xwp :‘ad oeniqa ynyzp ep‘ dygnd jxevl

H �x � y

d‘ivi dqipk ietin zkxrn :2.1 xei‘

:jk mb z‘f onqp mizirl .zeze‘d oia xywd z‘ yibcn df oeniq xy‘k ,y = Φ(x)-k mb z‘f onqpe jxrd z‘ zrcl dvxp xy‘k .elek ze‘d lr Φ ietind lret dligz :jk oiadl yi df oeniq .y(t) = Φ[x](t) .(ze‘) divwpet dnvra ‘idy ,ietind z‘veza t z‘ aivp ,t oezp rbxa y d‘vezd ly m‘y ‘id dgpdd :yxetna ef dcaer oiivp ‘l okle ,d‘ivi dqipk ietin zekxrna xwira weqrp jynda .d‘ivi dqipk ietin beqn ‘id dpecpd zkxrnd ,zxg‘ xn‘p ‘l

onfd xiv lr zeze‘ md Y-e X d‘ivide dqipkd zeze‘ agxn dxear zil‘ivpxtic d‘eeyna opeazp 2.2.2 dnbec dqipk ietin zkxrn lawp if‘ ,qt‘ onfa qt‘ ,lynl ,dlgzd i‘pz yexcp m‘ .(d‘lde 0-n mixcben xnelk) iaeigd .weica zg‘ d‘ivi mi‘zz dqipk lkly meyn z‘f .d‘ivi dqipk ietin zkxrn dpi‘ efe ,zeixyt‘ zeax zeaebz dpiidz dqipk lkl if‘ ,dlgzd i‘pz xicbp ‘l m‘ ,z‘f znerl .d‘ivi

.onfd xiv beq ‘ed zkxrne ze‘ ly mipiit‘nd cg‘

n onfd dpzyn xy‘k x(n)-a dfk ze‘ onqp :cica ely onfd xiv m‘ cica onfa ze‘ ‘xwp ze‘ 2.2.3 dxcbd .sivx onfa ze‘ el ‘xwp ,sivx onfd xiv m‘ .micica mikxr lawn .cica onfa zeze‘ md dly d‘ivid oke dqipkdy zkxrn ‘id cica onfa zkxrn .miipnf zeze‘ md d‘ivide dqipkd zeze‘ m‘ zinpic z‘xwp zkxrn .sivx onfa zeze‘ md dly d‘ivid oke dqipkdy zkxrn ‘id sivx onfa zkxrn .sivx onfa ipyde cica onfa ‘ed zeze‘d cg‘ dxear zkxrn ‘id zicixaid zkxrn

Version 1.1 15 September 2006 zekxrn x”cn .iteq onf xiv lr cica onfa ze‘ ‘ed x(n_0), x(n_0 + 1), . . . , x(n_1) :dxciq dyrnl ‘ed cica onfa ze‘ .iteq oi‘ e‘ ,(∞ cr n_0-n lynl) iteq-oi‘ ivg mb zeidl leki onfd xiv .sivx onfa zinpic zkxrn oaenk ‘id ( 2.1.1) ici lr zxcbend zkxrnd 2.2.4 dnbec :y daebze x dqipk mr zixabl‘ d‘eeyn ici lr zx‘eznd zkxrn ‘id zinpic dpi‘y zkxrnl dnbec y = Ax

(2.2.1) .mixehwe md x, y-e ,dvixhn ‘id A xy‘k ici lr zxcbend zkxrnd y(n) = x(n) + 2x(n − 1)

(2.2.2) z‘eeyn z‘xwp ( 2.2.2) d‘eeynd) cica onfa zeze‘ md daebzd ze‘e dqipkd ze‘ oky cica onfa zkxrn ‘id zkxrn ‘id sivx ze‘ znbecd zkxrn .d‘ivi dqipk zkxrn oaenk idef .(10 wxta el‘k ze‘eeyn lr cnlpe ,yxtd onfa ze‘) mixtqn zxciql eze‘ mbxzne (sivx onfa ze‘) lew zeze‘ lawn ‘ed .izxtiq oetlh lynl :zicixaid .(cica cg ‘id y daebzd mbe ,(akexn ile‘ ,xlwq) xtqn ‘ed x(t) ( 2.1.1) ici lr zxcbend zkxrnd xear .zicnn .zeicnn-cg od daebzd oke dqipkd xy‘ zkxrn ‘id SISO: Single Input Single Output zkxrn 2.2.5 dxcbd .mixehwe md d‘ivid oke dqipkd m‘ MIMO: Multiple Input Multiple Output z‘xwp zkxrn .MISO-e SIMO zekxrn zexcben dnec dxeva

.t onfa jxrd jxc wx dqipkd ikxra dielz t onfa d‘ivid m‘ oexkif zxqg z‘xwp zkxrn .oexkf 2.2.6 dxcbd .zeinpic zekxrnl wx oaenk zernyn zlra ‘id ef dxcbd dqipkd ze‘ ly jxrd zriciy meyn oexkif mr zkxrn oaenk ‘id ( 2.1.1) ici lr zxcbend zkxrnd 2.2.7 dnbec .rbx eze‘a daebzd aeyig jxevl dwitqn dpi‘ (eizexfbp lk zrici elit‘e) miieqn rbxa zekxrnd y(t) = 2x(t) y(t) = x^2(t) + (t + 1)^2

(2.2.3) .oexkif zexqg j‘ ,zeinpic mpn‘ od zekxrnd y(t) = x(t − 1) , y(t) = x(t + 1)

(2.2.4) zkxrnl xzei mcwen) xg‘ rbxa dqipkd jxr z‘ zrcl epilr t rbxa daebzd aeyig jxevl oky oexkif zelra od .(zipnil xzei xge‘ne ,zil‘nyd .oexkif zelra oaenk od ( 2.2.2) ici lre ( 2.1.1) ici lr zexcbend zekxrnd Version 1.1 16 September 2006 zekxrn x”cn ef dxcbd .deedae xara dqrpkd ikxra wx dielz y(t) daebzd t rbx lka m‘ zizaq z‘xwp zkxrn epilr dxifb jxevl oky zizaiq dpi‘ ,efk dxcbd itl ,xfeb ‘idy zkxrn lynl :zihnzn dpigan ziziira .xzei zkaeqn dxcbda jxev yi okl .(zxfbp ly dxcbda exkfd) deedl xarn hrn dqipkd ikxr z‘ zrcl

onfa y(t) d‘ivid jxr ,t < t_0-e t_0 lkl m‘ Causal, Non anticipative zizaiq z‘xwp zkxrn 2.2.8 dxcbd .{x(s), s < t_0}-a xnelk ,deedae xara mikxrd jxc wx dqipkd ikxra ielz t .zizaiq zkxrn lawp onfd xiv z‘ jetdp xy‘k m‘ zizaiq ihp‘ z‘xwp zkxrn

.zizaiq zkxrn oaenk ‘id ( 2.2.2) zkxrnd 2.2.9 dnbec d‘ividy efk xnelk ,zizaiq-ihp‘ zkxrn xe‘zl mb da ynzydl xyt‘y zexnl) zizaiq zkxrn x‘zl dleki x.c.n .(cizrae deeda wx dielz zkxrnd j‘ ,zeizaiq olek od 2.2.7 dnbecn zekxrnd

y(t) = x(t + 1)

(2.2.5)

.dqipkd ly icizr jxra ielz daebzd jxr oky zizaiq dpi‘ xexaa zkxrnd y = dx dt (2.2.6)

beqn zekxrnl zeqgiizd xyt‘l ick weica uegp d‘xp xy‘n zkaeqn dxcbdd ,dyrnl .epizxcbd itl zizaiq ‘id agxn z‘ liabp m‘ .t xg‘l hrn mb j‘ ,t aiaq x(s) ikxr z‘ zrcl epilr t rbxa zxfbpd jxr z‘ zrcl ick :df .dpekp daeyz zpzep ziaihi‘ehpi‘d dxcbdde ,zil‘ny zxfbp aygl witqn if‘ ,zetivxa mixifb zeze‘l dqipkd dielz dpi‘ daebzdy oeeik oexkf zxqg dpi‘ ‘id j‘ ,zizaiq ihp‘ mbe zizaiq ‘id ( 2.2.6) zkxrnd ik al miyp .t aiaq mikxra mb ‘l‘ ,dqipkd ly irbxd jxra wx

xywda .miizaiq mpi‘y milcen zepal gep mizirl mle‘ .zeizaiq oaenk od zeilwifitd zekxrnd aex oaen oi‘ t dpzynl m‘ ,mixg‘ zeze‘a mb j‘ .ihpeelx epi‘ zeizaiqd byeny oaenk ,zepenz ceair ly .zizaiq dpi‘y zilwifit zkxrn okziz if‘ ,onf ly ilwifit

miiwzn α, β mireawe x_1, x_2 dqipk zeze‘ bef lkl m‘ zix‘pil z‘xwp zkxrn 2.2.10 dxcbd

Φ(αx_1 + βx_2) = αΦ(x_1) + βΦ(x_2).

.zecxtpd zeqipkl zeaebzd mekq ‘id zeqipk mekql daebzd ,xnelk

‘id mb ( 2.2.6) zkxrnd dnec dxeva .zix‘pil zkxrn zx‘zn ( 2.2.2) zkxrnd ik ciin raep dxcbddn .zix‘pil :ze‘ad zepekzd izy z‘ zniiwn ‘id m‘ wxe m‘ zix‘pil ‘id zkxrn -e ,Φ(x_1 + x_2) = Φ(x_1) + Φ(x_2) :(Additivity) zeiaihic‘ Φ(αx) = αΦ(x) :Homogeneity zeipbened

Version 1.1 17 September 2006 zekxrn x”cn zpekz z‘ zniiwn ,dqipkd ly iynnd wlgd ‘id da d‘ivid xy‘ y = Re[x] zkxrnd ,dnbecl cve iynn xtqn ‘ed l‘ny cv oky Re[αx] ≠ αRe[x] if‘ akexn xtqn ‘ed α m‘ mle‘ .zeiaihic‘d .miakexn mincwn mixizn ep‘y avna zix‘pil zkxrn dpi‘ ef okl .akexn xtqn oini mixlwqd iabl mb ‘l‘ ,zkxrnd iabl rcin wx ‘l zyxec zeix‘pild zl‘y ik al eniy :zihnzn dxrd .zxg‘ xn‘p m‘ ‘l‘ miakexn mixlwq gipp ep‘ .’eke ,miakexn ,miiynn :mixzend zeze‘l daebz gzpl x‘yd oia epl xyt‘z ‘id .dax zernyn zlra dpekz ‘id zeix‘pild zpekz .xzei miheyt zeze‘ ly sqe‘l mwexit ici lr mikaeqn -y oeeik ,b ≠ 0 m‘ zix‘pil dpi‘ y = a · x + b zkxrnd

Φ(x_1 + x_2) = a(x_1 + x_2) + b ≠ ax_1 + b + ax_2 + b = Φ(x_1) + Φ(x_2).

.Φ[x] − Φ[z] = Ψ[x − z]-y jk Ψ zix‘pil zkxrn zniiw m‘ Affine zipit‘ z‘xwp zkxrn 2.2.11 dxcbd

i‘pz mr ( 2.1.1) ici lr zx‘eznd zkxrnd .Ψ(x) = ax---zipit‘ ‘id lirl y = a · x + b zkxrnd dlgzdd i‘pz xy‘k ,dqipk zeze‘ ipyl daebz aygp m‘ :zipit‘ zkxrn ‘id mipezpe mireaw dlgzd ,xnelk .zix‘pil zkxrn recik efe---qt‘ dlgzd i‘pz xear ( 2.1.1) z‘ miiwi yxtdd if‘ ,midf md ick) .dlgzdd i‘pz zrtyd llba ,dqipkl qgia zix‘pil zkxrn zx‘zn dpi‘ zil‘ivpxtic d‘eeyn .(qt‘n mipey dlgzdd i‘pze m lkl b_m = 0 xy‘k ( 2.1.1) lr aeygp ,z‘f ze‘xl xnelk ,qt‘ dlgzd i‘pza zkxrnl zeqgiizd ici lr ‘id x.c.na zeix‘pil zpekz lawl zg‘ jxc .dlgzdd i‘pz mixcben ea reaw onf xegal mivl‘p ep‘ :oexqg yi ef jxcl .cala y_{ZSR} oexztl zeqgiizd .mi‘ad mibyend jxc jk lr xabzp

lkl x(s) = 0-y jk (ze‘a ielzd) t_x onf miiw m‘ ipni iccv cg x(t) ze‘l ‘xwp .iccv cg ze‘ 2.2.12 dxcbd .il‘ny iccv cg ze‘ xicbp dnec dxeva .s < t_x divwpetd

u(t) =

0 t < 0 1 t > 0

(2.2.7)

.(3.3 wxta dilr cenrpy daiqn ,t = 0-a zxcben dpi‘ ef divwpet) zipni divwpet ‘ide ,dbxcn zivwpet z‘xwp x xy‘k wx zqt‘zn oini cva u-y oeikn ,iaeig α lkl x(t) = x(t) · u(t − t_x − α) zniiwn zipni divwpet lk .x(t) = x(t) · u(t_x + α − t) zniiwn zil‘ny divwpet dnec dxeva .qt‘zn

qt‘znd ze‘ ‘ed ipni iccv cg ze‘ dnbecl .t_x = 0-y ‘id dpeekd if‘ t_x onfl yxetna qgiizp ‘l m‘ .0-l l‘nyn

zaebz m‘ (Initially At Rest) zizlgzd dgepna ‘id x.c.n ici lr zx‘eznd zkxrny xn‘p 2.2.13 dxcbd .s < t_x xear y(s) = 0 zniiwn ‘id xnelk ,dqipkd zligz cr qt‘ ‘id s < t_x xear qt‘znd ipni ze‘l zkxrnd

Version 1.1 18 September 2006 zekxrn x”cn .zix‘pil zkxrn zx‘zn zizlgzd dgepna z‘vnpd x.c.n 2.2.14 dprh dlgzdd i‘pz ,zizlgzd dgepna zkxrn zxcbdn .ipni ze‘ ‘ed miipni zeze‘ mekq ik al miyp :dgked .l.y.n .2.1.2 dprhn zraep zeix‘pild okl .witqn mcwen onf xear qt‘ md ,ok‘e .dqipkd zrtyd iptl daebz oi‘ :zeizaiqd zxcbd z‘ epl dxikfn zizlgzd dgepn zxcbd :midf mibyend (cala oxeare) zeix‘pil zekxrn xear .zizlgzd dgepna ‘id m‘ wxe m‘ zizaiq ‘id zix‘pil zkxrn 2.2.15 htyn t_0 onf xear miniiwnd x_1(t), x_2(t) dqipk zeze‘ ipya opeazp .zizlgzd dgepna zkxrndy gipp :dgked ‘edylk x_1(t) = x_2(t) t < t_0,

(2.2.8) x_1(t) ≠ x_2(t) t > t_0.

(2.2.9) daebzd x_1(t) − x_2(t) dqipkd xear ik raep zeix‘pildn .x_i(t) dqipkl zkxrnd zaebz z‘ y_i(t) -a onqp y_1(t) − ik raep zizlgzd dgepnd zpekzn ,t < t_0 xear x_1(t) − x_2(t) = 0 -y oeeik .y_1(t) − y_2(t) didz dielz dpi‘ t_0 onfa daebzd - e‘ ,t < t_0 xear y_1(t) = y_2(t) -y jk m‘ eplaiw .t < t_0 xear y_2(t) = 0 .zizaiq zkxrnd xnelk .dqipkd ly miicizr mikxra miiwnd x(t) dqipk ze‘ rawp ,zizlgzd dgepn ze‘xdl ick .zizaiq zkxrndy gipp ipyd oeeika onqpe x_1(t) ≡ 0 xicbp .t < t_0 xear y(t) = 0 zniiwn y(t) daebzd mb ik d‘xpe t < t_0 xear x(t) = 0 -l deey x(t) − x_1(t) dqipkl y(t) − y_1(t) daebzd ik raep zeizaiqdn .x_1(t) -l daebzd z‘ y_1(t) -a zix‘pil zkxrn zaebz) y_1(t) ≡ 0 zeix‘pildn ipy cvn .df megza midf zeze‘d oky t < t_0 xear y(t) .l.y.n .zizlgzd dgepna zkxrnde t < 0 xear y(t) = 0 okl .(qt‘ cinz ‘id qt zqipkl .driztn dxeva bdpzdl leki zizlgzd dgepna dpi‘y x”cn ik dnbec jxc zrk d‘xp oey‘x xcqn x”cna opeazp 2.2.16 dnbec y^′(t) + 2y(t) = x(t) .

(2.2.10) .2.1.2 htyn d‘x---(!dqipkl qgia) zix‘pil dpi‘ zkxrnd if‘ y(0) ≠ 0 dlgzd i‘pz oezp m‘y epi‘x ,ziy‘x xicbp ,dnbecl .zizaiq dpi‘ zkxrnd if‘ y(0) = 0 lynl ,reaw onfa dlgzd i‘pz oezp m‘

x_1(t) =

1 −1 ≤ t ≤ 0 0 otherwise.

(2.2.11)

x_2(t) ≡ 0 .

(2.2.12) ‘id x_1 -l daebzdy wecal lw if‘

y_1(t) =

0 t ≥ 0 1 2 ( 1 − e^{−2t} ) −1 ≤ t ≤ 0 1 2 ( e^{−2} − 1 ) e^{−2t} t ≤ 0 .

(2.2.13)

!cizra dqipka dielz t onfa daebzd t < −1 lk xear ik mi‘ex ep‘ .y_2(t) ≡ 0 -y oaenk

Version 1.1 19 September 2006 zekxrn x”cn .aeyg ‘ed mcewd htyna zeix‘pild i‘pz ik d‘xp dad :zizlgzd dgepna ‘id j‘ zizaiq dpi‘ ,zix‘pil dpi‘ d‘ad zkxrnd 2.2.17 dnbec y(t) = x(t)x(t + 1) .

(2.2.14) :zizlgz dgepna dpi‘ j‘ zizaq ,zix‘pil dpi‘ d‘ad zkxrnd dznerl y(t) = x(t) + 1 .

(2.2.15)

xnelk .s zenka onfa ze‘d z‘ fifnd xehxte‘ σ^s-a onqp 2.2.18 dxcbd σ^sx(t) .= x(t + s).

(2.2.16) m‘ Time Invariant—TI onfa dreaw z‘xwp zkxrn Φ(σ^sx) = σ^sΦ(x)

(2.2.17) .zenk dze‘a zffen ,zixewnd daebzd ‘id zffen dqipkl daebzd xnelk

.dffdd xehxte‘ mr slgzn dly ietind m‘ onfa dreaw ‘id zkxrn ,ihnzn ote‘a Linear Time Invariant zekxrn---(a”wl) onfa zereaw zeix‘pil zekxrn od weqrp oda zekxrnd aex .(LTI) ,dxcbdd itl ,ik onfa dreaw dpi‘ oaenk Φ(x)(t) = t · x(t) zkxrnd σ^s (Φ[x]) (t) = σ^s (tx(t))

(2.2.18) = (t + s)x(t + s)

(2.2.19) ≠ tx(t + s)

(2.2.20) = Φ[σ^sx](t) .

(2.2.21) ,ipy cvn .onfa dreaw zkxrn zx‘zn zizlgzd dgepna z‘vnpd x.c.n 2.2.19 dprh ze‘xl lw .y = Φx-a onqp .ipni ze‘ ‘ed σ^sx mb if‘ ipni ze‘ ‘ed x m‘ ik al miype s rawp :dgked σ^sy okl .s-a ffend onfa j‘ midf md dlgzdd i‘pz ,sqepa .σ^sx dqipk xear ( 2.1.1) z‘ xzet σ^sy ik .l.y.n .σ^sx dqipkl daebzd ‘ed .dxifbd xehxte‘ z‘ onqn D ik xkfp

Version 1.1 20 September 2006 znkqn dnbec x”cn xnelk ,daebzd zxfbp ‘id dqipkd zxfbpl daebzd ,zizlgzd dgepna x”cn zkxrn xear 2.2.20 dprh Φ ( d dt x ) = d dt Φ(x) .

(2.2.22)

.zkxrnd xehxte‘ mr slgzn dxifbd xehxte‘ xnelk y = Φ(x)-a onqp .dx/dt mb jk if‘ ,t_0 xn‘p ,miieqn rbx cr zqt‘zn x dqipkd m‘ ik al miyp :dgked miniiwn y_1 daebzde x_1 dqipkdy lawpe ( 2.1.1)-a y_1 = dy/dt-e x_1 = dx/dt aivp .x dqipkl daebzd z‘ .l.y.n .d‘eeynd z‘ d‘ivid zeze‘ agxn oia Ψ ietin zkxrn zniiw m‘ dkitd z‘xwp Φ d‘ivi dqipk ietin zkxrn 2.2.21 dxcbd x lkly jk zkxrn zniiw m‘ ,xnelk .dqipkd ze‘ z‘ zxfgynd ,dqipkd zeze‘ agxnl Ψ(Φ[x]) = x .

(2.2.23)

zil‘eeixhd zkxrnd 2.2.22 dnbec Φ(x) = x

(2.2.24) zkxrnd .dkitd i‘ce ‘id y(t) = x^n(t − 1)

(2.2.25) zkxrnd .ibef n xear dkitd dpi‘ j‘ ,ibef i‘ n lkl dkitd ‘id y(t) = dx(t) dt (2.2.26) :mireawn znlrzn ‘id oky dkitd dpi‘ Φ[x] = Φ[x + α]

(2.2.27) zkxrnd .y zrici jezn x z‘ xfgyl ozip ‘ly xexa okle dy(t) dt = x (2.2.28) .miipnid zeze‘d sqe‘ ‘ed dqipkd zeze‘ agxn m‘ dkitd ‘id zizlgzd dgepna z‘vnpd zinpic zkxrn zx‘zn ,zizlgzd dgepna z‘vnpd ,x”cn ici lr zx‘eznd zkxrn ik epi‘x ,mekiql dpi‘ xy‘ ,onfa dreawe zix‘pil ,zizaiq ,oexkif zlra ,SISO ,d‘ivi dqipk ietin ‘idy ,sivx onfa .dkitd gxkda Version 1.1 21 September 2006 znkqn dnbec x”cn

� v(t) � i(t)

R(t)

zilnyg zkxrn :dnbec :2.2 xei‘

zekxrn ly zepekze zeil‘ivpxtic ze‘eeynl znkqn dnbec 2.3

.v cbpd gzn ‘id daebzd .R cbp jxc xarend i mxf ‘id dqipkd da zkxrna opeazp ici lr oezp gznde mxfd oia xywd v(t) = R(t)i(t).

(2.3.1) .micbp ly mipey mibeq xear zekxrnd zepekz z‘ gzpp .reaw R = R_0 .I .zix‘pile ,onfa dreaw ,oexkf zxqg ef zkxrn .cbpd zepwcfd awr zecbpzdd iepiy z‘ zx‘zn f(t) xy‘k R(t) = R_0 + f(t) .II dpi‘ zkxrnd .oexkf zxqg zkxrnd okle ,igkepd dkxr jxc wx dqipka ielz daebzd jxr ef zkxrna ,( 2.3.1) itl oky onfa dreaw

σ^sΦ[i](t) = σ^sv(t) = σ^s[(R_0 + f(t))i(t)] = (R_0 + f(t + s))i(t + s) ≠ (R_0 + f(t))i(t + s) = Φ[σ^si](t).

(2.3.2)

:zeix‘pil wecap Φ[αx_1 + βx_2](t) = (R_0 + f(t))(αx_1(t) + βx_2(t))

(2.3.3) = (R_0 + f(t))αx_1(t) + (R_0 + f(t))βx_2(t) = αΦ[x_1](t) + βΦ[x_2](t)

(2.3.4) .zeix‘pild zxcbd itl weica libx cbp aexiwa ‘ed cbpd if‘ witqn lecb R_0 m‘ .mxf ielz ekxry cbp edf .R(t) = R_0 + i^2(t) .III .milecb mikxr xear ‘l j‘ ,miphw mxf ikxr xear oky onfa dreaw ‘id .oexkf zxqg ‘id ef zkxrn σ^sΦ[i](t) = σ^sv(t) = σ^s[(R_0 + i^2(t))i(t)] = (R_0 + i^2(t + s))i(t + s) = Φ[σ^si](t).

(2.3.5) :zeix‘pil wecap Φ[αx_1 + βx_2](t) = (R_0 + (αx_1(t) + βx_2(t))^2)(αx_1(t) + βx_2(t))

(2.3.6) ≠ (R_0 + x^2_1(t))αx_1(t) + (R_0 + x^2(t))βx_2(t) = αΦ[x_1](t) + βΦ[x_2](t)

(2.3.7)

Version 1.1 22 September 2006 x”cnl xarn :zekxrn x”cn .zix‘pil dpi‘ zkxrnd okle .R(t) = R_0 + α

∫_t −∞ i^2(τ) dτ .IV dpi‘ j‘ ,onfa dreaw zkxrnd ik ze‘xl ozip mincewd miaeyiga enk .oexkf mr zkxrn z‘f ik xexa .zix‘pil .zeizaiq zekxrnd lk ik raep ,dqipkd ly mincew mikxra wx zeielz zeaebzd lky oeeik

zeil‘ivpxtic ze‘eeynl xarn :zekxrn 2.4

ep‘ epipeiqpn .zeil‘ivptic ze‘eeyn ici lr zekxrn xe‘za wtzqdl ‘l recn dl‘yd zywazn x‘zl ozip ik epcnl 1 dwifit qxewa .el‘k ze‘eeyn jxc ix‘pil ilnyg lbrn lk x‘zl ozip ik mircei .zil‘ivpxtic d‘eeyn ici lr miteb ly drepz .mitqep milk ytgl aeyg iqcpd lewiy ‘iap df sirqa ,xczd megza xe‘z ly zeaiygl xarn ick .daebz ze‘ milawne dqipk ze‘ miqipkn dil‘ ,”dxegy dqtew’’k zkxrn x‘zl aeyg qcpdnl ”zexegy ze‘qtew’’ ly xeaig mixyt‘nd milka jxev yi ,miniiw mipepkza ynzydle liri oepkzl ribdl lr zx‘ezn zg‘ lky gipp .H_1, H_2-a epneqi xy‘ zekxrn izy zepezpy gipp ,ziznkq dxeva .el‘k zkxrnl dqipkd ze‘ .d‘ad dxeva xeha zekxrn xeaig xicbp .( 2.1.1) dxeva zil‘ivpxtic d‘eeyn ici ‘vende ,H_2 dipyd zkxrnl dqipk deedn ef daebz .y ‘id zkxrnd zaebz .x ‘ed ,H_1 ,dpey‘xd :d‘ad dxeva df xeaig onqp .z ‘ed dipyd zkxrndn

� y H_1 H_2 �x �z

xeha zekxrn xeaig :2.3 xei‘

d‘eeyn zxfra dze‘ x‘zl ozip m‘d .z ‘ed dly ‘vende x dzqipky ef ,zllekd zkxrnd lr aeygp .z‘f zeyrl dheyt dhiy epl oi‘ ?dincwn z‘ aygl cvike d‘eeynd xcq edn ,ok m‘ ?zil‘ivpxtic j‘ znieqn dqipkl daeh ef dhiy .zaleynd daebzd z‘ aygl f‘e ,cxtpa zkxrn lk xeztl jxhvp .zllekd zkxrnd ly xe‘z zpzep dpi‘ .‘ad hehxya ziznikq dxeva x‘ezn liawna xeaig ozip m‘d .y_1 + y_2 ‘ed dly ‘vend xy‘ znkqn zkxrn xicbp .ztzeyn dqipk zekxrnd izyl o‘k ?dincwn z‘ aygl cvike d‘eeynd xcq edn ,ok m‘ ?zil‘ivpxtic d‘eeyn zxfra dze‘ x‘zl ilk dvxpy oaenk ?eli‘k zekxrn xeaign zlawznd zkxrnd z‘ x‘zl ozip cvik ,illk ote‘a .xzei akxene illk xeaig xyt‘iy liawna xeaige xeha xeaig x‘zl lw df beviia ik d‘xp ,diveleepew zekxrn lr 3 wxta cnlp xy‘k zekxrnk odly beviid z‘ aygl ,x”cn ici lr zex‘eznd zekxrn lawl okl lkep .zekxrn ly (mekiq mr)

Version 1.1 23 September 2006 x”cnl xarn :zekxrn x”cn

�x

�

�

H_1

H_2 �y^1

� y_2 � y � � +

liawna zekxrn xeaig :2.4 xei‘

.jynda d‘xpy itk zelabn yi ef dhiyl mb j‘ .zekxrn xeaig ly bevid zira z‘ xeztl jkae ,diveleepew .df beqn zekxrn ixeaiga letihl gepe illk ilk ozep (6--5 miwxt) xczd megza zkxrnd xe‘iz

Version 1.1 24 September 2006

3 wxt

.diveleepew zekxrne zeilxbhpi‘ zekxrn

.(dixet qxew itl) diveleepew .miwlga divxbhpi‘ .zeix‘pil - lxbhp‘ zepekz :df xeryl dxfg ,‘”ecg qxew itl zxfbp zxcbd .gzne mxf orhn---law .(miilnyg milbrne dixet itl) dzlc ziivwpet .1 cnina mipzyn ztlgde divxbhi‘ .zxyxyd llke zexifb zeivwpet :lxbhpi‘ jxc zexcbend d‘ivi dqipk zekxrna weqrp df wxta y(t) =

∫_∞ −∞ K(t, s)x(s) ds .

(3.0.1) -na oecp ihxt dxwnk .(kernel) ”oirxb’’ z‘xwp ‘ide ,zkxrnd zebdpzd z‘ oaenk zraew K divwpetd ‘id dzxcbdy ,diveleepew zkxr y(t) =

∫_∞ −∞ h(t − s)x(s) ds .

(3.0.2) dxiwgd .zkxrnd z‘ zbviind h divwpet oial dqipkd ze‘ oia diveleepew ici lr zxcben z‘f zkxrn iqcpdd rwxd lr ok m‘ xefgp .wxic ly dzlc zivwpet dxwpd ihnzn ilk lr zpryp df beqn zekxrn ly .ef divwpetl

dzlc zivwpet 3.1

:il‘ci‘ gzn xewne il‘ici‘ law mr zkxrna opeazp ,oeilrd avnl bznd xaren t = 0 rbxa .qt‘ gzn xnelk ,orhn ‘ll---‘ed lawd ly izlgzdd avnd ep‘e zkxrna zilnyg zecbpzd lk oi‘ miil‘ci‘ md xewnde lawdy oeik .orhp lawde xewnd z‘ xagn lawd gzn 0 rbx ixg‘ .qt‘ ‘ed mxfde qt‘ ‘ed lawd lr gznd 0 rbx iptl .d‘ad zebdpzdl mitvn miiwn lawa lr orhnd ,ipy cvn .mxf yi ea onf wxt mey oi‘ ,jk m‘ .0 aey mxfde V ‘ed Q = ∫_∞ −∞ i(t) dt = C · V.

(3.1.1) rbxl hxt qt‘zn ze‘d :zepekzd izy z‘ miiwiy (!ilwifit ‘l) il‘ci‘ mxf ze‘l miwewf ep‘ jk m‘ .wxic ly dzlc ziivwpet ‘xwpe mi‘wiqitd ici lr ‘vned dfk ze‘ .qt‘n dpey ze‘d lr lxbhp‘de ,0 .δ(t) ‘ed oeniqd dzlc zivwpet zeilxbhpi‘ zekxrn

� V i(t)

C

dzlc zivwpet :dygnd :3.1 xei‘

.1 ‘ed eghiyy jk c‘n deab j‘ ,qt‘ aiaq c‘n xvw qlet ly il‘ci‘ xe‘z ‘id dzlc zivwpet ,qt‘ ly dphw daiaql hxt qt‘zn ‘ed ,iaeig ze‘d :od df aexiw lr miayeg xy‘k zeaeygd zepekzd xnelk 1 ‘ed llekd eghiye ∫_∞ −∞ δ(t) dt = 1.

(3.1.2)

:jk ef divwpet onqp .epikxvl daeyg dpi‘ zwiiecnd ezxev

�t

�δ(t) 1 �

δ zivwpet :3.2 xei‘

ici lr lynl dzlcd zivwpet z‘ axwl laewn

f_s(t) = 1 2ε |t| < ε m‘ 0 zxg‘

(3.1.3)

f_t(t) = 1 ε^2 · (t + ε) −ε ≤ t ≤ 0 1 ε^2 · (ε − t) 0 ≤ t ≤ ε

0 zxg‘

(3.1.4)

f_b(t) = 1 √ 2π ε e^{− 12} (^{tε} )^2 .

(3.1.5)

aexiw iyilyde yleyn ici lr aexiw ipyd ,raexn lb ici lr dzlc zivwpetl aexiw ‘ed oey‘xd ze‘d mipey‘xd zeze‘d ipy .zepekzd izyl aexiw ok‘ edf mixwndn cg‘ lka ik ze‘xl lw .iqe‘b oenrt z‘ oihwdl ozipe) qt‘ ly dphw daiaql hxt c‘n ohw iyilyde ,0 ly dphw daiaql hxt miqt‘zn

Version 1.1 26 September 2006 zellken zeivwpet zeilxbhpi‘ zekxrn gipp ,jkn dxzi .1 ‘ed zeivwpetdn zg‘ lk lr lxbhpi‘d ,sqepa .(ohw ε zxiga ici lr epipevxk daiaqd miaexwdn cg‘ lkl if‘ .0 aiaq dtivx divwpet ‘id g-y ∫_∞ −∞ f(t)g(t) dt =

∫_ε −ε f(t)g(t) dt ≈

∫_ε −ε f(t)g(0) dt = g(0)

(3.1.6)

.f zxcbdn aey iyilyde g ly zetivxd llba ipyd ,f zxcbdn ‘ed oey‘xd oeieeiyd xy‘k .g-a mb j‘ ε ly lceba dielz ( 3.1.6)-a aexiwd zeki‘y oaenk

.diveleepew zkxrne dzlc zivwpet 3.2

lkl ik al miyp ,ziy‘x .diyeniy z‘ d‘xp ,dzlc zivwpet ly xzei dwinrn dpada onf riwypy iptl ,g dtivx divwpet ∫_∞ −∞ g(t − s)δ(s) ds = g(t) .

(3.2.1)

lxbhp‘d .s dpzynd ly divwpetk g(t−s) lr mippeazn ep‘ xy‘k ,dzlcd zivwpet zxcbdn raep oeieeiyd zkxrn zxcbd lr df oeieey lirtp ,hxta .g(t) xnelk ,s = 0 xy‘k g(t − s) divwpetd jxr z‘ okl ozi lawpe ( 3.0.2) diveleepew

h(t) =

∫_∞ −∞ h(t − s)δ(s) ds .

(3.2.2)

zkxrnd zaebz ‘id h divwpetd gxkda if‘ ,( 3.0.2) ici lr zx‘ezn diveleepew zkxrn m‘ xnelk .dzlc zqipkl

.zellken zeivwpet 3.3

dpi‘ zellken zeivwpet ly zillkd dixe‘zd .wxic ly dzlcd ‘id ,zg‘ zllken ”divwpet’’ epi‘x .zellken zeivwpet mr zeyrl xeq‘ dne xzen dn ”:wgynd iweg’’a oke illk xe‘za fkxzp okl .dheyt hxta .maigxdle mixikn ep‘y milka ynzydl lkepy jk ,divwpetd byen ly dllkd ‘evnl s‘yp xicbdl jxhvp ,x.c.n ici lr zx‘eznd zkxrnl dqipkk dil‘ qgiizdl lkepy ick .dzlca lthl dvxp .dnec beqn mixevi cer (dixet zexnzd ly xywda) jynda d‘xp sqepa .dzlc ly zexfbp ,zeivwpet oia zeixabl‘ zelert :zelibxd zepekzd z‘ eniiwi eli‘ zellken zeivwpety dvxpy oaenk .’eke ,milxbhpi‘

dxcbd---zellken zeivwpet 3.3.1 lxbhpi‘d ,f divwpet ozpda .milxbhpi‘ jxc zeivwpet oiit‘l ozip ik dpga‘a ligzp ∫_∞ −∞ f(t)ϕ(t) dt.

(3.3.1)

,onfd dpzyn ly {ϕ} zeivwpet sqe‘ ‘ed X dly dqipkd zeze‘ agxn xy‘ zix‘pil zkxrn xicbn oaena ,f divwpetd ly oeiti‘ jka yi ,elld mixtqnd llk z‘ mircei m‘ .mixtqn md d‘ivid zeze‘e

Version 1.1 27 September 2006 zellken zeivwpet zeilxbhpi‘ zekxrn xgap .xzei dlecb f ,lynl ,ea [T, S]-a onqpy leexhpi‘ ‘vnp if‘ ,zeey opi‘ f, g zeivwpet izy m‘ .‘ad :jk ϕ z‘

ϕ(t) =

1 T ≤ t ≤ S m‘ 0 .zxg‘

(3.3.2)

lawp ef divwpet xear ∫_∞ −∞ ϕ(t)f(t) dt >

∫_∞ −∞ ϕ(t)g(t) dt .

(3.3.3)

.el‘k zeix‘pil zekxrn lrk zellken zeivwpet lr aeygl ‘id ,jk m‘ ,z‘f lilkdl ziraihd jxcd daeyg dnbec .”miix‘pil milpeivwpet’’ mi‘xew mi‘wihnzndy dn ly ihxt dxwn md el‘k zekxrn ,lpeivwpetd ly dlertd xnelk .lxbhpi‘ jeza zlretd ,dneqg divwpet ‘ed dfk lpeivwpet/zkxrnl illk byen ‘evnl ick .( 3.3.1) lxbhpi‘d jxc zxcben ϕ divwpet lr lret xy‘ ,f divwpetl xeywd uxeey ly ogead zeivwpet ‘xwpd sqe‘l dqipkd zeze‘ agxn z‘ liabp oey‘x alya ,divwpetn xzei sqe‘ edf . S-a df sqe‘ onql bedp .(Laurent Schwartz i‘wihnznd my lr) Schwartz Test functions .mepilet lkn xzei xdn (lecb |t| xy‘k) zekrec odizexfbpe od sqepae ,xcq lkn zexfbp odl xy‘ zeivwpetd ‘id ezxcbd

lkle ,xcq lkn zexfbp zeniiw ϕ-l .ze‘ad zepekzd z‘ zeniiwnd ϕ zeivwpetd sqe‘ ‘ed S sqe‘d 3.3.1 dxcbd miiwzn n, m minly bef lim |t|→∞

t^nD^mϕ(t) = 0.

xcbenk milxbhpi‘ ik xazqn .iynn ω-e ilily ‘l k lk xear S-a od t^ke^{−t2} , e^{(−t2 −jωt)} zeivwpetd dnbecl .‘ad oaena ,f z‘ zirnyn cg mixicbn ( 3.3.1)-a

oxear zeneqg zeivwpet izy od f, g m‘ 3.3.2 dprh ∫_∞ −∞ f(t)ϕ(t) dt =

∫_∞ −∞ g(t)ϕ(t) dt

zeivwpetl mb mieey eidi milxbhp‘d ,sqepa .zetivx odizy da dcewp lka f(t) = g(t) if‘ ,ogea zivwpet lkl .ogea zeivwpet opi‘y

‘id zllken divwpet ly zwiecnd dxcbdd

ogead zeivwpet lr lretd ix‘pil lpeivwpet ‘id f (Tempered distribution) zllken divwpet 3.3.3 dxcbd minly n, m lkly oaena qt‘l zet‘eyd ogea zeivwpet ly dxcq ‘id ϕ_k m‘ .‘ad oaena sivx ‘ede ,uxeey ly miiaeig

lim_{k→∞} sup_t |t^nD^mϕ_k(t)| = 0,

(3.3.4)

.lim_{k→∞} α_k = 0 if‘ ϕ_k lr f zlrtdn lawznd xtqnd ‘ed α_k m‘e

Version 1.1 28 September 2006 zellken zeivwpet zeilxbhpi‘ zekxrn dzaebz ici lr zxcben divwpetd xnelk .ogead zeivwpet lr dzlert ici lr zxcben f zllken divwpet zivwpet opi‘y zeivwpetl mb zellkend zeivwpetd zlert z‘ aigxp jynda .ogea zeivwpet ody zeqipkl ly dqipkl ozaebz dn wecal witqn zedf od zellken zeivwpet izy m‘ wecal icky jkn raep .ogea .ogead zeivwpet .zellken zeivwpet lr zenec zelert onql ick mixken mipeniq ipya zrk ynzyp lxbhpi‘k ϕ lr f ly dlertd z‘ onqp ,ogea zivwpet ‘id ϕ-e zllken divwpet ‘id f m‘ 3.3.4 dxcbd ∫_∞ −∞ f(t)ϕ(t) dt.

xnelk f ly dlertd jxc xcben f = αf_1 + βf_2 oeniqd .jk f_1, f_2 zellken zeivwpet oia zeixabl‘ zelert xicbp ∫_∞ −∞ f(t)ϕ(t) dt .= α

∫_∞ −∞ f_1(t)ϕ(t) dt + β

∫_∞ −∞ f_2(t)ϕ(t) dt.

ici lr xcben ϕ_1 ogea zivwpeta ltk ∫_∞ −∞ (ϕ_1(t)f(t)) ϕ(t) dt .=

∫_∞ −∞ f(t) (ϕ_1(t)ϕ(t)) dt.

,miiynn α, β-l ,zexcben onfd xiv iepiy zelert .oga zivwpet ‘id oga zeivwpet zltkn oky ahid xcben oini cv ∫_∞ −∞ f(αt + β)ϕ(t) dt .= 1 |α| ∫_∞ −∞ f(s)ϕ ( s − β α ) ds.

‘ed lxbhpi‘d xy‘k ,miniiwzn lirl mipeieeyd lk if‘ zeneqg zeivwpet od f, f_1, f_2 m‘ ik ze‘xl lw dpey ‘ed zihnzne ,ogead divwpet ly dlertl oeniq wx ‘ed df lxbhpi‘ ik yibcdl aeyg .libxd oaena zepekz zniiwn ogead zivwpet zlert ,zexcbddn xexay itk j‘ .mixikn ep‘y mixg‘ milxbhpi‘n raep ,zix‘pil ‘id zllken divwpet dxcbdd itly oeeik ,seqal .gep ‘ed df oeniq okle ,lxbhpi‘l zenec ik ∫_∞ −∞ f(t)[αϕ_1(t) + βϕ_2(t)] dt = α

∫_∞ −∞ f(t)ϕ_1(t) dt + β

∫_∞ −∞ f(t)ϕ_2(t) dt.

oniq zgz ,zeivwpet ly milibxd millkl dni‘zn zllken divwpet ly dzebdpzd ik mi‘ex ep‘ mekiql !xcben ‘l zeidl lelr zellken zeivwpet oia ltk ik al miyl yi .lxbhpi‘d

zellken zeivwpet ly dxifb 3.3.2 jxevl .milibxd divxbhpi‘de dxifbd illk lk z‘ zellken zeivwpet lr ligdl did ozip m‘ oaenk did gep dpzpy dxcbdl mi‘zn epi‘y oaena hxtae ,dlibx divwpet ly zxfbpn dpey oaena zxfbp xicbdl yi jk ,ef dxcbd zgz ik dvxp ,hxta .dlibx zxfbp ly dl‘l zenec ef zxfbp ly dizepekz mle‘ .‘”ecg qxewa if‘ ,zetivxa dxifb ,(zllken ‘l) dlibx divwpet ‘id f m‘ .dtwz didz miwlga divxbhpi‘d zgqep ∫_∞ −∞ d dt f(t)ϕ(t) dt = f(t)ϕ(t)|^∞_{−∞} −

∫_∞ −∞ f(t) d dt ϕ(t) dt

(3.3.5) = − ∫_∞ −∞ f(t) d dt ϕ(t) dt

(3.3.6)

okl .lecb |t| -a qt‘l zt‘ey ϕ(t)-y dyixcd llba ,(lecb |t| xear icn xdn dlcb dpi‘ f-y i‘pza)

Version 1.1 29 September 2006 zellken zeivwpet zeilxbhpi‘ zekxrn

ici lr zxcben zllken divwpet ly zxfbp 3.3.5 dxcbd

∫_∞ −∞ d dt f(t)ϕ(t) dt .= −

∫_∞ −∞ f(t) d dt ϕ(t) dt.

(3.3.7)

,ϕ_1 oga zivwpete α (akexn) xtqn xear :zelibxd zepekzd z‘ zniiwn ( 3.3.7) zxfbpd 3.3.6 dprh d dt (f_1 + f_2) = d dt f_1 + d dt f_2,

(3.3.8) d dt (αf) = α d dt f (3.3.9) d dt (f · ϕ_1) = f d dt ϕ_1 + ϕ_1 d dt f. (3.3.10)

oky zexcbddn raep oey‘xd oeieeyd :dgked ∫_∞ −∞ d dt (f_1(t) + f_2(t)) ϕ(t) dt = −

∫_∞ −∞ (f_1(t) + f_2(t)) d dt ϕ(t) dt

(3.3.11) = − ∫_∞ −∞ f_1(t) d dt ϕ(t) dt −

∫_∞ −∞ f_2(t) d dt ϕ(t) dt

(3.3.12) = ∫_∞ −∞ d dt f_1(t)ϕ(t) dt +

∫_∞ −∞ d dt f_2(t)ϕ(t) dt.

(3.3.13)

seqal .dnec ipyd oeieeyd zgked ∫_∞ −∞ d dt (ϕ_1(t)f(t)) ϕ(t) dt = −

∫_∞ −∞ (ϕ_1(t)f(t)) d dt ϕ(t) dt

(3.3.14) = − ∫_∞ −∞ f(t) ( ϕ_1(t) d dt ϕ(t) ) dt (3.3.15) = − ∫_∞ −∞ f(t) ( d dt [ϕ_1(t)ϕ(t)] − ϕ(t) d dt ϕ_1(t) ) dt (3.3.16) = − ∫_∞ −∞ f(t) d dt [ϕ_1(t)ϕ(t)] dt +

∫_∞ −∞ f(t) ( ϕ(t) d dt ϕ_1(t) ) dt (3.3.17) = ∫_∞ −∞ ( d dt f(t) ) ϕ_1(t)ϕ(t) dt +

∫_∞ −∞ ( f(t) d dt ϕ_1(t) ) ϕ(t) dt

(3.3.18) = ∫_∞ −∞ ( ϕ_1(t) d dt f(t) + f(t) d dt ϕ_1(t) ) ϕ(t) dt.

(3.3.19)

.l.y.n ly zxfbp .dlibx dxifb enk miweg mze‘ z‘ zeniiwn zellken zeivwpet ly dxifbd zelert ,mekiql lr zllken divwpet ly zexcbdd z‘ lirtp m‘ ,ipy cvn .zllken divwpet cinz ‘id zllken divwpet .zepekza dn‘zdd lya dpekp didz d‘vezd ,dlibx divwpet

Version 1.1 30 September 2006 zellken zeivwpet zeilxbhpi‘ zekxrn zeagxd 3.3.3 zellken zeivwpet ly dlertd z‘ aigxdl ozip eplfnl .zellken zeivwpet oiit‘l ick wx zynyn S itl zllken divwpet lkl ,zexidfa zeyrl yi z‘f .ogea zeivwpet opi‘y zeivwpet mr milxbhpi‘l mb zxcben didz dlertdy ick .0-a jxra wx dielz dzlcd zivwpet zlert ik al miyp ,lynl jk .dizepekz dgqepd okl .0-a zetivxa jxev yi ,ahid ∫_∞ −∞ g(t)δ(t) dt = g(0)

zellken zeivwpet ly dxcbdd z‘ aigxdl ozip dnec dxeva .0-a dtivx xy‘ g divwpet lkl dtwz dnk cr xen‘k mle‘ ,zeivwpet ly xzei dagx dgtyn xear zexnyp lxbhpi‘d zepekz lk mb .zexg‘ .zllkend divwpetd zepekza ielz---aigxdl ozip :icnl dheyt dxeva zellken zeivwpet x‘zl xyt‘ ,dyrnl :zihnzn dxrd

-y jk N mlye g dtivx divwpet miniiw f zllken divwpet lkl .beviid htyn 3.3.7 htyn ∫_∞ −∞ f(t)ϕ(t) dt =

∫_∞ −∞ g(t) d^N ϕ(t) dt^N dt.

ly zexnzd rvape dxnzdd zxcbd z‘ aigxp my ,dixet zexnzd lr wxta zellken zeivwpet lr cer .zellken zivwpet

dizexfbpe dzlc zivwpet 3.3.4 .dizexfbp zebdpzd z‘ oiit‘pe ,wxic ly dzlc zivwpet ly zwiecn dxcbdl zrk xefgp

zniiwnd zllkend divwpetd ‘id dzlc zivwpet 3.3.8 dxcbd ∫_∞ −∞ ϕ(t)δ(t) dt = ϕ(0).

.zllken divwpet idef okle ,(zetivxd zpekz z‘ wecal lw oke) zix‘pil dlert ef ok‘ ik wecal lw xnelk ,dbxcnd zivwpet z‘ u-a onqp

u(t) =

1 t > 0, 0 t < 0.

.xcben epi‘ t = 0-a jxrd

3.3.9 dprh

δ(t) = du(t) dt .

Version 1.1 31 September 2006 zellken zeivwpet zeilxbhpi‘ zekxrn dzlc enk weica zlret dbxcnd zivwpet ly zxfbpd ‘idy zllkend divwpetd ik gikedl epilr :dgked ,zxfbpd zxcbd itl mle‘ .ogea zivwpet lk lr ∫_∞ −∞ ϕ(t) du(t) dt dt = −

∫_∞ −∞ [ d dt ϕ(t) ] u(t) dt

(3.3.20) = − ∫_∞ 0 d dt ϕ(t) dt

(3.3.21)

= −ϕ(∞) + ϕ(0) = ϕ(0).

(3.3.22)

.l.y.n .dzlcd zivwpet zlert weica idef xnelk dzlc ly (miieqn ‘l) lxbhpi‘ ‘id dbxcnd zivwpet ik ze‘xdl mb lw ∫_t −∞ δ(s) ds =

0 t < 0 1 t > 0 .

(3.3.23)

.dbxcnd z‘ epzxcbdl m‘zda ,0 dcewpa xcben epi‘ df lxbhpi‘ ok‘e :oga zeivwpet lr dzlert jxc zxcben zxfbpd 3.3.5 dxcbd itl ?dzlc zivwpet ly δ^′ zxfbpd idn ∫_∞ −∞ δ^′(t)ϕ(t) dt = −

∫_∞ −∞ δ(t) d dt ϕ(t) dt

(3.3.24)

= −ϕ^′(0)

(3.3.25)

dzlc zivwpet ly zxfbpd .dzlc zivwpet zxcbdne ,oga zivwpet ‘id oga zivwpet ly zxfbpy oeeik :jk dhhxyl bedpe (doublet) ”hlaec’’ z‘xwp

�t

�δ^′(t) 1

−1

�

� doublet :δ^′ ly zxfbp :3.3 xei‘

z‘fk divwpet xear :0-a dtivx zxfbp zlra ‘idy f divwpet lkl aigxdl ozip z‘f dpekz ∫_∞ −∞ δ^′(t)f(t) dt = −f^′(0) .

(3.3.26)

if‘ 0-a zetivx zexfbp n zlra divwpet ‘id f m‘ ,dnec dxeva ∫_∞ −∞ f(t)δ^{(n)}(t) dt = −

∫_∞ −∞ f^{(1)}(t)δ^{(n−1)}(t) dt

(3.3.27)

= (−1)^nf^{(n)}(0) .

(3.3.28)

Version 1.1 32 September 2006 zellken zeivwpet zeilxbhpi‘ zekxrn

df i‘pz zgz .0 dcewpa dtivx f-y i‘pza zxcben f dlibx divwpeta dzlc ziivwpet ly dltknd ∫_∞ −∞ (δ(t)f(t))ϕ(t) dt =

∫_∞ −∞ δ(t)(f(t)ϕ(t)) dt = f(0)ϕ(0) =

∫_∞ −∞ (f(0)δ(t))ϕ(t) dt

(3.3.29)

.zeey ode ,zellken zeivwpet md oeieeyd iciv ipy :f(t)δ(t) = f(0)δ(t) okle .f(t)δ^′(t) edn aygp dnec dxeva ∫_∞ −∞ (f(t)δ^′(t))ϕ(t) dt =

∫_∞ −∞ δ^′(t)(f(t)ϕ(t)) dt

(3.3.30) = − ∫_∞ −∞ δ(t) d dt (f(t)ϕ(t)) dt

(3.3.31) = − ∫_∞ −∞ δ(t)f(t) d dt ϕ(t) dt −

∫_∞ −∞ δ(t)ϕ(t) d dt f(t) dt

(3.3.32)

= −f(0)

∫_∞ −∞ δ(t) d dt ϕ(t) dt − f^′(0)

∫_∞ −∞ δ(t)ϕ(t) dt

(3.3.33)

= f(0)

∫_∞ −∞ d dt δ(t)ϕ(t) dt − f^′(0)

∫_∞ −∞ δ(t)ϕ(t) dt

(3.3.34)

.f(t)δ^′(t) = f(0)δ^′(t) − f^′(0)δ(t) o‘kne ik ze‘xdl ozip dnec dxeva

f(t)δ^{(n)}(t) = n∑ k=0 (−1)^k ( n k ) f^{(k)}(0)δ^{(n−k)}(t) .

(3.3.35)

ozi oeieeyd ly l‘ny cv ok‘e ∫_∞ −∞ f(t)δ^{(n)}(t)ϕ(t) dt = (−1)^n d^n dt^n

(f(t)ϕ(t)) | | | t=0 (3.3.36)

=(−1)^n n∑ k=0 ( n k ) f^{(k)}(0)ϕ^{(n−k)}(0)

(3.3.37)

:gikedl epilry oeieeyd ly oini cv ipy cvne

∫_∞ −∞ (_n ∑ k=0 (−1)^k ( n k ) f^{(k)}(0)δ^{(n−k)}(t) ) ϕ(t) dt

(3.3.38)

= n∑ k=0 ( (−1)^k ( n k ) f^{(k)}(0)

∫_∞ −∞ δ^{(n−k)}(t)ϕ(t) dt ) (3.3.39)

=(−1)^n n∑ k=0 ( n k ) f^{(k)}(0)ϕ^{(n−k)}(0)

(3.3.40)

.mieey mpn‘ miiehiade

Version 1.1 33 September 2006 oirxb zekxrn zeilxbhpi‘ zekxrn .n ≤ 3 xear sin(t)δ^{(n)}(t) iehiad z‘ aygp 3.3.10 dnbec sin(t)δ(t) = sin(0)δ(t) = 0

(3.3.41) sin(t)δ^′(t) = sin(0)δ^′(t) − cos(0)δ(t)

(3.3.42) = −δ(t)

(3.3.43) sin(t)δ^{(2)}(t) = sin(0)δ^{(2)}(t) − sin^{(1)}(0)δ^{(1)}(t) + sin^{(2)}(0)δ(t)

(3.3.44) = 0 − cos(0)δ^{(1)}(t) − sin(0)δ(t)

(3.3.45) = −δ^′(t)

(3.3.46) sin(t)δ^{(3)}(t) = sin(0)δ^{(3)}(t) − 3 sin^{(1)}(0)δ^{(2)}(t) + 3 sin^{(2)}(0)δ^{(1)}(t) − sin^{(3)}(0)δ(t)

(3.3.47) = 0 − 3 cos(0)δ^{(2)} (t) − 3 sin(0)δ^{(1)}(t) + cos(0)δ(t)

(3.3.48) = −δ^{(2)}(t) + δ(t) .

(3.3.49)

oirxb zekxrn 3.4

zeipkh zelabna) xe‘zl zpzip zix‘pil ‘idy sivx onfa d‘ivi dqipk zkxrn lk ,jynda d‘xpy itk d‘ad dxevdn ,zilxbhpi‘ zkxrnk (o‘k cenrp ‘l odilr zelw y(t) =

∫_∞ −∞ K(t, s)x(s) ds .

(3.4.1) ‘id .zkxrnd oirxb z‘xwp ,miiynn mipzyn ipy ly (zakexn e‘) ziynn divwpet ‘idy ,K divwpetd ze‘vezd z‘ zelwa aigxdl ozipy zexnl ,cala SISO zkxrna weqrp .zllken divwpet zeidl dleki .MIMO zkxrnl .zix‘pil d‘ivi-dqipk ietin zkxrn zx‘zn ( 3.4.1) ici lr zx‘eznd zkxrn lk 3.4.1 htyn -ynd jxc xcbend ,d‘ivi ze‘ mi‘zn dqipk ze‘ lkly oeeik d‘ivi dqipk ietin ‘id zkxrnd :dgked if‘ .α, β, x_1, x_2 zeze‘e mireaw zrk xgap .( 3.4.1) d‘ee y(t) = Φ[αx_1 + βx_2](t)

(3.4.2) = ∫_∞ −∞ K(t, s)(αx_1(t) + βx_2(t)) dt

(3.4.3) = ∫_∞ −∞ K(t, s)αx_1(t) dt +

∫_∞ −∞ K(t, s)βx_2(t) dt

(3.4.4) = αΦ[x_1](t) + βΦ[x_2](t)

(3.4.5) .l.y.n .lxbhp‘d zepekzn raep iyilyd oeieeyd xy‘k idylk zix‘pil d‘ivi dqipk zkxrn xgap ,zkxrn lk (hrnk) x‘znd illk bevii edfy ze‘xdl ick ici lr K divwpet xicbp .Φ ietn ici lr zxcbend K(t, τ) .= Φ[δ(· − τ)](t) = Φ[σ^{−τ} δ](t) .

(3.4.6)

Version 1.1 34 September 2006 oirxb zekxrn zeilxbhpi‘ zekxrn zivwpet mr lxbhpi‘ ici lr dqipkd z‘ bviip .τ onfa lrt xy‘ mld zqipkl t rbxa zkxrnd zaebz idef (3.6 wxt d‘x) dzlc x(t) =

∫_∞ −∞ x(τ)δ(t − τ) dτ .

(3.4.7) miiwzn {f_i(τ)} zeivwpete {x_i} mireaw sqe‘ lkl ,zix‘pil ‘id zkxrndy oeeik Φ [ ∑ i x_if_i ] (t) = ∑ i x_iΦ[f_i](t) .

(3.4.8)

dnec dxeva lawp ,(onix lbxhpi‘a xkfp) mekq ly beq ‘ed lxbhpi‘y oeeik y(t) = Φ[x](t)

(3.4.9) = Φ [∫_∞ −∞ x(τ)δ(· − τ) dτ ] (t) (3.4.10) = ∫_∞ −∞ x(τ)Φ[δ(· − τ)](t) dτ

(3.4.11) = ∫_∞ −∞ x(τ)K(t, τ) dτ .

(3.4.12) .oirxb zkxrnk zkxrnd ly bevii eplaiw zeix‘pild zpekz ,ziy‘x .dletk ‘id zebiizqda ‘aene ”htyn’’ epi‘ df aeyigy daiqd :zihnzn dxrd zllken divwpet z‘f dn epxcbd ‘l ,zipy .milxbhpi‘l ‘le ,iteq mixaegn xtqn mr minekql zxcben zekxrn’’ od mle‘ ,oirxb zekxrnk obviil ozip ‘l xy‘ zeix‘pil zekxrn opyi ,ok‘e .mipzyn ipy ly ”.zeibelezt .oexkf mr zix‘pil zinpic zkxrn ‘id oirxb zkxrn ,dvw ixwinl hxt .oexkif zlra dpi‘ K(t, s) = k(t)δ(t − s) oirxb mr zkxrnd ik d‘xd 3.4.2 libxz

t lkl m‘ wxe m‘ zizaiq ‘id K oirxb mr zkxrn 3.4.3 htyn ∫_∞

t^+

|K(t, s)| ds = 0 .

(3.4.13) .mipnf ly gipf xtqnl ile‘ hxt ,s > t lkl K(t, s) = 0 ik ‘id i‘pzd zernyn if‘ miiwzn i‘pzd m‘ :dgked y(t) =

∫_∞ −∞ K(t, s)x(s) ds =

∫_t+ −∞ K(t, s)x(s) ds

(3.4.14) t < T miniiw if‘ miiwzn epi‘ i‘pzd m‘ ipy cvn .cala s ≤ t xear ‘id x(s) ikxra zelzd okle miiwzn eay [T, S]-a onqp xy‘ leexhpi‘e ∫_S T K(t, s) ds = α ≠ 0 .

(3.4.15)

Version 1.1 35 September 2006 diveleepew zekxrn zeilxbhpi‘ zekxrn dqipk ze‘ xgap

x(s) = α T ≤ s ≤ S 0 .zxg‘

(3.4.16)

‘ed t rbxa daebzd jxr y(t) =

∫_∞ −∞ K(t, s)x(s) ds =

∫_S T K(t, s)α ds = α^2 .

(3.4.17) .l.y.n .zizaiq dpi‘ zkxrnd okle ,cizra dqipkd ikxra dielz daebzd zeze‘d lkl daebz dze‘ ozep K(t, s) = 1 oirxbd lynl .olek ‘l j‘ ,zekitd ody oirxb zekxrn yi .dkitd dpi‘ okle ,lxbhpi‘ eze‘ mdl yi xy‘ ‘ad sirqa .t onfa zyxetnd zelzd lya ,onfa dreaw dpi‘ oirxb zkxrn ik ziaihi‘hpi‘ xexa .onfa dreaw ‘id oirxb zkxrn izn d‘xp

diveleepew zekxrn 3.5

ici lr zxcben diveleepew zkxrn y(t) =

∫_∞ −∞ h(t − s)x(s) ds .

(3.5.1) ik raep 3.4.3 htynn .zix‘pil d‘ivi dqipk zkxrn idef okle ,oirxb zkxrn ly ihxt dxwn oaenk edf m‘zda ik al miyp .(htyna dxdad d‘x) t < 0 lkl h(t) = 0-y ‘ed zeizaiql igxkde witqn i‘pz ok‘ zkxrnde y = h ∗ x = x df dxwna ok‘e :zizaiq ‘id h = δ dxear zkxrn ik lawzn ,i‘pzl .zizaiq .onfa dreaw zix‘pil d‘ivi-dqipk ietin zkxrn zx‘zn ( 3.5.1) ici lr zx‘eznd zkxrn lk 3.5.1 htyn dxcbdd itl wecap .onfa zeriaw gikedl wx jxev yi :dgked σ^τ y(t) = σ^τ [∫_∞ −∞ h(t − s)x(s) ds ] (3.5.2) = σ^τ [∫_∞ −∞ h(s)x(t − s) ds ] (3.5.3) = ∫_∞ −∞ h(s)σ^τ x(t − s) ds

(3.5.4) = Φ[σ^τ x](t)

(3.5.5)

.l.y.n .σ ly dxcbddn iyilyde (3.6 wxt d‘x) diveleepewd zepekzn raep ipyd oeieeyd xy‘k :diveleepew zkxrn gxkda ‘id onfa dreaw oirxb zkxrn ,ipy cvn ,x lkl if‘ .h(t) .= K(t, 0) xicbp .onfa dreaw zkxrn ly oirxb K idi 3.5.2 htyn ∫_∞ −∞ K(t, s)x(s) ds =

∫_∞ −∞ h(t − s)x(s) ds .

(3.5.6)

Version 1.1 36 September 2006 diveleepew zeilxbhpi‘ zekxrn ,dxcbddn :dgked Φ [ σ^{−τ} δ ] (t) =

∫_∞ −∞ K(t, s)δ(s − τ) ds = K(t, τ) .

(3.5.7) ik raep onfa zeriawdn Φ [ σ^{−τ} δ ] (t) = σ^{−τ} Φ [δ] (t)

(3.5.8) = σ^{−τ}

∫_∞ −∞ K(t, s)δ(s) ds

(3.5.9) = σ^{−τ} K(t, 0)

(3.5.10) = K(t − τ, 0) .

(3.5.11) .l.y.n .gked htynde K(t, τ) = K(t − τ, 0) ik raep ze‘eeynd izyn .oeicd z‘ dgcp okle ,zexnzd zxfra df ‘yep gzpl didi gep :dkitd ‘id diveleepew zkxrn lk ‘l .dizepekze diveleepewd zlert ly dwnrde dxfgl onf yicwp ,epl zeaeyg od diveleepew zekxrny oeeik

.diveleepew 3.6

jk zxcben zeivwpet izy oia diveleepew zlert 3.6.1 dxcbd (f ∗ g)(t) .=

∫_∞ −∞ f(τ)g(t − τ) dτ.

.ze‘ad zepekzd diveleepewd zlertl xnelk ,(aeyg epi‘ mipzynd xcq) zeiaihhenew f ∗ g = g ∗ f .

(3.6.1) τ^′ = t − τ mipzyn ztlgd zxfra .dxcbdd z‘ meyxp :dgked (f ∗ g)(t) .=

∫_∞ −∞ f(τ)g(t − τ) dτ

(3.6.2) = ∫_{−∞} ∞ f(t − τ^′)g(τ^′) d(−τ^′)

(3.6.3) = ∫_∞ −∞ f(t − τ^′)g(τ^′) dτ^′

(3.6.4) .= (g ∗ f)(t) .

(3.6.5)

Version 1.1 37 September 2006 diveleepew zeilxbhpi‘ zekxrn :(zeiveleepew zxyxya miixbeqd mewin xnelk) zeiaih‘iveq‘ (f ∗ g) ∗ h = f ∗ (g ∗ h) .

(3.6.6) :mipzyn ztlgda libxz ‘id dgkedd (f ∗ g)(t) =

∫_∞ −∞ f(t − τ)g(τ) dτ

(3.6.7) ((f ∗ g) ∗ h)(t) =

∫_∞ −∞ ∫_∞ −∞ f(t − τ − s)g(τ)h(s) dτ ds

(3.6.8) (g ∗ h)(τ^′) =

∫_∞ −∞ g(τ^′ − s)h(s) ds

(3.6.9) (f ∗ (g ∗ h))(t) =

∫_∞ −∞ ∫_∞ −∞ g(τ^′ − s)h(s)f(t − τ^′) dτ^′ ds .

(3.6.10) (.dτ^′ = dτ ef dtlgda ik al miyp) miiehiad z‘eeyde τ^′ = τ +s mipzyn ztlgdn zrk zlawzn d‘vezd ik cin raep lxbhpi‘d zepekzn :zix‘pil dlert ‘id diveleepew f ∗ (αg + βh) = αf ∗ g + βf ∗ h .

(3.6.11)

lrk t lk xear g(t − τ) lr aeygl ozip oky ,zellken zeivwpetl mb ef dxcbd lirtdl ozip ik xexa lawle xicbdl ozip if‘ t dcewpa dtivx g(t) m‘ .cala τ dpzynd ly divwpet (δ ∗ g)(t) =

∫_∞ −∞ δ(τ)g(t − τ) dτ = g(t).

‘id g xy‘k mb dpekp ef zedf .zetivx zcewp lka g divwpet lkl (δ ∗ g)(t) = g(t) ik jk m‘ epi‘xd i‘ zecewpa aygzp ‘l okl .zellken zeivwpet oia oeieey ly oaena ‘ed oeieeyd xy‘k ,zllken divwpet lr .ϕ ogea zivwpet len lxbhpi‘a dxew dn wecap z‘f wicvdl ick .δ ∗ g = g ik xn‘p ‘l‘ zetivxd dzlc zivwpet zepekza yeniye s = t − τ xy‘k s dpzyna t dpzynd ztlgd ici ∫_∞ −∞ (δ ∗ g)(t)ϕ(t) dt =

∫_∞ −∞ ∫_∞ −∞ δ(τ)g(t − τ)ϕ(t) dτ dt

(3.6.12) = ∫_∞ −∞ ∫_∞ −∞ δ(τ)g(s)ϕ(s + τ) dτ ds

(3.6.13) = ∫_∞ −∞ g(s)ϕ(s) ds

(3.6.14) .δ ∗ g = g ik eplaw ok‘e dffd :diveleepewd ly zetqep zepekz (f ∗ σ^{−τ} δ)(t) .=

∫_∞ −∞ f(t − s)δ(s − τ) ds

(3.6.15) = f(t − τ)

(3.6.16) ‘hal ozipy ‘id zernynd .zllken divwpet ly onfa dffd zxcbde dzlc zivwpet zepekzl m‘zda .σ^{−τ} f = f ∗ σ^{−τ} δ :diveleepew zxfra dffd Version 1.1 38 September 2006 diveleepew zeilxbhpi‘ zekxrn :d‘ad dxeva ,diveleepew zxfra dxifb bviil ozip f^′(t) = (f ∗ δ^′)(t) .

(3.6.17) :dgked (f ∗ δ^′)(t) .=

∫_∞ −∞ f(t − τ)δ^′(τ) dτ

(3.6.18) = − ∫_∞ −∞ d dτ f(t − τ)δ(τ) dτ

(3.6.19) = ∫_∞ −∞ d dt f(t − τ)δ(τ) dτ

(3.6.20) = f^′(t) .

(3.6.21) xzei illk ote‘a .f^′(t) = Df(t) = (f ∗ δ^′)(t) beviid z‘ eplaw f^{(n)}(t) = D^nf(t) = (f ∗ δ^{(n)})(t) .

(3.6.22)

daeygd d‘vezd z‘ ozep dzlc ly zxfbpe dzlc zffd mr diveleepew jxc dxifbe onf zffd ly beviid .d‘ad xnelk .onfa dffd mre dxifb mr ztlgzn diveleepewd zlert 3.6.2 htyn (σ^θf) ∗ g = σ^θ(f ∗ g) = f ∗ σ^θg ,

(3.6.23) (Df) ∗ g = D(f ∗ g) = f ∗ (Dg) .

(3.6.24) xnelk ,onfa dffd mr ztlgzn dxifb ,seqal D(σ^θf) = σ^θ(Df) .

(3.6.25)

,diveleepewd ly zeiaih‘iveq‘de epi‘xdy mibeviidn :dgked (σ^θf) ∗ g = ((σ^θδ) ∗ f) ∗ g

(3.6.26) = (σ^θδ) ∗ (f ∗ g)

(3.6.27) = f ∗ ((σ^θδ) ∗ g) .

(3.6.28) ik raep dzlc mr diveleepew ici lr dffd ly bevidn okl .zeiaihhenewa epynzyd oexg‘d oeieeya xy‘k dxifb xear dnec dxeva .diveleepew mr ztlgzn onfa dffd (Df) ∗ g = ((Dδ) ∗ f) ∗ g

(3.6.29) = (Dδ) ∗ (f ∗ g)

(3.6.30) = f ∗ (Dδ) ∗ g .

(3.6.31) Version 1.1 39 September 2006 diveleepew zeilxbhpi‘ zekxrn sqepa .htyna miiehial mieey oexg‘de ipyd xai‘d D(σ^θf) = (Dδ) ∗ ((σ^θδ) ∗ f) = (σ^θδ) ∗ ((Dδ) ∗ f) = σ^θ(Df) .

(3.6.32) .l.y.n .zqt‘zn d‘vezd mipnf el‘ xear zrcl mizirl aeyg dxiyi dxeva zeiveleepew aygl ick xnelk ,mileexhpi‘l uegn miqt‘znd zeze‘ ipy od f, g-y gipp 3.6.3 htyn f(t) = 0 for t ∉ [a, b],

(3.6.33) g(t) = 0 for t ∉ [c, d] .

(3.6.34) if‘ (f ∗ g)(t) = 0 for t ∉ [a + c, b + d] .

(3.6.35)

aygp :dgked (f ∗ g)(t) .=

∫_∞ −∞ f(s)g(t − s) ds .

(3.6.36) cvn .lxbhpi‘l dnexz oi‘ okle f(s) = 0 if‘ s < a m‘ .s ly megz lka dxew dn wecap t < a + c m‘ leabd iabl dgkedd .lxbhpi‘l dnexz oi‘ aeye g(t − s) = 0 f‘e t − s < a + c − a < c if‘ s > a m‘ ipy .l.y.n .ddf oeilrd diveleepew zekxrne x”cn 3.6.1 zkxrnk dze‘ bivdl ozip okl .onfa dreawe zix‘pil zkxrn ‘id zizlgzd dgepna x”cn ik epi‘x oexztd aeyig ici lr e‘ ,minld oefi‘ ici lr :zehiy xtqna aygl ozip mldd zaebz z‘ .diveleepew .libxza exarei el‘ zehiy .ipbenedd

il‘ivppetqw‘ ze‘l diveleepew zkxrn zaebz 3.7

dqipkd m‘ ,xnelk .(a”wl) onfa zereaw zeix‘pil zekxrn ly ’’invr ze‘” ‘ed il‘ivppetqw‘ ze‘ dze‘n ze‘ ‘id mb daebzd if‘ ,(akexn xtqn ‘ed s xy‘k) x(t) = e^{st} dxevdn ze‘ ‘id a”wl zkxrnl

Version 1.1 40 September 2006 zekxrn xeaig zeilxbhpi‘ zekxrn ok‘o .H(s) akexn reaw xear H(s)e^{st} didz daebzd xnelk ,dxev y(t) =

∫_∞ −∞ x(t − τ)h(τ) dτ

(3.7.1) = ∫_∞ −∞ e^{s(t−τ )}h(τ) dτ

(3.7.2) = ∫_∞ −∞ e^{st}e^{−sτ} h(τ) dτ

(3.7.3) = e^{st}

∫_∞ −∞ e^{−sτ} h(τ) dτ

(3.7.4) = e^{st}H(s).

(3.7.5) ielz df reaw .dqipkd ze‘ letk (onfa ielz epi‘y lceb xnelk) reaw ‘id daebzd ik d‘vezl eprbd aeye dlrnl aeyigdne ,s xhnxta H(s) =

∫_∞ −∞ e^{−sτ} h(τ) dτ .

(3.7.6) .6 wxta hexita dilr cnlpe ,zkxrnd ly zxeqnzd zivwpet ‘xwp df lceb

zekxrn xeaig 3.8

:oirxb zekxrn izy xeha mixagn ep‘y dligz gipp .zekxrn xeaiga oecl zrk xefgp

� y H_1 H_2 �x �z

xeha zekxrn xeaig :3.4 xei‘

.d‘ad dxeva ze‘gqepa z‘f ‘hal lkep oirxb zekxrna xaecny oeeik y(s) =

∫_∞ −∞ K_1(s, u)x(u) du

(3.8.1) z(t) =

∫_∞ −∞ K_2(t, s)y(s) ds

(3.8.2) okle z(t) =

∫_∞ −∞ ∫_∞ −∞ (K_2(t, s) [K_1(s, u)x(u)]) du ds

(3.8.3) = ∫_∞ −∞ (∫_∞ −∞ K_1(t, s)K_2(s, u) ds ) x(u) du

(3.8.4) = ∫_∞ −∞ K(t, u)x(u) du

(3.8.5)

Version 1.1 41 September 2006 zekxrn xeaig zeilxbhpi‘ zekxrn ici lr oezp zllekd zkxrnd ly oirxbd xy‘k K(t, u) =

∫_∞ −∞ K_1(t, s)K_2(s, u) ds .

(3.8.6) lawp diveleepew zekxrn xear z(t) = (x ∗ h_1 ∗ h_2)(t)

(3.8.7) = (x ∗ (h_1 ∗ h_2))(t)

(3.8.8) ,oirxb zekxrnl ze‘vezd jxc zexiyi e‘ ,o‘kne z(t) = (h ∗ x)(t)

(3.8.9) h = h_1 ∗ h_2 .

(3.8.10)

.d‘ad daeygd d‘vezd z‘ wiqdl ozip 3.6.2 htyn---diveleepewd zepekzne o‘kn ‘id dqipkd zxfbpl daebzd (diveleepew zxfra x‘zl ozip xy‘) onfa dreaw zix‘pil zkxrna 3.8.1 htyn xnelk ,dqipkl daebzd zxfbp Φ[Dx] = DΦ[x] .

(3.8.11) xeaig xcq ,didyd dzedny zkxrne edylk xcqn dxifb dzedny zkxrn ,efk zkxrn ozpda ,xzei illk ote‘a .daebze dqipk oia xywd z‘ dpyn epi‘ xeha zekxrnd yely oirxb zkxrna d‘ivil dqipk oia xywd xeaigd xear .xzei heyt ‘ed zekxrn izy ly liawna xeaig

�x

�

�

H_1

H_2 �y^1

� y_2 � y � � +

liawna zekxrn xeaig :3.5 xei‘

ici lr x‘ezn y(t) = y_1(t) + y_2(t)

(3.8.12) = ∫_∞ −∞ K_1(t, s)x(s) ds +

∫_∞ −∞ K_2(t, s)x(s) ds

(3.8.13) = ∫_∞ −∞ (K_1(t, s) + K_2(t, s)) x(s) ds

(3.8.14)

Version 1.1 42 September 2006 zekxrn xeaig zeilxbhpi‘ zekxrn okle y(t) =

∫_∞ −∞ K(t, s)x(s) ds

(3.8.15) K(t, s) = K_1(t, s) + K_2(t, s) .

(3.8.16) lawp diveleepew zkxrn xear y(t) = (h ∗ x)(t)

(3.8.17) h = h_1 + h_2 .

(3.8.18)

dxeva gzpl ozipy xexa .zekxrn xeaigl daeyz ozep oirxb ici lr zekxrn xe‘izy d‘xp ,jk m‘ xeaig ‘ed zekxrnd zxeza miiqiqad mixeaigd cg‘ mle‘ .xzei miakxen mixeaig mb (!dheyte) dnec :aeyn

� � � + x �

�

�

H_1

H_2 � y

� �

aeyn xeaig :3.6 xei‘

xear enk zehiy oze‘a yeniy jez ,diveleepew zekxrn izyn zakxend z‘fk zkxrn gzpl oeiqp dgqepl liaen ,liawna e‘ xeha xeaig y = (x + y ∗ h_1) ∗ h_2

(3.8.19) jynda .x -a ely zelzd z‘ x‘zle y z‘ dpnn ulgl ozip cvik xexa ‘l xy‘ ,dnezq dgqep ‘idy .efk zkxrn gzpl lw dxnzd zehiy zxfra ik d‘xp

Version 1.1 43 September 2006

4 wxt

zeaivi

mi‘pz :x”cnn .zinipt dltkn ,dnxep ,ix‘pil agxn :dxabl‘n mibyen :df xery z‘xwl dxfg .ipbenedd oexztd zexcazdle zeqpkzdl ote‘a .zeze‘ ceair llek eiccv lka dax zeaiyg lrae ,zekxrnd zxezl ifkxn ‘ed zeaivid ‘yep xicbdl ick .dphw daebzl miliaen ohw xg‘ xexir e‘ dqipk xy‘ efk ‘id daivi zkxrn ,iaihi‘ehpi‘ .ze‘ ly lcebl ccne zeze‘ iagxn xicbdl epilr ,ohw ze‘ edn

zeze‘ iagxn 4.1

.dnxep exear zxcben xy‘ ix‘pil agxn ‘ed Normed Space dnxep agxn

.sqe‘l jiiy ax + by ze‘d a, b mireawe x, y zeze‘ ipy lkl m‘ ix‘pil agxn ‘xwp zeze‘ sqe‘ 4.1.1 dxcbd .sqe‘a x lkl x + 0 = x miiwnd xai‘d edf :0-a oneqi sqe‘a qt‘d xai‘ :ze‘ad zepekzd z‘ zniiwnd divwpet ‘id ||x|| dnxep

.x = 0 m‘ wxe m‘ miiwzn oeieeiye ||x|| ≥ 0 .1

,||x + y|| ≤ ||x|| + ||y|| :yleynd oeieey i‘ .2

.||αx| = |α| · ||x|| oeieiyd miiwzn α akexn xtqn lkl .3

.y-e x oia wgxnd l‘k ||x − y|| lcebl qgiizdl zexyt‘n el‘ zepekz jxca ynzyp ep‘ .edylk dcy ixa‘ md ”mireaw”d xy‘k ix‘pil agxn xicbdl ozip :zihnzn dxrd .cala miiynn mixtqn mdy mireawl liabp mizirle ,miakexn mixtqna llk :(o‘k z‘f gikep ‘l) zenxep md mi‘ad milcbd

:jk L_p znxep xicbp p ≥ 1 lk xeare (zeakexn e‘ zeiynn) zeivwpet xear 4.1.2 dxcbd

||x||_p .= (∫_∞ −∞ |x(t)|^p dt

) 1_p , (4.1.1) dqipkl zeaivi zeaivi xicbp oirhewnl dtivx x m‘e ||x||_∞ .= sup_t {|x(t)|} .

(4.1.2) xnelk ,ziteq dni‘znd dnxepd oxear zeivwpetd sqe‘k xcben L_p (zeivwpetd sqe‘) agxnd L_p = {x : ||x||_p < ∞} .

(4.1.3)

zxfra dze‘ axwpy jk ici lr lynl ,xzei zillk divwpetl mb ||x||_∞ ly dxcbdd z‘ aigxdl ozip .oirhewnl zetivx zeivwpet miiw exear xzeia ohwd xtqnd ‘ed ||x||_∞ .d‘ad ‘id ||x||_∞ ly xzei dnly dxcbd :zihnzn dxrd :ze‘ad zepekzd izy zeniiwzny jk A mipnf sqe‘ |x(t)| ≤ ||x||_∞ t ∉ A lk xear ∫_∞ −∞ 1_{{t∈A}} dt = 0 .

al miyp .mipnf ly ”dphw” dveaw hrnl ,x ly meniqwnd ok‘ edf xnelk .(bal lxbhp‘ ‘ed lxbhp‘d) .dpzyz ‘l dnxepd ,zccea dcewpa x ly jxrd z‘ dpyp m‘ ,ef dxcbd itl ik ,mineqgd zeze‘d sqe‘ ‘ed L_∞ agxnd ,hxta .dnxep mr ix‘pil agxn ‘ed L_p agxnd p ≥ 1 lkl dibxp‘ zelra zeivwpetd sqe‘ ‘ed L_2 agxnd .hlgda miiliaxbhpi‘d (zeivwpet) zeze‘d sqe‘ ‘ed L_1 zinipt dltkn xicbdl ozip (!p = 2 xear wxe) exeare ,ziteq ⟨x, y⟩ .=

∫_∞ −∞ x(t)y^∗(t) dt

(4.1.4) .⟨x, x⟩ = ||x||^2 jxc ziniptd dltknl dxeyw dnxepd .y ly akexnd cenvd ‘ed y^∗ xy‘k

dneqg d‘ivi-dneqg dqipk zeaivi 4.2

.dneqg dpi‘y d‘ivil ‘iaz dneqg dqipky okzi m‘ zrcl aeyg ,d‘ivi dqipk ietin zekxrn xear m‘ BIBO: bounded input bounded output oaena daivi z‘xwp Φ d‘ivi dqipk ietin zkxrn 4.2.1 dxcbd .||Φ(x)||_∞ < ∞ xxeb ||x||_∞ < ∞ m‘ xnelk .dneqg cinz ‘id dneqg dqipkl zkxrnd zaebz .ze‘nbec dnk ,zeaivi zwical milk xikpy iptl :BIBO zeaivi od ze‘ad zekxrnd ik ze‘xl lw dxcbddn 4.2.2 dnbec Φ_1(x)(t) = cos(x(t))

(4.2.1) Φ_2(x)(t) = x(t − 1) · x(t + 3).

(4.2.2)

Version 1.1 45 September 2006 dqipkl zeaivi zeaivi :BIBO oaena zeaivi opi‘ ze‘ad zekxrnd z‘f znerl

Φ_3(x)(t) =

1 x(t) = 0 1 x(t) x(t) ≠ 0 .

(4.2.3)

Φ_4(x)(t) =

∫_t −∞ x(s) ds

(4.2.4) Φ_5(x)(t) = d dt x(t).

(4.2.5) ze‘ Φ_3-l qipkp ,zeaivi opi‘ eli‘ zekxrn ok‘y ze‘xl ick

x(t) =

1 t ≤ 1 1 t t > 1.

(4.2.6)

ezxfbp j‘ ,meqg ze‘ ‘edy x(t) = sin(t^2) ze‘d z‘ qipkp Φ_5-l seqal .x(t) ≡ 1 meqgd ze‘d z‘ qipkp Φ_4-le .dneqg dpi‘ 2t · cos(t^2) .zeaivid zwical dhiy yi diveleepew zekxrnl m‘ wxe m‘ BIBO daivi zkxrn ‘id ,llken ‘l ze‘ ‘idy ,h mld zaebz mr diveleepew zkxrn Φ 4.2.3 htyn ∫_∞ −∞ |h(t)| dt < ∞ .

(4.2.7) .||Φ[x]||_∞ ≤ ||h||_1 · ||x||_∞ if‘ miiwzn i‘pzd m‘ .L_1-a z‘vnp h m‘ wxe m‘ xnelk .dneqg eil‘ daebzd ik ze‘xdl epilr .edylk meqg ze‘ x idi .L_1-l zkiiy h ik dligz gipp :dgked ok‘e |y(t)| = | | | ∫_∞ −∞ h(τ)x(t − τ) dτ | | | (4.2.8) ≤ ∫_∞ −∞ |h(τ)x(t − τ)| dτ

(4.2.9) ≤ ∫_∞ −∞ |h(τ)| sup_s |x(s)| dτ

(4.2.10) = ||h||_1 · ||x||_∞ .

(4.2.11) .dprhay oexg‘d oeieeyd i‘ miiwzn oke miiwzn i‘pzde ||y||_∞ ≤ ||h||_1 · ||x||_∞ okl xnelk ,miiwzn epi‘ i‘pzdy gipp ipyd oeeikd z‘ gikedl ick ∫_∞ −∞ |h(t)| dt = ∞

(4.2.12) xicbp .||Φ(x)||_∞ = ∞ -y jk x meqg ze‘ ‘evnl dvxpe

x(t) = sign(h(−t)) =

1 h(−t) ≥ 0 −1 h(−t) < 0 .

(4.2.13)

Version 1.1 46 September 2006 zihehtniq‘ zeaivi zeaivi aygp .meqg ze‘ epi‘ y okle y(0) = ∞ ik d‘xp .x(t) = sign(h(−t)) ,xg‘ oeniqa y(0) =

∫_∞ −∞ h(−t)x(t) dt

(4.2.14) = ∫_∞ −∞ |h(−t)| dt

(4.2.15) = ∞ .

(4.2.16) .l.y.n ik i‘pzl dlewy BIBO zeaivi ,diveleepew zkxrn xear :dxcbddn xzei dwfg d‘vez eplaw dyrnl exear B reaw miiw ||y||_∞ ≤ B · ||x||_∞

(4.2.17) ,(ohw ‘ed ||x||_∞-y oaena) ohw ze‘ ‘ed x m‘ ik raep o‘kn hxta .B = ||h||_1 ici lr oezp B reawde .dphw zkxrnd ly daebzd if‘ xear .( 4.2.1) d‘eeyna zx‘eznd zkxrnd lynl :dfk reaw oxear oi‘ xy‘ BIBO zeaivi zekxrn yi dppi‘ ohw ze‘l daebzd ,aeyig eze‘n .cos(0) = 1-y oeeik ||Φ[x]||_∞ ≈ 1 if‘ ohw x m‘ ,ef zkxrn .dphw ze‘xl ick .dphw ‘id ohw ze‘l daebzd j‘ xen‘k B reaw miiw ‘l ,( 4.2.2) zkxrnd xear ,z‘f znerl miiwzn z‘f znerl .dfk reaw oi‘ okle y(t) = α^2 = ||x||^2_∞ if‘ .x(t) = α dneqg dqipk xgap ,z‘f sup_t |Φ[x](t)| ≤ sup_t |x(t)|^2

(4.2.18) .dphw ‘id ohw ze‘l daebzd okle ,||Φ[x]||_∞ ≤ (||x||_∞)^2 xnelk ?htyndn i‘pzd z‘ zniiwn ‘id m‘d ?BIBO daivi h = δ mld zaebz mr diveleepewd zkxrn m‘d 4.2.4 libxz ?BIBO daivi h = δ^′ mld zaebz mr diveleepewd zkxrn m‘d .oirxb zekxrnl ef d‘vezn wlg aigxdl ozip m‘ daivi ‘id oirxb zkxrn 4.2.5 htyn sup_t

∫_∞ −∞ |K(t, s)| ds < ∞ .

(4.2.19)

if‘ miiwzn i‘pzd m‘ :dgked |y(t)| ≤

∫_∞ −∞ |K(t, s)| sup_s |x(s)| ds .

(4.2.20) .l.y.n Φ_1, Φ_2 m‘ ik ze‘xl lw dxcbddn .zeniieqn zexeva zekxrn mixagn xy‘k zxnyp zeaivid zpekz oxeaign zlawznd zkxrnde xeha oxeaign zlawznd zkxrnd if‘ BIBO zeaivi IOM zekxrn izy md .daivi gxkda dpi‘ (efk yi m‘) ziktedd zkxrnd ,z‘f znerl .BIBO zeaivi od mb liawna Version 1.1 47 September 2006 zihehtniq‘ zeaivi zeaivi

zihehtniq‘ zeaivi 4.3

( 2.1.1) d‘eeyn jxc zx‘ezn x”cn zkxrn ik xkfp N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(4.3.1)

i‘pz zrtyd m‘d :‘ide ,zeaivi iabl dpey dl‘y le‘yl ozip ,x”cn ici lr zex‘eznd zekxrn xear ?zkrec cinz dlgzdd zniiwn y_{ZIR} qt‘ dqipka daebzd m‘ zihehtniq‘ daivi z‘xwp x”cn zkxrn 4.3.1 dxcbd y_{ZIR}(t) → 0

(4.3.2) .dlgzd i‘pz lkl z‘fe ,t → ∞ xy‘k ly ipiit‘d mepiletd ik xkfp .dzwica lr e‘ ef dpekz lr drtyd lk oi‘ dqipkl ik dxcbddn xexa ‘ed zipbenedd d‘eeynd N∑ n=0 a_nλ^n

(4.3.3)

d‘eeynd ly zepexztd md ipiit‘d mepiletd iyxeye N∑ n=0 a_nλ^n = 0 .

(4.3.4)

iynn wlg ilra md ipiit‘d mepiletd iyxey lk m‘ wxe m‘ zihehtniq‘ daivi ‘id x”cn zkxrn 4.3.2 htyn miniiwn xnelk ,ynn ilily ℜe (λ) < 0 .

(4.3.5)

t^ke^{λit} dxevdn mixai‘ ly mekqn miakxen y_{ZIR} hxtae ,ipbenedd oexztd ik (2.1.8 htyn) xkfp :dgked m‘ t → ∞ xy‘k t^ke^{λit} → 0 miiwn elld mixa‘dn cg‘ lk .ipiit‘d mepiletd ly yxey ‘ed λ_i xy‘k .l.y.n .ℜe (λ_i) < 0 m‘ wxe d‘xp .miniiwzn md izn dl‘ya mb ‘l‘ dxcbda wx ‘l mipey md zeaivid ibeq ipy ik oiadl aeyg .ze‘nbec xtqn jxc z‘f ici lr zx‘eznd zkxrnd 4.3.3 dnbec ẏ − y = ẋ − x

(4.3.6)

Version 1.1 48 September 2006 zihehtniq‘ zeaivi zeaivi ,dqipkl deey d‘ivid okle δ ‘id mldd zaebz mle‘ .1-a yxey yi zipiit‘d d‘eeynl oky zihehtniq‘ daivi dpi‘ .BIBO daivi zkxrnde zkxrnl ,ipy cvn

ẏ + y = d^2 dt^2 x(t) + d dt x(t)

(4.3.7)

zkxrnd ik ze‘xl lw mle‘ .zihehtniq‘ daivi zkxrnd okle ,(−1) ‘ede zipiit‘d d‘eeynd ly cg‘ yxey wx yi .(?mldd zaebz idn) BIBO daivi dpi‘

zeaivil zihehtniq‘ zeaivi oia mixywd mdne BIBO daivi x”cn zkxrn izn zillkd dl‘yd lr zeaivi gzpl cvik mb d‘xp df xywda .qltl zexnzda lthp xy‘k ,xzei xge‘n wxta dprp BIBO .zxeqnzd zivwpet gezipa zepenh zeaeyzd .mldd zaebz aeyig ‘ll BIBO o‘k mb .ipiit‘d mepiletd iyxy lr i‘pz wecal epilr x”cn ly zihehtniq‘ zeaivi wecal ick ick epilfnl .4-n ddeab dwfgn minepilet ly miyxy aygl zleki epl oi‘ oky ,iziira avnd dxe‘kl ef dwica jxevl .ilily iynnd mwlg m‘ zrcl ic :miyxyd mdn wiecna zrcl jxev oi‘ zeaivi wecal .lebxza xarez Routh-Hurwitz uiaxed-’zex oeixhixw ,odn zg‘ .zehiy xtqn opyi

Version 1.1 49 September 2006

5 wxt

dixet zxnzd

?miil‘ivppetqw‘ zeze‘ recn :‘ean 5.1

dqipkd m‘ ,xnelk .(a”wl) onfa zereaw zeix‘pil zekxrn ly ’’invr ze‘” ‘ed il‘ivppetqw‘ ze‘ dze‘n ze‘ ‘id mb daebzd if‘ ,(akexn xtqn ‘ed s xy‘k) x(t) = e^{st} dxevdn ze‘ ‘id a”wl zkxrnl ly ihxt oexzt xear ef dcaer wecal lw .H(s) akexn reaw xear H(s)e^{st} didz daebzd xnelk ,dxev .wecape d‘eeyna aivp .y_p(t) = H(s)e^{st} dxevdn ihxt oexzt yi x(t) = e^{st} dqipk xeary ygpp .x”cn N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(5.1.1) N∑ n=0 a_n d^nH(s)e^{st} dt^n = M∑ m=0 b_m d^me^{st} dt^m

(5.1.2)

H(s) N∑ n=0 a_ns^ne^{st} = M∑ m=0 b_ms^me^{st}

(5.1.3)

H(s) =

∑_M m=0 b_ms^me^{st} ∑_N

n=0 a_ns^ne^{st} . (5.1.4)

mepiletd ly yxey eppi‘ s-y i‘pza xnelk ,qt‘ epi‘ dpkndy i‘pza ,dfk ihxt oexzt miiw ok‘ :dpwqn .x”cnd ly ipiit‘d dxfg dixet :d‘ivid z‘ aygp ,diveleepew zkxrn xear

y(t) =

∫_∞ −∞ x(t − τ)h(τ) dτ

(5.1.5) = ∫_∞ −∞ e^{s(t−τ )}h(τ) dτ

(5.1.6) = ∫_∞ −∞ e^{st}e^{−sτ} h(τ) dτ

(5.1.7)

= e^{st}

∫_∞ −∞ e^{−sτ} h(τ) dτ

(5.1.8)

= e^{st}H(s).

(5.1.9)

mb zxcben zkxrn dze‘ m‘y oaenk .dqipkd ze‘ letk reaw ‘id daebzd ik d‘vezl eprbd aeye .zkxrnl dxeywd ,zg‘ divwpet zeidl zaiig H(s) divwpetd if‘ ,diveleepew zkxrnk mbe x”cn jxc ly xywda .qltl zxnzd ly xywda jynda dilr cnlpe ,zxeqnzd zivwpet z‘xwp H(s) divwpetd idef diveleepew zekxrn ly xywae ,minepilet ipy ly dpn cinz ‘id ef divwpet ik mi‘ex ep‘ x”cn xtqn ‘ed ω xy‘k s = jω m‘ ,hxta .(diveleepewd oirxb e‘) mldd zaebz ly ziccv ec qltl zxnzd zaebz mi‘xew ep‘ H(jω)-l .izief xczk yxtl ozip ω z‘e ,ipenxd ze‘ ‘ed dqipkd ze‘ if‘ ,iynn ze‘d ‘id df xcza ze‘l daebzd if‘ e^{jωt} ipenxd ze‘ ‘id dqipkd m‘y oeikn ,zkxrnd ly xczd zxnzd weica ‘id ( 5.1.9)--( 5.1.8) ici lr H(jω) zxcbd .xczd zaebz ‘edy reawa ltkend ,ixewnd lra xac---zeix‘pil zekxrn ly xczd xeyina gezipl epze‘ dliaen ef dcaer .h mldd zaebz ly dixet .ziaihi‘ehpi‘e zilwifit zernyn

dixet zxnzd 5.2

dixet lxbhpi‘ jxc dixet zxnzd z‘ xicbp (4.1.2 dxcbd) L_1-a zeivwpet xear

F{x}(ω) = X(ω) .=

∫_∞ −∞ x(t)e^{−jωt} dt.

(5.2.1)

dketdd dixet zxnzd z‘ xicbp if‘ L_1-a ‘ed mb X(ω) m‘

F^{−1}{X}(t) = x̂(t) .= 1 2π ∫_∞ −∞ X(ω)e^{jωt} dω.

(5.2.2)

oial x oia xywd .ixewnd ze‘d z‘ dxifgn dketdd dxnzddy epl ghaen ‘ly ‘id x̂ oeniql daiqd epi‘ j‘ ,dixet zxnzd aeyigl jxc ‘ed lxbhpi‘d ik yibcdl aeyg .wnerl epiadl aeyge akxen ‘ed x̂ lxbhpi‘d hxtae ,L_1-a zeze‘l wx dtwz jxc idef .dxnzdd z‘ xicbdl dcigid jxcd ∫_∞ −∞ e^{−jωt} dt

.(t lkl 1 deeyd ze‘d) 1 ze‘d ly dxnzdd z‘ xicbn epi‘ ‘linne ,llk xcben epi‘ jk onqp mdipia xywd z‘ .x ze‘d ly dixet zxnzd ‘id F[x](ω) .mi‘ad mipeniqa ynzyp ep‘ divwpet) izird ze‘dy jkl zeaiyg yi okle ,x ≠ F[X]-y oeeik ixhniq epi‘ df xyw ik al miyp .x^F↔ X .oini cva driten ,xczd dpzyn ly divwpet ‘idy ,dxnzdde l‘ny cva riten (t dpzynd ly

Version 1.1 51 September 2006 dxfg dixet

dxfg 5.3

mi‘pzd lk z‘ oiivp ‘l jk awr .zeilxbhpi‘ zexnzde dixet ixeh qxewn xneg lr xefgp df sirqa miniiwn mpi‘y zeze‘l aigxp ‘ad sirqa .L_2-a mbe L_1-a md zeze‘d lky gipp df sirqa .miihnznd .el‘ mi‘pz ,x̂-a onqpy dketd dxnzd yi X-l .X-a onqpy dixet zxnzd el yi if‘ L_2-a ze‘ ‘ed x m‘ 5.3.1 htyn miiwzne ∫_∞ −∞ |x(t) − x̂(t)|^2 dt = 0 .

(5.3.1)

dxnzdd ik migihand mipey mi‘pz mpyi .xzei ea winrp jynda j‘ ,icnl hyten ‘ed df htyn .ixewnd ze‘d z‘ dxifgn dketdd dxnzdde ,dcewp lka zxcben X ∈ L_1 sqepa m‘ .meqg X(ω)-e ahid zxcben ely dixet zxnzd if‘ x ∈ L_1 m‘ .dlkixic i‘pz 5.3.2 htyn :mi‘ad mi‘pzd miniiwzne ,iteq onf rhw lka menipine meniqwn zecewp ly iteq xtqn lra ‘ed x ze‘d .1 ,iteq onf rhw lka zetivx i‘ zecewp ly iteq xtqn lra ‘ed x ze‘d .2 if‘ x̂(t) = 1 2 [x(t^−) + x(t^+)] .

(5.3.2)

.zetivx i‘ zecewpa mikxrd rvennl deeye ,zetivx zcewp lka ixewnd ze‘l deey dketdd dxnzdd ,xnelk oke ,ahid zxcben dxnzdd :dpey‘xd dprhd z‘ wx gikep :dgked |X(ω)| ≤

∫_∞ −∞ | e^{−jωt} | |x(t)| dt = ||x||_1 .

(5.3.3) .l.y.n :dxnzdd zepekz 5.3.1 :zix‘pil dlert ‘id dixet zxnzd 5.3.3 htyn ax_1 + bx_2^F↔ aX_1 + bX_2 .

(5.3.4)

.l.y.n .lxbhp‘d zeix‘piln raep---lxbhp‘d jxc zxcben dxnzddy dxwnd xear :dgked

Version 1.1 52 September 2006 dxfg dixet X(ω) = X^∗(−ω) if‘ ,iynn ‘ed xnelk ,x(t) = x^∗(t) m‘ .dixet zxnzd ly dixhniq zepekz 5.3.4 htyn .(akexnd oaena) ibef ‘ed xnelk .iynn ‘ed X(ω) if‘ ,x^∗(t) = x(−t) xnelk ,(akexnd oaena) ibef ‘ed x m‘ oaena ixhniq ihp‘) x(t) = −x(−t) m‘ .X(ω) = X(−ω) if‘ (iynnd oaena ixhniq) x(t) = x(−t) m‘ .X(ω) = −X(−ω) if‘ (iynnd

xear dxnzdd ikxr oky ,ω ≥ 0 megza wtzqdl ozip miiynn zeze‘ xear ik raep dpey‘xd dpekzdn miliwn xczd ly miilily mikxra yeniyd oky z‘f dyrp ‘l ep‘ .ef dpekzn mirawp miilily mikxr if‘ iynn x m‘ :dgked .miaeyigd lr X(ω) =

∫_∞ −∞ x(t)e^{−jωt} dt

(5.3.5) X^∗(ω) =

∫_∞ −∞ x^∗(t)e^{jωt} dt

(5.3.6) = ∫_∞ −∞ x(t)e^{−j(−ω)t} dt .

(5.3.7) .l.y.n .dnec zepekzd x‘y zgked onfa dffd .ze‘ad zepekzd opyi dixet zxnzdl 5.3.5 htyn x(t − τ)^F↔ X(ω)e^{−jωτ} .

(5.3.8) xcza dffd x(t)e^{jω0t F}↔ X(ω − ω_0)

(5.3.9) (onfd xeyina) dxifb d dt x(t)^F↔ jωX(ω) .

(5.3.10) d^n dt^n x(t)^F↔ (jω)^nX(ω) .

(5.3.11) (onfd xeyina) diveleepew (x ∗ y)(t)^F↔ X(ω)Y (ω) .

(5.3.12) onfd xeyina ltk e‘ (xczd xeyina) diveleepew x(t)y(t)^F↔ 1 2π (X ∗ Y )(ω) .

(5.3.13) (xcz e‘) onf zlwq iepiy x(at)^F↔ 1 |a| X (ω a ) . (5.3.14)

Version 1.1 53 September 2006 dxfg dixet .F[f](ω) = 2πg(−ω) if‘ f = F[g] m‘ ,mini‘zn miipkh mi‘pz zgz .Duality zeil‘ec 5.3.6 htyn ,xzei illk ote‘a

F (F[h]) (u) = 2πh(−u) , F^4[h] = 4π^2h .

(5.3.15)

dxcbddn :dgked

F[f](u) .=

∫_∞ −∞ f(s)e^{−jus} ds

(5.3.16)

= 2π 1 2π ∫_∞ −∞ f(s)e^{j(−u)s} ds

(5.3.17)

= 2π ( F^{−1}[f] ) (−u)

(5.3.18) = 2πg(−u) .

(5.3.19)

.l.y.n .dipyd dxeyd mb zraep o‘kn zwzrd---reawa ltk ick cr---‘id ziriax dwfga F ly dlrtd ik ‘id dpexg‘d dgqepd zernyn ik ziciin raep o‘kn .ixewnd ze‘d z‘ dxifgn ‘id :zedfd

F^{−1} =

F^3 4π^2 . (5.3.20)

,L_2-a x, y lkl .(Plancherel lxyplt) 5.3.7 htyn ∫_∞ −∞ x(t)y^∗(t) dt = 1 2π ∫_∞ −∞ X(ω)Y^∗(ω) dω .

(5.3.21)

y ∈ L_2 lkl m‘ ,Z(ω)-e x(t) ∈ L_2 ozpda .‘ad oaena X(ω) z‘ dxicbn ef dpekz ∫_∞ −∞ x(t)y^∗(t) dt = 1 2π ∫_∞ −∞ Z(ω)Y^∗(ω) dω

(5.3.22)

:xczd megza e‘ onfd megza aygl ozip ze‘d ly dibxp‘d z‘ ,hxta .x^F↔ Z gxkda if‘ ∫_∞ −∞ x(t)x^∗(t) dt =

∫_∞ −∞ |x(t)|^2 dt = 1 2π ∫_∞ −∞ |X(ω)|^2 dω .

(5.3.23)

dhiy :silgz epl ozep htynd ,L_2-a zeze‘ xear dixet zxnzd aeyigl dgqep epl oi‘y oeeikn :dxrd 5.4.1 dnec dxcbda ynzydl xyt‘ ik d‘xp jynda .dixet zxnzd ok‘ ‘ed miieqn cnren m‘ wecal .dxnzdd aeyig jxevl mb

Version 1.1 54 September 2006 zellken zeivwpetl dxnzd dixet ,L_1-a mbe L_2-a mdy x, y xear :(cala ( 5.3.23)-e ( 5.3.21) ly) dgked ∫_∞ −∞ x(t)y^∗(t) dt =

∫_∞ −∞ x(t) [ 1 2π ∫_∞ −∞ Y (ω)e^{jωt} dω

]_∗ dt (5.3.24) = 1 2π ∫_∞ −∞ Y^∗(ω) [∫_∞ −∞ e^{−jωt}x(t) dt ] dω (5.3.25) = 1 2π ∫_∞ −∞ Y^∗(ω)X(ω) dω .

(5.3.26)

.l.y.n .o‘k gikep ‘l dipyd dprhd z‘ .miaexw ici lr L_1-a gxkda mpi‘y zeze‘l z‘f aigxdl ozip xeyina ze‘d jxc mb j‘ ,onfd xeyin jxc mb aygl ozip ze‘ ly dibxp‘d z‘ ik d‘xn df htyn zxnzdl gztnd ‘id ef dgqep ik d‘xp jynda .ω xcza ze‘d ”lceb” z‘ x‘zn X(ω)-y o‘kn .xczd .xzei zillkd dixet

zellken zeivwpetl dixet zxnzd 5.4

u dbxcnd zivwpet lynl jk :zellken zeivwpetk zelibx zeivwpet yxtl ozip ik yibcdl yi ziy‘x dpgady oaenk .dixet zxnzdl lxbhpi‘d zgqep z‘ dilr lirtdl ozip ‘l okl .L_2-a ‘l mbe L_1-a dppi‘ .zellken zeivwpetl mb dpekp ef zeivwpetl mb dixet zxnzd xicbdl ozipy xazqn ,zixyt‘ dppi‘ lxbhpi‘d jxc dxcbddy zexnl if‘ ,ω dpzynd ly oga zivwpet ‘id ϕ-e L_1-a divwpet ‘id f m‘ ik al miyp ,dxcbdd jxevl .zellken ∫_∞ −∞ F(f)(ω)ϕ(ω) dω =

∫_∞ −∞ ∫_∞ −∞ f(t)e^{−jωt}ϕ(ω) dω dt

(5.4.1) = ∫_∞ −∞ f(t) (∫_∞ −∞ e^{−jωt}ϕ(ω) dω ) dt (5.4.2) = ∫_∞ −∞ f(t)F{ϕ}(t) dt.

(5.4.3)

zeivwpet xear epgked xy‘ df xyw .oga zivwpet dnvra ‘id oga zivwpet ly dixet zxnzd ik al miyp .zllken divwpet ly dixet zxnzd ly dxcbd dyrnl ynyn L_1-a

xy‘ ,ω dpzynd ly zllken divwpet ‘id t dpzynd ly f zllken divwpet ly dixet zxnzd 5.4.1 dxcbd :oga zeivwpet lr dzlert jxc zxcben ‘ide ,F(f)-a onqp ∫_∞ −∞ F(f)(ω)ϕ(ω) dω .=

∫_∞ −∞ f(t)F{ϕ}(t) dt.

(5.4.4)

ly dixet zxnzd ici lr eplaiw xy‘ zllkend divwpetd ly dlertd z‘ x‘zn d‘eeynd ly l‘ny cv divwpetd ly dlertd weica ‘ed oky ahid xcben oini cv .oga zivwpet lr dzlert zwica ici lr z‘f ;f .oga zivwpet lr f zllkend wecal eplr zllken divwpet ok‘ ‘id zllken divwpet ly dixet zxnzdy ‘ceel ick :zihnzn dxrd lxbhp‘d oky ziciin ‘id zeix‘pild mle‘ ,o‘k oecp ‘l dipyd dcewpa .zetivxe zeix‘pil :mixac ipy .l‘ny cv mb okle ix‘pil dxcbdd ly oini cv okl ,ix‘pil ‘ed dixet zxnzd ly

Version 1.1 55 September 2006 zellken zeivwpetl dxnzd dixet .zexnyp dixet zxnzd zepekz lk ,zilxbhpi‘d dxnzdd ly zepekz jxc dixet zxnzd epxcbdy oeeik ly xywda epi‘x) dxcbdd ly oaena ,dly dixet zxnzd oial divwpet oia ikxr cg cg xyw yi ,hxta .(dcewp lka jxrl qgia epi‘ xywdy dlkixic i‘pz :mld zivwpet ly dixet zxnzd z‘ aygp 5.4.2 dnbec ∫_∞ −∞ F{δ}(ω)ϕ(ω) dω =

∫_∞ −∞ ∫_∞ −∞ δ(t)e^{−jωt}ϕ(ω) dω dt

(5.4.5) = ∫_∞ −∞ ϕ(ω)

∫_∞ −∞ e^{−jωt}δ(t) dt dω

(5.4.6) = ∫_∞ −∞ ϕ(ω) · 1 dω,

(5.4.7) :t lkl 1 deeyd divwpetd xnelk ,1 divwpetd ‘id dzlc ly dixet zxnzd okle δ^F↔ 1 .

(5.4.8)

.1 divwpetd ly dixet zxnzd z‘ aygp ,jetdd oeeka dxcbda ynzyp .zllken divwpet l‘k dil‘ qgiizp 1 divwpetd ly dixet zxnzd z‘ aygl ick 5.4.3 dnbec lawpe ∫_∞ −∞ F{1}(ω)ϕ(ω) dω =

∫_∞ −∞ 1 · F{ϕ}(t) dt

(5.4.9) = 2π 1 2π ∫_∞ −∞ e^{j·0·t} · F{ϕ}(t) dt

(5.4.10) = 2πϕ(0)

(5.4.11) = ∫_∞ −∞ 2πδ(ω)ϕ(ω) dω

(5.4.12) zivwpet ‘id ϕ-y oeeik :ω = 0 dcewpa ϕ ly dxnzdd ly dketd dxnzd ef ik lawzd oexg‘d iptld oeieeyd xy‘k oexg‘l oey‘xd xai‘d ly d‘eeyd .divwpetd ly ixewnd jxrd z‘ zpzep dxnzdd ly dketdd dxnzdd ,oga .F{1}(ω) = 2πδ(ω) ik d‘xn lawp 1 ly dixet zxnzde xcza dffdd zpekzn F ( e^{jω0t} ) (ω) = 2πδ(ω − ω_0) .

(5.4.13) -y oeeik cos(ω_0t) = 1 2 [ e^{jωt} + e^{−jωt} ] (5.4.14) ik dxnzdd ly zeix‘pild zpekzn lawp F[cos(ω_0·)](ω) = π [δ(ω − ω_0) + δ(ω + ω_0] .

(5.4.15)

Version 1.1 56 September 2006 zellken zeivwpetl dxnzd dixet ,L_1-a dpi‘ i‘ceea ‘id j‘ ,ahid zxcben divwpet idefy oaenk .x(t) = t^n ly dxnzdd z‘ aygp 5.4.4 dnbec lawp ( 5.4.4) dxcbdn .dxnzdd aeyigl zilxbhpi‘d dgqepa ynzydl ozip ‘l okle ∫_∞ −∞ F{x}(ω)ϕ(ω) dω =

∫_∞ −∞ t^nF{ϕ}(t) dt

(5.4.16)

= (−j)^n

∫_∞ −∞ (jt)^nF{ϕ}(t) dt.

(5.4.17)

,zncewd dnbeca enk ,okl .^{dn}_{dωn} ϕ(ω) ly dixet zxnzd ‘id (jt)^nF{ϕ}(t) ik epi‘x mle‘ ∫_∞ −∞ F{x}(ω)ϕ(ω) dω = (−j)^n

∫_∞ −∞ F { d^n dω^n ϕ } (t) dt

(5.4.18)

= (−j)^n2π 1 2π ∫_∞ −∞ e^{j0t}F { d^n dω^n ϕ } (t) dt

(5.4.19)

= 2π(−j)^nϕ^{(n)}(0)

(5.4.20) = ∫_∞ −∞ 2πj^nδ^{(n)}(ω)ϕ(ω) dω

(5.4.21)

oey‘xd iehiad z‘eeydn .ω = 0 dcewpa ϕ^{(n)} zi-n -d zxfbpd ly dketd dxnzd ‘ed iyilyd oeieeyd xy‘k .F{t^n} = 2πj^nδ^{(n)} eplaiw oexg‘de

z‘ dl yie 5.4.1 jxc zxcben dxnzdd .zllken divwpet ‘id zllken divwpet ly dixet zxnzd 5.4.5 htyn ‘ed dxnzdde divwpetd oia xywd .5.3.6-e 5.3.5 ,5.3.4 ,5.3.3 mihtyna zeritend dixet zxnzd ly zepekzd ly oaena ‘id zecigid .zg‘ divwpet dni‘zn dxnzd lkle dcigi dxnzd yi divwpet lkl xnelk ikxr cg cg .zellken zeivwpet

ze‘ edfy oeeik .dixet lxbhpi‘ jxc dxnzdd z‘ aygl ozip ‘l okle L_1-a eppi‘ x(t) = sign(t) ze‘d ihnznd gezitd .ely dxnzdd aeyig z‘ x‘zl dqpp ,mixg‘ miaeyigl ‘ven zcewp deedne iqiqa .o‘k eze‘ x‘zp ‘le ,akxen ‘ed wiecnd dpekzdn ik al miyp ,ziy‘x F ( dx dt ) (ω) = jωX(ω)

(5.4.22)

miiwzn m‘ ik raep dx dt = dy dt (5.4.23)

ielz epi‘y reaw ‘ed x(t) − y(t) = c ik gihan zexfbpd ly oeieeyd .ω ≠ 0 lkl jωX(ω) = jωY (ω) if‘ xn‘p ,zxfbpd ly dixet zxnzd epl dreci m‘ ,jkn dxzi .t-a F ( dx dt ) (ω) = Y (ω)

(5.4.24)

ω ≠ 0 lk xear ,gxkda if‘

X(ω) = 1 jω Y (ω) + Z(ω)

(5.4.25)

Version 1.1 57 September 2006 zellken zeivwpetl dxnzd dixet zllken divwpet ‘edy e‘ ,0 e‘ ‘ed Z(ω) ik ‘ed xacd yexity oaenk .ω ≠ 0 lkl qt‘zn Z(ω) xy‘k .dizexfbpe δ znbec ,0 aiaq wx ‘id dzrtydy ,iliaxbhpi‘e ixhniq-ihp‘ ze‘ xear

X(0) =

∫_∞ −∞ e^{j·0·t}x(t) dt = 0

(5.4.26)

mpi‘y miixhniq-ihp‘ zeze‘ xear mb dtwz didz ef dpekz ik mitvn ep‘ okl .dixhniq-ihp‘d awr ,hxta .miliaxbhpi‘

F[sign](0) = 0 .

(5.4.27)

,zxfbpd zpekz jezn F ( d dt sign ) (ω) = F(2δ) = 2 .

(5.4.28)

ik raep o‘kn

F(sign)(ω) = 2 jω (5.4.29)

.Z(ω) = 0 xnelk ,oewiz siqedl jxev oi‘y epl ghaen dixhniq ihp‘d zpekz llba xy‘k zniiwn dbxcnd zivwpety oeeik

u(t) = 1 2 (sign(t) + 1)

(5.4.30)

ik 1 ly dxnzddne dixet zxnzd ly zeix‘pildn raep

F(u)(ω) = 1 2 ( 2 jω + 2πδ(ω) ) = 1 jω + πδ(ω) .

(5.4.31)

:mkqp dpnn daeyg dpwqn oke d‘vezd z‘

miiwzn oniqd zivwpete dbxcnd zivwpet xear 5.4.6 htyn

F(sign)(ω) = 2 jω (5.4.32)

F(u)(ω) = 1 jω + πδ(ω)

(5.4.33)

lxbhpi‘ ly dxnzd F (∫_t −∞ x(τ) dτ ) = X(ω) jω 1_{{ω≠0}} + πX(0)δ(ω) .

(5.4.34)

Version 1.1 58 September 2006 zekxrne zeze‘ dixet ,diveleepewd zpekzn .oexg‘d iehiad z‘ wx gikep :dgked F (∫_t −∞ x(τ) dτ ) (ω) = F (x ∗ u) (ω)

(5.4.35) = X(ω) · F(u)(ω)

(5.4.36) = X(ω) · [ 1 jω + πδ(ω) ] (5.4.37) = X(ω) jω + πX(0)δ(ω) .

(5.4.38)

.l.y.n

zekxrne zeze‘ ,dixet 5.5

aexiw ‘l‘ epi‘ lxbhpi‘ ik xkfp .dketd dixet zxnzd ly ( 5.2.2) zilxbhpi‘d dxcbda aey opeazp :mekql

x(t) = 1 2π ∫_∞ −∞ X(ω)e^{jωt} dω ≈ 1 2π ∞∑ k=−∞

X(kΩ)e^{jkΩt}Ω .

(5.5.1)

divwpetd ly mcwnd xy‘k e^{jkΩt} dxevdn zeipenxd zeivwpet ly sqe‘l x ze‘d z‘ epwxit xnelk ly jxrdy lkk ,jk m‘ .df xcza dixet zxnzd ly jxrd---X(kΩ) weica ‘ed kΩ xcza zipenxdd X(ω_0) = 0 m‘ ,jetdd oeeika .df xcza lecb aikxn ze‘l ik xnel ozip jk ,miieqn xcza xzei lecb X(ω) .df xcza dibxp‘ oi‘ x-l if‘ ‘id e^{jωt} dxevdn ipenxd ze‘l diveleepew zkxrn zaebz 5.1 sirqa epi‘xy itk

y(t) = H(ω)e^{jωt} .

(5.5.2)

zeze‘l zkxrnd zaebz ly lcebd z‘ zx‘zn ‘idy meyn zkxrnd ly xczd zaebz mi‘xew ep‘ H-l ‘id x dqipkl daebzd ik epi‘x xzei illk ote‘a .mipeyd mixcza miipenxd

y(t) = (x ∗ h)(t)

(5.5.3) Y (ω) = X(ω)H(ω)

(5.5.4)

.mldd zaebz ‘edy ,diveleepewd oirxb ly dixet zxnzd ‘id H xy‘k ‘ed d‘ivie dqipk oia xywdy oeeik .zekxrn ly mixeaig gzpl gep ilk epl zpzep dixet zxnzd ixabl‘

Y (ω) = H(ω)X(ω)

(5.5.5)

.miakxen mixeaig mb gzpl ziqgi lw ik ciin lawp .sxevnd hehxyd ici lr x‘ezn xeha zekxrn xeaig 5.5.1 dnbec

Version 1.1 59 September 2006 mippqn dixet

� y H_1 H_2 �x �z

xeha zekxrn xeaig :5.1 xei‘

Z(ω) = H_2(ω)Y (ω)

(5.5.6) = H_2(ω)H_1(ω)X(ω)

(5.5.7) ‘id zllekd zkxrnd ly xczd zaebz okle H(ω) = H_2(ω)H_1(ω) .

(5.5.8)

.zllekd xczd zaebz z‘ aygp .sxevnd hehxyd ici lr x‘ezn liawna zekxrn xeaig 5.5.2 dnbec

�x

�

�

H_1

H_2 �y^1

� y_2 � y � � +

liawna zekxrn xeaig :5.2 xei‘

Y (ω) = Y_1(ω) + Y_2(ω)

(5.5.9) = H_1(ω)X(ω) + H_2(ω)X(ω)

(5.5.10) = (H_1(ω) + H_2(ω))X(ω)

(5.5.11) .H(ω) = H_1(ω) + H_2(ω) ‘id zllekd zkxrnd ly xczd zaebz okle drityn zkxrnd :jk dqipkd ze‘ lr zkxrnd zrtyd z‘ yxtl xyt‘ ,df wxt ly zelkzqda z‘ zwfgne ,ohw ‘ed H(ω) mda mixcz zppqn zkxrnd .mipey mixcza ze‘d iaikx lr dpey dxeva jk m‘ opqn .”opqn” zkxrnl ‘exwl iraih zkxrn lr efk zelkzqda .lecb H(ω) mda mixcza ze‘d .xcz lka dqipkd ze‘ lr zkxrnd drityn cvik---dl‘yd jxc ‘id zelkzqdd xy‘k ,zkxrn ‘ed

Version 1.1 60 September 2006 mippqn dixet mippqn 5.5.1 .miniieqn mixcz opql ok‘ micrein xzeia miiqiqad mippqnd zkxrn ‘ed ω_B oerhw xcz mr il‘ici‘ Low Pass Filter mikenp xiarn opqn .hxq ixiarn mippqn 5.5.3 dxcbd ‘id dly xczd zaebz xy‘

H(ω) =

1 |ω| < ω_B 0 |ω| > ω_B .

(5.5.12)

�

�

ω

H(ω) 1

−ω_B ω_B mikenp xiarn opqn :5.3 xei‘

‘id dly xczd zaebz xy‘ zkxrn ‘ed ω_B oerhw xcz mr il‘ici‘ High Pass Filter mideab xiarn opqn

H(ω) =

1 |ω| > ω_B 0 |ω| < ω_B .

(5.5.13)

�

�

ω

H(ω)

1

−ω_B ω_B mideab xiarn opqn :5.4 xei‘

‘id dly xczd zaebz xy‘ zkxrn ‘ed ω_{B1} , ω_{B2} mixcza il‘ici‘ Band Pass Filter hxq xiarn opqn

H(ω) =

1 ω_{B1} < |ω| < ω_{B2} 0 otherwise.

(5.5.14)

Version 1.1 61 September 2006 mippqn dixet

�

�

ω

H(ω)

1

−ω_{B1} ω_{B1}

−ω_{B2} ω_{B2} hxq xiarn opqn :5.5 xei‘

zkxrn lka mi‘vnp el‘k mippqn .edaeb e‘ ezxev z‘ opeekl ozip xy‘ opqn ‘ed ixhnxt opqn 5.5.4 dnbec opqn .ynzynd zxigal m‘zda ,mikenpd mixczd z‘ xiabdl e‘ (oihwdl) zigpdl eciwtzy opqnd ,dnbecl :e‘xhq lk ‘ll xiardl xen‘ opqnd xy‘k zebdpzdd z‘ x‘zn irvn‘d xy‘k ,hehxya x‘eznk aexiwa d‘xp ixhnxt :laben mixcz megz wx dxiaq dxeva xiardl leki iyrn opqn ik mi‘ex ep‘ .ihpeelxd mixczd megz z‘ iepiy mixczd megz edn xexa ‘l okle ,(oaln zxeva epi‘ xnelk) il‘ci‘ epi‘ opqnd ,sqepa .zigpn ‘ed mdl xarn milewiyn zgwlpe ,zizexixy ‘id ef dhlgd .zigpn ‘ed megz dfi‘ae ,dzgpd ‘ll xiarn opqndy xn‘p ea wiecnd opeekn ‘ed xy‘k opqnd ly xczd zaebz z‘ x‘zn oezgzd ewd hehxya .9 wxta d‘xp ‘yepa cer .miiqcpd .mikenp mixcz xiabn ‘ed xy‘k ezaebz z‘ x‘zn oeilrd ewde ,mikenpd mixczd z‘ zigpdl �

� � � � � � � � �

� � � � � � � � � � � �

� � � � � �

� � � � � � � � �

� � � � � � � � � � � �

H(ω)

ω

1

−ω_B ω_B mikenp xiarn ixhnxt opqn :5.6 xei‘

xtqna yeniyl daiqd .dqtew dze‘a milewnx xtqnn dyrnl akxen rny zekxrnl izeki‘ lewnx 5.5.5 dnbec ipt lr dpn‘p dxeva miihqew‘ zeze‘l miilnyg zeze‘ mbxzl leki xy‘ izeki‘ lewnx zepal dywy ‘id milewnx lewnx j‘ ,lecb lewnx jixv okle ,zelecb xie‘ zeienk fifdl jxev yi mikenp mixczay oeeik z‘f .lecb mixcz geeh lewnx---Woofer zenyl mikefd ,milewnx dyely mpyi llk jxca ef daiqn .zedeab zeiexicza repl dywzn dfk -tweeter-e ,(uxd 700−5000) miipad ixcza lthnd lewnx---mid-range ,(uxd 70−700) mikenp mixcza lthnd lewnxdn wlgk .(c‘n mikenp mixczl subwoofer yi cgeina zeizeki‘ zekxrna) mideab mixcza lthnd lewnx-- lvpl ick z‘f .el rbepd mixczd megz z‘ wx lewnx lkl xiardl ‘ed eciwtz xy‘e ,crossover ‘xwpd ,lbrn mipea

Version 1.1 62 September 2006 mippqn dixet opqn---zekxrn yely eply dnbeca myiin lbrnd .milewnxl miwfp mexbln rpndle ,ze‘d ziibxp‘ z‘ xzei aeh mixczd z‘ mixiarnd mideab xiarn opqne hxq xiarn opqn ,mikenpd mixczd z‘ woofer-l xiarnd mikenp xiarn lewnx .milewnxd ly mizeeir owzl ick ilnygd lbrna mizirl miynzyn sqepa .mixg‘d milewnxl mini‘znd ‘id zkxrnd zaebz xnelk .iepiy ‘ll ihqew‘ ze‘l eze‘ jtede ,oezp mixcz megza ilnyg ze‘ lawn il‘ci‘ :dreaw

H(ω) =

K ω_{B1} < ω < ω_{B2} 0 zxg‘

(5.5.15)

.jk xcbeiy ,opqn---ilnyg lbrn ici lr dn zcina jk lr ffwl ozip .mil‘ci‘ mpi‘ recik miiyrn milewnx mle‘ ‘id ely xczd zaebz xy‘ opqn myiip H_L(ω) ‘id lewnxd ly xczd zaebz m‘

H_F (ω) =

K/H_L(ω) ω_{B1} < ω < ω_{B2} 0 .zxg‘

(5.5.16)

cgia zekxrnd izy ly xczd zaebz .xeha zelret zekxrnd xnelk ,lewnxl eixg‘e opqnl qpkp ilnygd ze‘d okl ‘id

H(ω) = H_L(ω)H_F (ω) =

K ω_{B1} < ω < ω_{B2} 0 zxg‘

(5.5.17)

.dievxd daebzd weica

zkxrn ly xczd zaebz z‘ owzl ick opqna xfrdl ozip ik epi‘x .mippqn bef ici lr miyrx zzgtd 5.5.6 dnbec lynl avnd edf .miyrx zllek dzlert xy‘ dpezp zkxrna zrk opeazp .(pre-filter) dnicwn zkxrn zxfra dnec dxevae ,dhlwdd alya zkxrna miyrx mixvep ipkn jekig awr :DVD axev e‘ mixehilwz axev ,tiiha el sqepe zix‘pil zkxrn jxc xaer dqipkd ze‘ :zllekd dlertd lr ok m‘ aeygp .drnydd onfa miyrx mixvep :yrx

y(t) = x(t) ∗ h(t) + n(t) Y (ω) = H(ω)X(ω) + N(ω) .

(5.5.18)

wfge mikenp mixcza ylg yrxd ze‘y (iyrn avn) gipp .N lre H lr dhily epl oi‘ ,zencew ze‘nbeca enk ,H_1 ici lr x‘eznd pre-filter micwn opqn :mippqn ipy ztqed ici lr dycg zkxrn xevip .mideab mixcza ziqgi mixczd megza H_1(ω)H_2ω) = 1-y jk H_2 ici lr x‘eznd post-filter iteq opqne ,mideab mixcz xiabn xy‘ z‘ dpyi ‘l mippqnd bef ,dpexg‘d dpekzd llba .aeyg epi‘ dlrtdd xcq ,zekxrnd zeix‘pil llba .ihpeelxd yrxd mda mixczd z‘ zigpn xy‘ H_2 opqn z‘ wx eptqed N(ω) yrxd zpigan mle‘ .d‘ivil dqipk oa xywd .miyrx zzgtd eplaiw .lecb onfa .dqipkd ze‘a mideabd mixczd mixaben xnelk H_1 lrten dhlwdd onfa :df beqn aikx llek ialec opqn .‘kecn yrxdy cera ,cg‘ cvn ixewnd ze‘d xnyp jke ,H_2 ici lr mideabd mixczd mizgpen drnydd .oecp ‘l ea ,ix‘pil ‘l aikx mb llek ialec opqn

Version 1.1 63 September 2006 ze‘nbec dixet xiarn opqn ‘l‘ epi‘ oaenk xy‘ Low Stop Filter mikenp mqeg opqn mb xicbdl ozip dnec dxeva lk z‘ xiarn Band Stop Filter hxq mqeg opqn ,seqal .dnec mideab mqeg opqn zxcbd .mideab :zeiqiqa zekxrn izyn zepal xyt‘ lirl mix‘eznd mippqnd lk z‘ .mixcz oelg hrnl mixczd liawna mixeaig ici lr z‘f .mikenp xiarn opqne ,mixczd lka 1 ‘id dly xczd zaebz xy‘ zkxrn .mikenp xiarn opqn ‘yepa dwnrda wtzqp okl .xehae .B oerhw xcz mr mikenp xiarn opqn ly mldd zaebz z‘ aygp h_{LP F} (t) = F^{−1} [H_{LP F} ]

(5.5.19) = 1 2π ∫_∞ −∞ H_{LP F} (ω)e^{jωt} dω

(5.5.20) = 1 2π ∫_B −B e^{jωt} dω

(5.5.21) = 1 2πjt [ e^{jBt} − e^{−jBt} ] (5.5.22) = 1 πt sin(Bt)

(5.5.23) = B π sin Bt Bt (5.5.24) = B π sinc(Bt) .

(5.5.25) π ly zenly zeletka zqt‘zn divwpetd .dly ilniqwnd jxrd dfe t = 0-a 1 deey sinc divwpetd .t ly miilily mikxrl mbe t ly milecb mikxrl mb qt‘n dpey df ze‘ ik al miyp .0-a xen‘k hrnl ozip ‘l ik zxxeb dpey‘xd dcaerd .ziteq dpi‘y mld zaebz mr ,zizaiq ‘l zkxrn x‘zn ‘edy o‘kn axewn opqn ynnl ick .il‘ci‘ mikenp xiarn opqn ynnl ozip ‘l okle ,izin‘ onfa dfk opqn ynnl xzei dlecb didyddy lkk .miilily mipnfa dze‘ qt‘pe ,mldd zaebz z‘ ddyp :didyd mr opqn ynnp .opqnd zxhna ielzd iqcpd lewiy ‘ed zeeire didyd oia lwynd ieeiye---ze‘d zxev xzei xnyz jk zix‘pil df‘t zkxrn 5.5.2 ik zeyixcl m‘zda ,xczd zaebz jxc zxcben zix‘pil df‘t zkxrn |H(jω)| = 1,

(5.5.26) ∠\H(jω) = αω .

(5.5.27)

‘id x ze‘ lr zkxrnd zlert ,ok m‘ .H(jω) = e^{jαω} ik ‘id zeyixcd izy zernyn .edylk α xear Y (ω) = X(ω)e^{jαω}

(5.5.28)

okle

y(t) = x(t + α) .

(5.5.29) .didyd idef xnelk

Version 1.1 64 September 2006 ze‘nbec dixet

dixet zxnzda yeniyl ze‘nbec 5.6

oekp j‘ iphyt) xe‘z ozip .dixet zxnzd ly miiqcpd miyeniyl ze‘nbec xtqn d‘xp df sirqa .xczd megza exe‘ze opqnd byen z‘ x‘zp jynda .aeaix lye oepti‘ ly (zipexwr

oepti‘ 5.6.1 ixcza zeze‘ dzigpn dxitqenh‘d .ax wgxnl (dwiqen ,xeaic) rny ze‘ xiardl mipiipern ep‘y gipp -xhwl‘ zeze‘ dxiarn dxitqenh‘d z‘f znerl .ax wgxnl mxiardl dyw okle ,(0 − 20KHz) rnyd aexw zeidl jixv dkxe‘ xy‘ ,dphp‘a jxev yi ihpbnexhwl‘ lb xvil ick .icnl daeh dxeva miihpbne ly jxe‘a didz deab xcza rny ze‘l mi‘znd lbd jxe‘l dni‘zn xy‘ dphp‘ .lbd jxe‘l λ = c ν = 300, 000 20, 000 km/sec 1/sec

= 15km .

(5.6.1) dqpp .xzei s‘ xeng avnd rnyd megza xzei mikenp mixcz jxevl .ziyrn dphp‘ liaya jex‘ hrn ixeciyl milaewnd mixczd .daxda deab xcza (ihpbnexhwl‘) ze‘ lr x ievxd ze‘d z‘ yialdl okl ihxcphq (e‘cie) ifeg ze‘ .3000MHz = 3GHz cr 500KHz = 0.5MHz-n md miihpbnexhwl‘ milb .xzei mideab miihpbnexhwl‘ mixcz jxhvp exiardl ick jynda d‘xpy itke 5.5MHz xcz cr ribn ef dhiya .AM—Amplitude Modulation---dcehiltn‘ oepti‘ z‘xwp xzeia dheytd oept‘d zhiy ycg ze‘ lawp---ievxd ze‘d z‘ ea militkne cos(ω_0t) gipp :ω_0-a onqpy xcza ze‘ mixviin y(t) = x(t) cos(ω_0t) .

(5.6.2) dtvp okle ,20KHz aiaq cr izernyn lceb lra ‘ed if‘ ,rny ze‘ ok‘ ‘ed x m‘ .xcyp ycgd ze‘d z‘ diveleepewd zpekze ( 5.4.15) itl :xceynd ze‘l dixet zxnzd rvap .ω ≫ 20KHz xear X(ω) ≈ 0 ik ,xcza F (x cos(ω_0t)) (ω) = 1 2π X(ω) ∗ F(cos(ω_0t))(ω)

(5.6.3) = 1 2π X(ω) ∗ π (δ(ω − ω_0) + δ(ω + ω_0))

(5.6.4) = 1 2 (X(ω − ω_0) + X(ω + ω_0)) .

(5.6.5) xexa if‘ ,X(ω + ω_0) = 0 e‘ X(ω − ω_0) = 0-y e‘ xnelk ,qt‘zn zeze‘dn cg‘ zegtl ω lkl m‘ jk ω_B miiw ik ok m‘ gipp .X(ω) ly ezxev dn weica mircei ep‘ :rcin mey epcai‘ ‘ly ziaihi‘ehpi‘ .ω_0 > ω_B miiwn ‘yepd lbd xcze ,|ω| > ω_B xear X(ω) = 0-y dze‘e xcz eze‘ mr ,cos ze‘ eze‘a aey xceynd ze‘d z‘ litkp Demodulation ze‘d z‘ xfgyl ick .(mi‘zn xabna ze‘d z‘ xiardl ozip cinz oky dreci ‘id cer lk daeyg dpi‘ dcehiltn‘d) df‘t lawp .z-a xfgeynd ze‘d z‘ onqp z(t) = y(t) cos(ω_0t)

(5.6.6) Z(ω) = 1 2 [Y (ω − ω_0) + Y (ω + ω_0)]

(5.6.7) = 1 2 X(ω) + 1 4 X(ω − 2ω_0) + 1 4 X(ω + 2ω_0) .

(5.6.8)

Version 1.1 65 September 2006 ze‘nbec dixet oirxb ly dixet zxnzd xy‘ diveleepew zkxrn dpap .mixzeind miwlgd z‘ wexfl df epl xzepy lk zniiwn H(ω) diveleepewd

H(ω) =

2 |ω| < ω_B 0 |ω| > ω_B .

(5.6.9)

‘vena lawp ef zkxrnl z z‘ qipkp m‘ .mikenp xiarn opqn xnelk

Z(ω)H(ω) = X(ω) .

(5.6.10)

.xeciy jxevl eixcz iepiy mr cgi ,ievxd ze‘d z‘ mlyen xefgiy eplaw xnelk zkxrn mr mlyen df‘t me‘ze xcz me‘za didz xefgyd zkxrny yexcl dyw iyrn ote‘ay oaenk ly oniql xy‘a zexida xqeg repnl ick .zthrn ielb lr zqqeand xefgiy zkxrn xevil ozip .oepti‘d ik ze‘xl lw df avna .cinz iaeig didiy zpn lr ,reaw ztqez ici lr ze‘d z‘ fifdl jxev yi ,ze‘d z‘ gzpl mixyt‘n mpi‘ epiciay milkde zix‘pil zkxrn dpi‘ ef mle‘ .ze‘d z‘ xfgyi zthrn i‘lb .dzebdpzd

aeaix 5.6.2 crvd .daxda deab xcza ,miihpbnexhwl‘ zeze‘ iab lr rny zeze‘ xcyl cvik epilib mcewd sirqa mixcz levip ici lr z‘f .xzei dlecb rcin zenk xiardl zpn lr mipey mixcza liri yeniy ‘ed ‘ad ixeciy zxardl mlerd lka zynyn ef dhiy .FDM: Frequency Division Multiplexing zhiya mipey mze‘ onqp .xcyl mipiipern ep‘ mze‘ zeze‘ dyely epl yiy gipp dygnd myl .cere difielh ,eicx xear X_i(ω) = 0 miiwzny jk ω_B miiw xnelk ,xcza milaben mleky zehyt myl gipp .x_1, x_2, x_3-a miiwziy jk ω_i xgap .|ω| > ω_B

ω_B < ω_1

(5.6.11) ω_1 + 2ω_B < ω_2

(5.6.12) ω_2 + 2ω_B < ω_3 .

(5.6.13)

‘ed ,xcypy ze‘d ‘edy ,lawzdy ze‘d .xagpe mi‘znd xcza cos -a dqipkd zeze‘n cg‘ lk litkp

y(t) = x_1(t) cos ω_1t + x_2(t) cos ω_2t + x_3(t) cos ω_3t .

(5.6.14)

lawp (dixet zxnzd) xczd megza

Y (ω) = 1 2 [ X_1(ω − ω_1) + X_1(ω + ω_1) + X_2(ω − ω_2) + X_2(ω + ω_2) + X_3(ω − ω_3) + X_3(ω + ω_3) ] . (5.6.15)

xeyina) dtitg mey oi‘ ik ze‘xl lw ,oept‘d ixcz oia mixywde (hxq agex) x_i lr epavdy i‘pzd llba z‘ .oey‘xd ze‘d z‘ dnbecl xfgyp .mxfgyl ozip jkitle ,mipeyd zeze‘d ly zexnzdd oia (xczd

Version 1.1 66 September 2006 zetqez dixet :hxq xiarn opqn jxc dligz xiarp (y ‘edy) hlwpd ze‘d

H_1(ω) =

1 |ω − ω_1| ≤ ω_B 0 otherwise.

(5.6.16)

‘vena lawp df opqna Y hlwpd ze‘d z‘ xiarp m‘

Y (ω)H_1(ω) = 1 2 [X_1(ω − ω_1) + X_1(ω + ω_1)] .

(5.6.17)

xiarpe cos ω_1t-a litkp .oepti‘a epc xy‘k mcewd sirqa z‘f epiyr :x_1 z‘ xfgyl mircei ep‘ o‘kn .ω_B-l zgzn mixcz wx xiarnd H mikenp xiarn opqna lke ,elyn xcz aiaq fkexn ze‘ lk xy‘k ,zeze‘ xtqn mipnf ea xiardl zxyt‘n eplaiwy zkxrnd .mxfgyl didi ozip jk .zeze‘d oia zetitg dpiidz ‘ly jk ,ynzyn ‘ed ea hxqd agexa laben ze‘ minyzyne 20KHz-k ‘ed mdly hxqd agex xy‘ ,rny zeze‘ mixcyn ep‘ m‘ ,dygnd jxevl wx dxard zxyt‘n (mixcz ipy oia 2ω_B ly geexn) dcxtdd zyixcy ixd 1.5GHz − 2.5GHz oiay megza ly (KHz-a aeyigd) 1, 000, 000 2 · 20

= 25, 000

(5.6.18)

.zipnf ea zeze‘

dixet zxnzd---zetqez 5.7

zxnzd xy‘k .t ∉ [a, b] lkl f(t) = 0-y jk [a, b] leexhpi‘ miiw xnelk :iteq jnz yi f divwpetly gipp lxbhpi‘d jxc zxcben dixet

F (jω) =

∫_∞ −∞ f(t)e^{jωt} dt

(5.7.1)

zxnzd z‘ xicbnd s akexnd dpzynd ly xzei illk ote‘ae ,jω dpzynd ly) dxifb divwpet ‘id F if‘ okzi ‘l ,hxta .(ω-a) leexhpi‘ mey lr qt‘zdl dleki dpi‘ F hxtae ,zihilp‘ divwpet ‘id okl .(qltl .iteq jnz didi F -ly ”ze‘d xefit” oial onfa ”ze‘d xefit” oia qgid lr rcin lawl ozip dixet zxnzd zepekz zxfra (5.3.5 htyn ,( 5.3.14) d‘eeyn) xcz onf zlwq iepiy zpekzn .xcza

x(at)^F↔ 1 |a| X (ω a ) (5.7.2)

δ^F↔ 1 ,hxta .xcza xefitd zphwdl mexbz (lecb a zxiga ici lr) onfa xefitd zlcbd ik mi‘ex ep‘ fkexnd ze‘ zeil‘ecdne ,mixczd megz lk lr dcig‘ dxeva xfetn onfa xzeia fkexnd ze‘d xnelk od mdly xefitdy zeze‘ miniiw m‘d :‘id dl‘yd .onfd xiv lk ipt lr xfetn didi gxkda ccea xcza ‘id daeyzdy epi‘x .xefitd zxcbda dielz daeyzdy oaenk ?izexixy ote‘a ohw ‘ed xcza ode onfa .ze‘ ly xefit ly zizenk dxcbd ici lr lawp dpey rcin .zeze‘d ly jnzd lr mil‘ey m‘ zilily

Version 1.1 67 September 2006 zetqez dixet

ze‘ceed i‘ oexwre dixet zxnzd 5.7.1

ici lr xcben ‘ed .onfa xefitl ccnk Δt onfa iaihwt‘ agex xicbdl (dwifitae) dqcpda laewn

(Δt)^2 =

∫_∞ −∞ t^2|x(t)|^2 dt ∫_∞ −∞ |x(t)|^2 dt . (5.7.3)

ici lr Δω xcza iaihwt‘d hxqd agex dnec dxeva

(Δω)^2 =

∫_∞ −∞ ω^2|X(ω)|^2 dω ∫_∞ −∞ |X(ω)|^2 dω . (5.7.4)

α edylk reawa ze‘d z‘ litkp m‘ :xabda ielz epi‘ xefitdy jkl ‘ian (dpknd) lenxipd ik al miyp

.dpzyi ‘l iaihwt‘d hxqd agex

ici lr onfa rvendd z‘ xicbp lynl ,rvennl qgia xefitd z‘ mixicbn mizirl x = ∫_∞ −∞ x(t) dt .

(5.7.5)

ici lr zrk xcben onfa iaihwt‘d hxqd agex

(Δt)^2 =

∫_∞ −∞ t^2|x(t) − x|^2 dt

∫_∞ −∞ |x(t)|^2 dt . (5.7.6)

ep‘ ,zihnzn dpigan xzei jaeqn xacdy oeeik .rvennl qgia xcza hxq agex xicbdl ozip dnec dxeva

.zixewnd dxcbdd mr x‘ype rvenndn mlrzp

ipkhd i‘pzd z‘ miiwn x ∈ L_2 ze‘d m‘ 5.7.1 htyn lim |t|→∞ [√ t x(t) ] = 0 (5.7.7)

.x(t) = e^{−αt2} xear byen oeieeye Δt · Δω ≥ 1/2 if‘

jk ,ok m‘ z‘f dyrp .edylk reawa x z‘ litkp m‘ dpzyn dpi‘ d‘vezd ,lirl epxrdy itk :dgked

‘ed uxeey-iyew oeieey i‘ L_2-a zeze‘l .||x||_2 = 1 lawpy | | ∫_∞ −∞ z(t)y(t) dt | |^2 ≤ | | ∫_∞ −∞ |z(t)|^2 dt | | | | ∫_∞ −∞ |y(t)|^2 dt | | . (5.7.8)

zxnzde leeqxt htyna mb ynzyp .edylk reaw xear z(t) = αy(t) m‘ wxe m‘ miiwzi oeieey xy‘k

:zxfbpd ∫_∞ −∞ |x(t)|^2 dt = 1 2π ∫_∞ −∞ |X(ω)|^2 dω

(5.7.9)

∫_∞ −∞ | | |dx(t) dt | | |^2 dt = 1 2π ∫_∞ −∞ |jωX(ω)|^2 dω .

(5.7.10)

Version 1.1 68 September 2006 zetqez dixet

miwlga divxbhpi‘a yeniy jez ,‘ad aeyigd jxc lawp 1/2 reawd z‘ ∫_∞ −∞ tx(t) dx dt dt = 1 2 ∫_∞ −∞ t dx^2(t) dt dt (5.7.11) = 1 2 tx^2(t) |_∞ −∞ − 1 2 ∫_∞ −∞ |x(t)|^2 dt

(5.7.12) = − 1 2 (5.7.13)

.1 ‘idy x ly dnxepd ‘ed lxbhp‘de x lr dgpdd llba zeleabd ipya qt‘zn oey‘xd iehiady oeeik ,y(t) = dx(t)/dt-e z(t) = tx(t) xy‘k uxeey iyew oeieey i‘ z‘ lirtpe mcewd aeyiga ynzyp zrk ( 1 2 )_2 = | | ∫_∞ −∞ tx(t) dx dt dt | |^2 (5.7.14) ≤ ∫_∞ −∞ t^2|x(t)|^2 dt

∫_∞ −∞ | |dx dt | |^2 dt (5.7.15)

mi‘ad mipeieeiyd ipy z‘ lawp leeqxtne = ∫_∞ −∞ t^2|x(t)|^2 dt 1 2π ∫_∞ −∞ |ωX(ω)|^2 dt

(5.7.16) = ∫_∞ −∞ t^2|x(t)|^2 dt ∫_∞ −∞ |x(t)|^2 dt 1 2π ∫_∞ −∞ |ωX(ω)|^2 dt 1 2π ∫_∞ −∞ |X(ω)|^2 dt

(5.7.17)

= (Δt)^2(Δω)^2 .

(5.7.18)

xy‘k miiwzn oeieey dx(t) dt = αtx(t)

(5.7.19) e‘ 1 x(t) dx(t) dt = d ln[x(t)] dt (5.7.20)

= αt

(5.7.21)

x(t) = ce^{−αt2 /2} .

(5.7.22)

.l.y.n

zewlg ihtyn 5.7.2

-y jk B xtqn miiw xnelk ,mineqge miniiw n xcq cr eizexfbpe x m‘ 5.7.2 htyn

sup_t | |d^kx(t)

dt^k | | ≤ B, 0 ≤ k ≤ n (5.7.23)

-y jk B_1 mqg miiw xnelk ,|ω|^{−(n+1)} avwa zegtl |ω| → ∞ xy‘k qt‘l zt‘ey dixet zxnzd if‘ lim |ω|→∞

|ω^{n+1}X(ω)| ≤ B_1 .

(5.7.24)

Version 1.1 69 September 2006 zetqez dixet

Version 1.1 70 September 2006

6 wxt

qltl zxnzd

epynzyd dk cr .zeix‘pl zekxrn ly ’’invr ze‘” ‘ed il‘ivppetqw‘ ze‘ ik epi‘x 5.1 sirqa xeyina letihd dbxcn zivwpeta xake---mikrec zeze‘l mi‘zn xacd .xczd megza gezipl ef dcaera aeyg ilk zpzep Laplace transform qltl zxnzd .millken zeze‘a ynzydl epvl‘pe ,iziira xczd dze‘ dxnzdd ‘idy) ziccv cg qltl zxnzd ,hxta .zeze‘ ly dagx dgtyna xzei heyt letihl ,zelibx zeil‘ivpxtic ze‘eeyna letihl ilk zpzep (”zeilxbhpi‘ zexnzde dixet ixeh” qxewa micnel .ziccv-ecd dxnzda dligz weqrp .dlgzd i‘pza zeaygzd llek

ziccv ec qltl zxnzd 6.1

.onfa zereawe zeix‘pil d‘ivi-dqipk zekxrn gezipl aeyg ilk zynyn ziccv ec qltl zxnzd

mxear s akexnd dpzynd ly mikxr xear zxcben x ze‘ ly ziccv-ec qltl zxnzd 6.1.1 dxcbd ∫_∞ −∞ |x(t)|e^{−(ℜe s)t} dt < ∞ .

(6.1.1)

‘id dxnzdd f‘e

X(s) .=

∫_∞ −∞ x(t)e^{−st} dt .

(6.1.2)

dxnzdd mxear s ly mikxrd sqe‘ ‘ed (ROC: Region Of Converngence) zeqpkzdd megz e‘ ,dxcbdd megz :jk X dxnzdl x oia xywd z‘ onqp .( 6.1.1) oeieeyd i‘ miiwzn mxear xnelk ,zxcben

x^L↔ X , X(s) = L[x](s) .

(6.1.3)

llek epi‘ zeqpkzdd megz oky ,ziccv ec qltl zxnzd oi‘ x(t) ≡ 3 ze‘l ik al miyp ziy‘x 6.1.2 dnbec ipnid ze‘d ly dxnzd ok m‘ aygp .s mey

x(t) = e^{at}u(t)

(6.1.4) ziccv ec dxnzd qltl .dbxcnd zivwpet ‘ed x ze‘d a = 0 dxigad xear .dbxcnd zivwpet ‘id u xy‘k X(s) = L[x](s)

(6.1.5) = ∫_∞ −∞ e^{at}u(t)e^{−st} dt

(6.1.6) = ∫_∞ 0 e^{−(s−a)t} dt .

(6.1.7) df megza .dxnzd ly zeqpkzdd megz edf okle ,ℜe (s − a) > 0 m‘ wxe m‘ qpkzn df lxbhpi‘ X(s) = 1 −(s − a) e^{−(s−a)t} | | | ∞ t=0 (6.1.8) = 1 s − a . (6.1.9) zeqpkzd megz mr u(t)^L↔ 1/s ,hxta .ℜe s > ℜe a zeqpkzd megz mr e^{at}u(t)^L↔ 1/(s − a)-y eplaiw .illk ote‘a megzd xcben jk :ℜe s = 0 leabd z‘ millek eppi‘ zeqpkzdd megza ik al miyp .ℜe s > 0

� ℜe s

�Im s a × ROC

ipni il‘ivppetq‘ ze‘l zeqpkzd megz :6.1 xei‘

:xg‘ ze‘ ly dxnzd zrk aygp il‘ny ze‘ xgap zrk 6.1.3 dnbec x(t) = −e^{at}u(−t) .

(6.1.10) dxcbdd itl X(s) = −

∫_∞ −∞ e^{at}u(−t)e^{−st} dt

(6.1.11) = − ∫_0 −∞ e^{(a−s)t} dt .

(6.1.12) s ikxr ly df megza .ℜe (a − s) > 0 m‘ wxe m‘ qpkzi lxbhpi‘d okl .cala miilily mikxr lawn t df dxwna X(s) = −1 (a − s) e^{(a−s)t} | | | 0 t=−∞

(6.1.13) = 1 s − a . (6.1.14) .ℜe (s) < ℜe (a) ‘ed ef dxnzd ly meiwd megz Version 1.1 72 September 2006 ziccv ec dxnzd qltl ,X(s) = 1/(s − a) divwpetd ‘id mixwnd ipya qltl zxnzd ik ozep lirl ze‘nbecd izya aeyigd rcin lelkl epilr ezxnzdl ze‘ oia cigi xyw lr xenyl ick ,ok‘ .oihelgl mipey zeze‘dy zexnl z‘fe .zeqpkzdd megz lr iccv ecd ze‘d xear dxnzd aygp 6.1.4 dnbec x(t) = e^{at}u(t) + e^{bt}u(−t)

(6.1.15) ik dpwqnl ‘ian zencewd ze‘nbeca enk aeyig .miiynn b-e a xy‘k X(s) = 1 s − a − 1 s − b , (6.1.16) ROC = {ℜe (s) > a} ∩ {ℜe (s) < b} .

(6.1.17) drevx xnelk .a < ℜe (s) < b ‘ed meiwd megz if‘ miiwzn df i‘pz m‘ .a < b m‘ wxe m‘ zniiw dxnzdd okl .df ze‘l qltl zxnzd oi‘ if‘ miiwzn epi‘ i‘pzd m‘ .akexnd xeyina zikp‘

minepilet ipy ly dpn ‘id m‘ zilpeivx z‘xwp X divwpet 6.1.5 dxcbd X(s) =

N(s) D(s)

(6.1.18) .D(s) ly miqt‘d md X(s) ly miahwde ,N(s) ly miqt‘d md X(s) iqt‘ .(szeyn mxeb ‘ll xnelk) minvnevn

.ze‘ad zepekzd z‘ yi zeqpkzdd megzl 6.1.6 htyn .jω xivl miliawn mieew ‘ed zeqpkzdd megz leab .1 m‘ .2 X(s) =

N(s) D(s)

(6.1.19) if‘ zilpeivx divwpet ‘id X(s) ly miahw llek epi‘ ROC-d • ,dpinie xzeia ipnid ahewdn ‘ed ROC-d zeipni zeivwpetl • ,dl‘nye xzeia il‘nyd ahewdn ‘ed ROC-d zeil‘ny zeivwpetl • xeyina---drevx e‘---qt cinz ‘ed okle xeyin i‘vg ipy ly jezig ‘ed ROC-d zeiccv ec zeivwpetl • .akexnd e‘ s lk ‘ed dxcbdd megz if‘ ,|t| > B xear x(t) = 0-y jk B miiw xnelk ,iteq jnz lra ‘ed x(t) m‘ .3 .s s‘ .il‘ny xeyin ivg---zil‘ny divwpetl .ipni xeyin ivg ‘ed dxcbdd megz zeipni zeivwpetl .4 Version 1.1 73 September 2006 ziccv ec dxnzd qltl .s ly dnecnd wlga ielz epi‘ ‘ed ,zeqpkzdd megz zxcbd itl :dgked .s_1 < s_2 gipp .miiynn mdipyy gipdl lkep mcewd sirqd llbae ,zeqpkzdd megza md s_2 mbe s_1-y gipp ,t lkl ,ok‘e .zeqpkzdd megza ‘ed s mb if‘ s_1 < s < s_2 m‘ ik d‘xp

e^{−st} < e^{−s1t} + e^{−s2t} .

(6.1.20)

ik raep o‘kn ∫_∞ −∞ |x(t)|s^{−st} dt ≤

∫_∞ −∞ |x(t)|s^{−s1t} dt +

∫_∞ −∞ |x(t)|s^{−s2t} dt < ∞

(6.1.21)

oeieeyd i‘n .(sevx megz ‘ed xnelk) xiyw ‘ed zeqpkzdd megz xnelk .zeqpkzdd megza ‘ed s okle epi‘ X(s) ly lcebd ahewl aexw oky ,zeqpkzdd megza ahew okzi ‘ly raep ( 6.1.21)-a il‘nyd .meqg s_1 < s_2 xear miiwzn t ≥ 0 xeary oeeik

e^{−s1t} ≥ e^{−s2t} ,

(6.1.22)

ik raep ∫_∞ 0 |x(t)|s^{−s1t} dt >

∫_∞ 0 |x(t)|s^{−s2t} dt

(6.1.23)

zeqpkzdd megz ly il‘nyd leabd ,ahewd zxcbd itl .xeyin ivg ‘ed ipni ze‘l zeqpkzdd megz okle il‘ny ze‘l zeqpkzdd megz ik d‘xp dnec dxeva .xzeia ipnid ahewd xnelk---oey‘xd ahewd ‘ed .dl‘nye il‘nyd ahewdn ‘ed didz drevxd ilpeivx ze‘l .drevx illk ote‘a ‘ed zeqpkzdd megzy ( 6.1.21)-n wiqp dxev dze‘a .miahw bef oia z‘ aygpe zeqpkzdd megza ‘vnpd ‘edylk s_0 rawp .[−B, B] megza lkend iteq jnz x(t)-ly gipp .zeqpkzdd megza ‘vnp s ≠ s_0-y i‘pzd ∫_∞ −∞ |x(t)|e^{−st} dt =

∫_B −B |x(t)|e^{−st} dt

(6.1.24) = ∫_B −B |x(t)|e^{−s0t}e^{(s0−s)t} dt

(6.1.25) ≤ ∫_B −B |x(t)|e^{−s0t} dt [ e^{(s0−s)B} + e^{−(s0−s)B} ] . (6.1.26)

mb jk if‘ zeqpkzdd megza s_0 m‘y raep ,iteq cinz ‘ed zeraexn miixbeqa oexg‘d iehiady oeeikn .l.y.n .s s‘ e‘ s lk ‘ed zeqpkzdd megzy eplaiw s_0 lkl dpekp ef d‘vezy oeeik .s

dbxcn ‘idy divwpet u_i-a onqp .ℜe a > ℜe b > ℜe c miniiwn a, b, c miakexnd mireawd ik gipp 6.1.7 libxz ly zeqpkzdd megz z‘ hhxye qltl zxnzd z‘ ayg .u(−t) e‘ (u(t))

x(t) = e^{at}u_1(t) + e^{bt}u_2(t) + e^{ct}u_3(t)

(6.1.27)

.mipeyd mixwnd xear

Version 1.1 74 September 2006 ziccv ec dxnzd qltl xnelk ,zix‘pil dlert ‘id dxnzdd 6.1.8 htyn αx + βy^L↔ αX + βY

(6.1.28) .ROC_x ∩ ROC_y z‘ zegtl likn meiwd megze .l.y.n .lxbhpi‘d zeix‘piln ziciin raep :dgked if‘ .α = 1 = −β-e mdylk x = y xgap dnbecl .xzei lecb zeidl leki meiwd megz ik yibcdl aeyg .s lkl dxnzd yi df ze‘le αx + βy = 0 .ROC_x ∩ ROC_y z‘ zegtl likn zeqpkzdd megz .x ∗ y^L↔ X(s)Y (s) 6.1.9 htyn ,diveleepewde dxnzdd zxcbd itl :dgked L(x ∗ y)(s) =

∫_∞ −∞ [∫_∞ −∞ x(τ)y(t − τ) dτ ] e^{−st} dt

(6.1.29) = ∫_∞ −∞ x(τ) [∫_∞ −∞ y(t − τ)e^{−st} dt ] dτ (6.1.30) = ∫_∞ −∞ x(τ) [∫_∞ −∞ y(t − τ)e^{−s(t−τ )} dt ] e^{−sτ} dτ

(6.1.31) = ∫_∞ −∞ x(τ)e^{−sτ} [∫_∞ −∞ y(u)e^{−su} du ] dτ (6.1.32) = ∫_∞ −∞ x(τ)e^{−sτ} dτ Y (s)

(6.1.33) = X(s)Y (s) .

(6.1.34) .l.y.n .zexnzdd izy ly zeqpkzdd megza ‘vnp s m‘ oaenk swz aeyigd .xzei lecb zeidl leki zeqpkzdd megz o‘k mb ‘id zffen dzlc ly qltl zxnzd L[δ(t − a)](s) =

∫_∞ −∞ e^{−st}δ(t − a) dt = e^{−sa} .

(6.1.35) .zffen dzlc mr diveleepew jxc didyd bviil ozip ik xkfp .X ly enk ‘ed zeqpkzdd megze x(t − a)^L↔ e^{−sa}X(s) 6.1.10 htyn :dgked L[x(t − a)](s) = L[(x(t) ∗ δ(t − a)](s) = X(s)e^{−sa} .

(6.1.36) .s lk ‘ed δ ly zeqpkzdd megz oky mcewd htynd llba iepiy ‘ll ‘ed ,zeqpkzdd megzl xy‘a .l.y.n :T agexa raexn qlet ly dxnzd aygp 6.1.11 dnbec

x(t) =

1 0 < t < T 0 zxg‘

(6.1.37)

Version 1.1 75 September 2006 ziccv ec dxnzd qltl dxnzdd ly dxcbdd itl .x(t) = u(t) − u(t − T ) ici lr ze‘d z‘ bvil ozip L[x](s) = L[u(t) − u(t − T )](s)

(6.1.38) = 1 s − 1 s e^{−sT}

(6.1.39) = 1 s ( 1 − e^{−sT} ) . (6.1.40)

‘id hppetqw‘a ltkend ze‘ ly dxnzdd L[e^{at}x(t)](s) =

∫_∞ −∞ x(t)e^{at}e^{−st} dt

(6.1.41) = ∫_∞ −∞ x(t)e^{−(s−a)t} dt

(6.1.42) = X(s − a) ,

(6.1.43) .s − a ∈ ROC_x jxc xcben zeqpkzdd megze if‘ zeqpkzdd megza s xear lim_{|t|→∞} x(t)e^{−st} = 0 m‘ 6.1.12 htyn dx dt L↔ sX(s) .

(6.1.44) if‘ 0 ≤ k < n lkl lim_{|t|→∞} x^{(k)}(t)e^{−st} = 0 m‘ ,xzei illk ote‘a d^nx dt^n

L↔ s^nX(s) .

(6.1.45) ly dti‘yd lr) lirl i‘pzd z‘ zeniiwn xy‘e x ly zeqpkzdd megzay s zecewpd lk z‘ llek zeqpkzdd megz .(qt‘l eizexfbpe x :miwlga divxbhpi‘ :dgked a L [ dx dt ] = ∫_∞ −∞ e^{−st}ẋ(t) dt

(6.1.46) = x(t)e^{−st} | |^∞_{−∞} +

∫_∞ −∞ se^{−st}x(t) dt

(6.1.47) = 0 + sX(s)

(6.1.48) .l.y.n .ipyd iehiad z‘ lawp dnec dxeva .dgpdd llba :miieqn ‘l lxbhpi‘ ly dxnzd 6.1.13 htyn ∫_t −∞ x(τ) dτ^L↔

X(s) s (6.1.49) ‘ed zeqpkzdd megze ROC_x ∩ {ℜe (s) > 0} .

(6.1.50)

Version 1.1 76 September 2006 ziccv ec dxnzd qltl dixet zxnzd xear epiyry itk :dgked L [∫_t −∞ x(τ) dτ ] (s) = L[x ∗ u](s)

(6.1.51)

= X(s) 1 s . (6.1.52)

.l.y.n

:s dpzyna dxifb 6.1.14 htyn

−tx(t)^L↔ d ds X(s) .

(6.1.53)

:dgked ∫_∞ −∞ −tx(t)e^{−st} dt =

∫_∞ −∞ d ds x(t)e^{−st} dt

(6.1.54) = d ds ∫_∞ −∞ x(t)e^{−st} dt

(6.1.55) = d ds X(s) .

(6.1.56)

.l.y.n

.te^{at}u(t) ly dxnzdd z‘ aygp 6.1.15 dnbec L [ te^{at}u(t) ] = − d ds [ 1 s − a ] (6.1.57) = 1 (s − a)^2

, ℜe (s) > a .

(6.1.58)

lawp dnec dxeva

t^ke^{at}u(t)^L↔ k! (s − a)^{k+1}

ℜe (s) > a ,

(6.1.59)

t^ke^{at}u(−t)^L↔ −k! (s − a)^{k+1}

ℜe (s) < a .

(6.1.60)

iynn α xear :dlwq iepiy 6.1.16 htyn

x(αt)^L↔ 1 |α| X ( s α ) s α ∈ ROC_x .

(6.1.61)

Version 1.1 77 September 2006 dketd dxnzd qltl :dgked X ( s α ) = ∫_∞ −∞ x(t)e^{− sα t} dt

(6.1.62) = |α|

∫_∞ −∞ x(ατ)e^{−sτ} dτ

(6.1.63) = |α|L[x(αt)](s) .

(6.1.64) .l.y.n

dketd dxnzd 6.2

megz lr rcin llek) dxnzdd oial ze‘d oia ikxr cg cg xyw yi ,dixet zxnzd ly dixe‘za enk z‘ xfgyl zpn lr (mincew migezit ,ze‘lah) miiw rcina ynzydl lkep llk jxca okl .(zeqpkzdd dketdd dxnzdd z‘ aygl cvik d‘xp df sirqa j‘ .dly zeqpkzdd megze qltl zxnzd jezn ze‘d .mikxc xtqna dketd dxnzd zgqep 6.2.1 iynnd ewlg ly mekqk s = σ + jω akexnd dpzynd z‘ onqp .X(s) qltl zxnzd yi x(t) ze‘ly gipp ,zeqpkzdd megza σ xear ( 6.1.1) dxnzdd ly dxcbdd itl .dnecnd ewlge X(σ + jω) =

∫_∞ −∞ x(t)e^{−σt}e^{−jωt} dt .

(6.2.1)

-y meyn L_1-a ze‘ ‘ed e^{−(σt)}x(t) ik al miyp .e^{−(σt)}x(t) ly dixet zxnzd weica idef ∫_∞ −∞ | |e^{−(σt)}x(t) | | dt =

∫_∞ −∞ |x(t)|e^{−ℜe (st)} dt < ∞

(6.2.2) ozip (mini‘zn miipkh mi‘pza) jk m‘ .qltl zxnzd yi x-l ik dcaerdn raep oexg‘d oeieeyd xy‘k ly zeqpkzdd megza σ ly edylk jxr rawp .d‘ad dxeva ,dketdd dixet zxnzd zgqepa ynzydl aygpe qltl zxnzd 1 2πj ∫_{σ+j∞}

σ−j∞

X(s)e^{st} ds = 1 2πj ∫_∞ −∞ X(σ + jω)e^{σt}e^{jωt} jdω

(6.2.3)

= e^{σt} 1 2π ∫_∞ −∞ X(σ + jω)e^{jωt} dω = e^{σt}F^{−1}[X(σ + jω](t)

(6.2.4) la‘ .reaw ‘ed σ dketdd dxnzda xy‘k X(σ + jω) = F[e^{−σt}x(t)]

(6.2.5)

Version 1.1 78 September 2006 dketd dxnzd qltl okle

e^{−σt}x(t) = F^{−1}[X(σ + jω)]

(6.2.6) x(t) = e^{σt}F^{−1}[X(σ + jω)]

(6.2.7) = e^{σt} 1 2π ∫_∞ −∞ X(σ + jω)e^{jωt} dω .

(6.2.8)

.zeqpkzdd megza didzy jk xegal epilr σ z‘ xy‘k ,dketd dxnzdl dgqep epl ozep oexg‘d oeieeiyd dketdd dxnzdd zgqep z‘ lawp ( 6.2.4)--( 6.2.3) ze‘eeyne df oeieeyn

x(t) = 1 2πj ∫_{σ+j∞}

σ−j∞

X(s)e^{st} ds

(6.2.9)

.mini‘zn mi‘pz zgze ,zetivx zecewpa miiwzn oeieeyd ,dixet zxnzd zece‘ wxta epi‘xy itk ,xy‘k dixet zxnzd xear lxbhpi‘d zgqep z‘ lirtdl ozip ok‘y ‘cel yi ef dgqepa ynzydl zpn lr .dketdd

miiwlg mixayl gezit 6.2.2 dxevdn xnelk ,zilpeivx divwpet ‘id dxnzdd miax mixwna

X(s) = b_M s^M + b_{M−1}s^{M−1} + . . . + b_1s + b_0 s^N + a_{N−1}s^{N−1} + . . . + a_1s + a_0 . (6.2.10)

dxeva ef d‘eeyn meyxl xyt‘ M ≥ N m‘

X(s) = C_{M−N} s^{M−N} + C_{M−N−1}s^{M−N−1} + . . . + C_1s + C_0 + b̃_{N−1}sN−1 + b̃_{N−2}sN−2 + . . . + b̃_1s + b̃_0 s^N + a_{N−1}s^{N−1} + . . . + a_1s + a_0 . (6.2.11)

minxebl xayd z‘ wxtp .(dketdd dxnzdd ly mb okle) dxnzdd ly zeix‘pila ynzydl lkep zrk dxevdn Cs^l (s − λ_i)^k

(6.2.12)

.ze‘ad zecaera ynzype (X ly miahwd e‘ ,dpknd iqt‘ md λ_i-d xy‘k)

L^{−1} ( 1 (s − λ_i)^k ) = 1 (k−1)! t

k−1e^{λit}u(t) ipni ze‘ −1 (k−1)! t

k−1e^{λit}u(−t) il‘ny ze‘

(6.2.13)

L^{−1} (1) = δ(t) .

(6.2.14) L^{−1} (sZ(s)) = d dt z(t) .

(6.2.15)

.zilpeivx divwpet lk ly dketdd dxnzdd z‘ ‘evnl lkep ef dhiya

Version 1.1 79 September 2006 dketd dxnzd qltl meyxp :mincwn z‘eeyd ici lr miiwlg mixayl wxtp 6.2.1 dnbec s^2 + as + b (s − λ_1)^2(s − λ_2) = c_1 (s − λ_1)^2 + c_2 (s − λ_1) + c_3 s − λ_2 . (6.2.16) lawpe (s − λ_1)^2(s − λ_2) szeyn dpkn zxfra meyxp oini cv z‘ s^2 + as + b (s − λ_1)^2(s − λ_2) = c_1(s − λ_2) + c_2(s − λ_1)(s − λ_2) + c_3(s − λ_1)^2 (s − λ_1)^2(s − λ_2)

(6.2.17) (s − λ_1)^2(s − λ_2)-a mitb‘d ipy z‘ litkp .d‘ad dhiya z‘f :mikxrd z‘ lawp mincwn z‘eeyd ici lr o‘kne lawpe s^2 + as + b = c_1(s − λ_2) + c_2(s − λ_1)(s − λ_2) + c_3(s − λ_1)^2 .

(6.2.18) lawp s = λ_1 aivp m‘ zrk λ^2_1 + aλ_1 + b = c_1(λ_1 − λ_2)

(6.2.19)

c_1 z‘ lawp o‘kn .miqt‘zn mipexg‘d mixa‘d ipyy oeeik

c_1 = λ^2_1 + aλ_1 + b

λ_1 − λ_2 . (6.2.20)

lawpe ( 6.2.18)-a s = λ_2 aivp zrk

λ^2 + aλ_2 + b = c_3(λ_2 − λ_1)^2

(6.2.21)

okl .miqt‘zn mipey‘xd mixa‘d ipy zrky oeeik

c_3 = λ^2 + aλ_2 + b (λ_2 − λ_1)^2 . (6.2.22) jxrd z‘ lawle ( 6.2.18)-a aivdl ,epayigy mikxra ynzydl oaenk xyt‘ .xzei hrn akxen c_2 ly aeyigd :s itl d‘eeynd z‘ xefbp aivdl mewna j‘ ,( 6.2.18)-a aey dligzn zillk xzei dhiy .xqgd d ds [s^2 + as + b] = d ds [c_1(s − λ_2) + c_2(s − λ_1)(s − λ_2) + c_3(s − λ_1)^2]

(6.2.23) 2s + a = c_1 + c_2(s − λ_2 + s − λ_1) + 2c_3(s − λ_1)

(6.2.24)

lawpe s = λ_1 aivp zrk

2λ_1 + a = c_1 + c_2(λ_1 − λ_2)

(6.2.25)

okl .miqt‘zn mixa‘d x‘yy oeeik

c_2 =

2λ_1 + a − c_1

λ_1 − λ_2 . (6.2.26)

Version 1.1 80 September 2006 dketd dxnzd qltl lawpe ( 6.2.18)-a mincwn zeeydl ozip ,dlewy dxeva

c_3 + c_2 = 1

(6.2.27) −c_32λ_1 − c_2(λ_1 + λ_2) + c_1 = a

(6.2.28) c_3λ^2_1 + c_2λ_1λ_2 − λ_2c_1 = b .

(6.2.29)

.c_1, c_2, c_3 mireawd z‘ ulgp ef zix‘pil ze‘eeyn zkxrnn dxnzdd z‘ lawl ick dlahae zeqpkzdd megz lr rcina ynzyp o‘kn .miiwlg mixayl wexit eplaiw .dketdd dlewyd dxeva wxtl mb ozip s^2 + as + b (s − λ_1)^2(s − λ_2) = d_1s + d_2 (s − λ_1)^2 + 3_2 (s − λ_2) . (6.2.30)

.milebxiza eritei zexevd izy rval yi ,df sirq zligza enk ,ziy‘x .d‘ad dhiya miiwlg mixayl wexit rval ozip illk ote‘a alya .dpknd zbxcn dlecb dpi‘ dpend zbxc ea divwpetd ly wlg cceal ick ( 6.2.11)-a enk welig .‘ad htyna ynzydle ,zihxcphq dxevl zilpeivxd divwpetd z‘ ‘iadl yi ipy dxeva zilpeivx divwpet dpezp .miiwlg mixayl wexit 6.2.2 htyn

X(s) = b_M s^M + b_{M−1}s^{M−1} + . . . + b_1s + b_0 (s − λ_1)^{k1} · (s − λ^{k2}_2 ) · · · (s − λ_p)^{kp}

(6.2.31)

‘ed k_n ≥ 1-e ,dpknd iyxy md λ_n ,M ≤ k_1 + . . . + k_p xnelk) dpknd zbxcn dlecb dpi‘ dpend zbxcy jk :d‘ad dxeva X(s) z‘ meyxl ozip .(λ_n yxeyd ly ieaixd

X(s) = p∑ n=1 k_n∑

k=1 A_{nk} (s − λ_n)^k

(6.2.32)

ici lr mipezp A_{nk} mincwnd xy‘k

A_{nk} = 1 (k_n − k)! [ d^{kn−k} ds^{kn−k} [ (s − λ_n)^{kn} X(s) ]] s=λ_n . (6.2.33)

.zereci zepekza ynzydl aey f‘e ,zeilpeivx zeivwpet zxfra zeakxen zexnzd bviil ozip mizirl dnbecl -l dketd dxnzd aygp 6.2.3 dnbec

X(s) = 1 1 − e^{−sT}

(6.2.34)

zxfra X(s) z‘ bviil xyt‘ okl .|e^{−sT} | < 1 miiwzn df megza .T > 0-e ℜe s > 0 ‘ed zeqpkzdd megz xy‘k :iqcpd xehl gezit 1 1 − e^{−sT}

= 1 + e^{−sT} + e^{−2sT} + . . .

(6.2.35)

Version 1.1 81 September 2006 zekxrne qltl qltl lawpe xai‘ xai‘ dketd dxnzd rvap zeix‘pild llba

x(t) = δ(t) + δ(t − T ) + δ(t − 2T ) + . . . = ∞∑ k=0 δ(t − kT ) .

(6.2.36)

.”minld zakx” ‘xwp df ze‘

zekxrne qltl 6.3

.zekxrn gezipl ziccv ec qltl zxnzd iyeniya oecp df sirqa if‘ ,x”cn ici lr zx‘eznd zkxrnl x(t) = e^{st} il‘ivppetqw‘ ze‘ qipkp m‘ ik epi‘x 5.1 sirqa xe‘ jetyz xy‘ ,H-l ribdl dpey jxc zrk d‘xp .H xear iehia eplaiw s‘e ,H(s)e^{st} didz daebzd x”cn ici lr zx‘eznd zkxrnl dqipk ze‘ ‘ed x ik ok m‘ gipp .ef divwpet zedn lr ycg N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(6.3.1)

ik dcaera ynzype ,d‘eeynd iciv ipyl qltl zxnzd rvap .y ‘ed ‘vend xy‘ L [ d^n dt^n x ] (s) = s^nX(s)

(6.3.2)

lawpe N∑ n=0 a_ns^nY (s) = M∑ m=0 b_ms^mX(s)

(6.3.3)

Y (s) N∑ n=0 a_ns^n = X(s) M∑ m=0 b_ms^m

(6.3.4)

Y (s) X(s) = ∑_M

m=0 b_ms^m ∑_N

n=0 a_ns^n . (6.3.5)

dqipk oia xywd z‘ x‘zn ‘ed :zkxrnd ly zxeqnzd ziivwpet ‘xwp H(s) = Y (s)/X(s) iehiad ly mldl daebzd ly qltl zxnzd ‘ed H(s) iehiad ,L(δ) = 1-y oeeik ,hxta .qltl xeyina d‘ivie .zkxrnd

zivwpet iahw lk sqepae M ≤ N m‘ wxe m‘ BIBO daivi ‘id x”cn ici lr zx‘eznd zkxrn 6.3.1 htyn .ynn ilily iynn wlg ilra md zxeqnzd xcqn lecb epi‘ dpend xcq m‘ wxe m‘ BIBO daivi ‘id zilpeivx zxeqnz zivwpet ici lr zx‘eznd zkxrn .ynn ilily iynn wlg ilra md zxeqnzd zivwpet iahw lk sqepae dpknd

dxcbda oky ,zkxrnd ly ahew epi‘ mvnhvdy mxebd ,dpkne dpen oia mevniv yi m‘ ik al miyl aeyg .my dtivx didz divwpetd if‘ mevniv yi m‘ .dneqg dpi‘ divwpetd eaiaq xy‘ s ly jxr ‘ed ahew

Version 1.1 82 September 2006 zekxrne qltl qltl ef ik epi‘x xake ,dzlc ly zexfbp zllek mldd zaebz if‘ M > N m‘ .( 6.2.11) wexita xkfp :dgked mldd zaebz m‘ wxe m‘ BIBO daivi ‘id zkxrn ik xkfp .M ≤ N-y ok m‘ gipp .daivi zkxrn dpi‘ mldd zaebz ik lawp miiwlg mixayl wexit ici lr okle ,zilpeivx ‘id H(s) o‘k la‘ .ziliaxbhpi‘ ‘id dxevdn zeze‘ ly mekq ‘id Ct^ke^{λit}u(t) .

(6.3.6) mikrec mihppetqw‘d lk m‘ wxe m‘ ziliaxbhpi‘ mldd zaebz okl .H ly miahwd od λ_i zewfgd .l.y.n .ddf ipyd wlgd zgked .ℜe λ_i < 0 xy‘k weica dxwi dfe ,t → ∞ xy‘k zekxrn xeaige qltl 6.3.1 ixabl‘ ‘ed d‘ivie dqipk oia xywdy oeeik .zekxrn ly mixeaig gzpl gep ilk epl zpzep qltl zxnzd Y (s) = H(s)X(s)

(6.3.7) .miakxen mixeaig mb gzpl ziqgi lw .sxevnd hehxyd ici lr x‘ezn xeha zekxrn xeaig 6.3.2 dnbec

� y H_1 H_2 �x �z

xeha zekxrn xeaig :6.2 xei‘

ik ciin lawp Z(s) = H_2(s)Y (s)

(6.3.8) = H_2(s)H_1(s)X(s)

(6.3.9) ‘id zllekd zkxrnd ly zxeqnzd zivwpet okle H(s) = H_2(s)H_1(s) .

(6.3.10) ohw H_2-e H_1 ly mipend xcq mekq m‘ wxe m‘ BIBO daivi H zllekd zkxrnd ik 6.3.1 htynn raep ,hxta m‘ xexa .ℜe (s_i) < 0 miniiwn mipend cg‘ ixa‘ mr minvnhvn mpi‘ xy‘ miahw mze‘e ,mipknd xcq mekqn zkxrnd mle‘ ,(miahw mewin llba m‘e dpend xcq llba m‘) daivi dpi‘ zekxrndn zg‘ ik okzi hlgda ik jk .daivi zllekd

.sxevnd hehxyd ici lr x‘ezn liawna zekxrn xeaig 6.3.3 dnbec

Version 1.1 83 September 2006 zekxrne qltl qltl

�x

�

�

H_1

H_2 �y^1

� y_2 � y � � +

liawna zekxrn xeaig :6.3 xei‘

.zllekd zxeqnzd zivwpet z‘ aygp

Y (s) = Y_1(s) + Y_2(s)

(6.3.11) = H_1(s)X(s) + H_2(s)X(s)

(6.3.12) = (H_1(s) + H_2(s))X(s)

(6.3.13)

.H(s) = H_1(s) + H_2(s) ‘id zllekd zkxrnd ly zxeqnzd zivwpet okle

.ie‘xk x‘zl epleki ‘l dk cr xy‘ zkxrn gzpp ,seqal .sxevnd hehxyd ici lr zx‘ezn aeyn zkxrn 6.3.4 dnbec

� � � + x �

�

�

H_1

H_2 � y

� � aeyn xeaig :6.4 xei‘

zllekd zxeqnzd zivwpet .H_1(s) = −1 exeary ,ilily dcigi aeyn ‘ed xzeia aeygd dxwnd ,hxta jk zayegn

Y (s) = H_2(s)[X(s) + H_1(s)Y (s)]

(6.3.14) = H_2(s)X(s) + H_2(s)H_1(s)Y (s)

(6.3.15) Y (s)[1 − H_2(s)H_1(s)] = H_2(s)X(s)

(6.3.16) Y (s) =

H_2(s) 1 − H_2(s)H_1(s)

X(s)

(6.3.17)

Version 1.1 84 September 2006 zekxrne qltl qltl illkd dxwna :aeynd zkxrn zgqep z‘ eplawe H(s) =

H_2(s) 1 − H_2(s)H_1(s)

(6.3.18) ilily dcigi aeyn xeare H(s) =

H_2(s) 1 + H_2(s) . (6.3.19) xnelk ,zeilpeivx od zxeqnzd zeivwpety gipp H_1(s) =

N_1(s) D_1(s)

(6.3.20) H_2(s) =

N_2(s) D_2(s)

(6.3.21) if‘ .s-a minepilet md N_i(s), D_i(s) xy‘k H(s) =

H_2(s) 1 − H_2(s)H_1(s)

(6.3.22)

= N_2(s) D_2(s)

1 −^{N2(s)}_{D2(s)}^{N1(s)}_{D1(s)}

(6.3.23)

lawpe D_2(s)D_1(s)-a dpknde dpend z‘ litkp H(s) =

N_2(s)D_1(s) D_2(s)D_1(s) − N_2(s)N_1(s)

(6.3.24) lawp ilily dcigi aeyn ly dxwnd xear hxtae H(s) =

N_2(s) D_2(s) + N_2(s) . (6.3.25) xcqn lecb epi‘ cinz zllekd zkxrnd ly dpend xcq ,(miilpeivx miaikx mr) aeyn zkxrna ik xexa df iehian ici lr miahwd mewin lr zizernyn dxeva ritydl ozip ik mb xexa .zeaivid i‘pzn cg‘ ‘lnzn jkae ,dpknd .mi‘zn H_1(s) aeyn zxiga dzgpd ,repn ly dwinpic) mdilr dhily epl oi‘y minxeb ly drtyd zx‘zn zkxrnd miax mixwna ep‘ llk jxca .dni‘zn zkxrn zepal ozip eli‘ mizeeir owzl ick .(’cke jilen jeez ly df‘t izeeire .zikted zkxrna mipiipern GH xy‘k GH = HG = I miiwzn m‘ ziktedd zkxrnd ‘xwz G zkxrnd H zkxrn ozpda 6.3.5 dxcbd deey dz‘ivi xy‘ zkxrnd ‘id I .d‘vezd lr G zlrtd okn xg‘le dqipkd ze‘ lr H zkxrnd ly dlrtd onqn .H^{−1}-a oneqz H ly ziktedd zkxrnd .dqipkl .oihelgl zillk ‘id ‘l‘ ,(qltl zxnzd ici lr---df wxta) zkxrnd beviil zqgiizn dpi‘ dxcbdd megza wx zxcben zxeqnz zivwpety oeeikn ,zxeqnz zivwpet jxc zxcben zkxrnd m‘y oaenk zernyn didzy ick z‘f .zekxrnd izyl szeyn zeqpkzd megz yi m‘d al miyl yi ,zeqpkzdd .zekxrnd xeaigl Version 1.1 85 September 2006 ziccv cg dxnzd qltl

� y H G �x �x �yG H

�x �x

zikted zkxrn :6.5 xei‘

miiwzn zilpeivx zxeqnz ziivwpetl

H^{−1}(s) = 1 H(s) = 1 N(s) D(s) = D(s) N(s) . (6.3.26)

ziccv cg qltl zxnzd 6.4

”.zeilxbhpi‘ zexnzde dixet ixeh” qxewa dritend dxnzdd ‘id ziccv cg qltl zxnzd -y jk s ly mikxr xear zxcben x ze‘d ly ziccv cg qltl zxnzd 6.4.1 dxcbd ∫_∞

0^−

|x(t)|e^{−(ℜe s)t} dt < ∞ .

(6.4.1)

‘id dxnzdd f‘e

X_+(s) .=

∫_∞

0^−

x(t)e^{−st} dt .

(6.4.2)

xywd z‘ onqp .zxcben dxnzdd mxear s ly mikxrd sqe‘ ‘ed (ROC: region of convergence) dxcbdd megz :jk X_+ dxnzdl x oia

x^{L+}↔ X_+ , X_+(s) = L_+[x](s) .

(6.4.3)

z‘f .0-l l‘nyn---izexixy ote‘a ohw---rhw millek ep‘y ‘id lxbhpi‘a 0^− oezgzd leabd zernyn dqipke ,0 onf xear erawi yi m‘ dlgzd i‘pz .dzlc oebk zellken zeivwpet ly drtyd lelkl zpn lr .z‘f dyrp ‘l ep‘ mle‘ ,0^+-a dligznd dxnzd xicbdl ozip .ahid zxcben qt‘ aiaq edylk ze‘ ly -y xexa ,(millken ‘l) milibx zeze‘ xear

L_+x = L[x · u] .

(6.4.4)

cinz ‘ed ziccv cgd dxnzdd ly zeqpkzdd megz ,(ziccv ec) qltl zxnzd zepekz itl ,jky oeeikn :daeyg dpekz zraep o‘kn .ℜe s > σ_0 xnelk ,ipni .szeyn zeqpkzd megz yi (zeiccv cg) zexnzd izy lkl .lawznd ze‘d ly zeqpkzdd megz edn dl‘ya mi‘ad mihtyna weqrp ‘l ef daiqn :(qt‘l l‘nyn miqt‘znd) miipni zeze‘ xear wx ikxr cg cg ‘ed ezxnzde ze‘ oia xywdy oaenk .miilily mipnf xear ze‘d ikxr iabl rcin lk zxney dpi‘ dxnzdd .ziccv ecd dxnzdd zepekzn lawl xyt‘ ziccv cgd dxnzdd zepekzn lecb wlg

Version 1.1 86 September 2006 ziccv cg dxnzd qltl xnelk ,zix‘pil dlert ‘id dxnzdd 6.4.2 htyn αx + βy^{L+}↔ αX + βY

(6.4.5) ,x, y miipni zeze‘ xear x ∗ y^{L+}↔ X_+(s)Y_+(s) .

(6.4.6) miiwzn miipni gxkda mpi‘y zeze‘ xear (x · u) ∗ (y · u)^{L+}↔ X_+(s)Y_+(s) .

(6.4.7)

.l.y.n .ziccv ecd dxnzdd ly eli‘n zeraep zepekzd :dgked ‘id zffen dzlc ly ziccv cg qltl zxnzd L_+[δ(t − a)](s) = ∫ 0^−

e^{−st}δ(t − a) dt = e^{−sa}

(6.4.8) .zffen dzlc mr diveleepew jxc didyd bviil ozip ik xkfp .a < 0 m‘ 0 deeye a ≥ 0 m‘ ,x ipni ze‘e a ≥ 0 xear 6.4.3 htyn x(t − a)^{L+}↔ e^{−sa}X_+(s) .

(6.4.9) .x(t − a)u(t − a)ipinid ewlga x(t − a) z‘ silgp m‘ xnyi xywd ipni epi‘y ze‘ xear .l.y.n .ziccv ecd dxnzdd zepekzn raep :dgked zpekz okl .X_+(s) jezn ilily t xear eikxr z‘ xfgyl ozip ‘l ,iccv cg ze‘ eppi‘ x m‘ ik al miyp .ipni ze‘ xeare a ≥ 0 xear wx dtiwz zeidl dleki dffdd ,akexn s_0 lkl ik ciin raep ziccv ecd dxnzdd zepekzn e^{s0t}x(t)^{L+}↔ X_+(s − s_0) .

(6.4.10) z‘f .dlgzd i‘pz mr ,zeix‘pil x”cn ly zepexzt aeyigl cgeina dni‘zn ziccv cg qltl zxnzd .d‘ad daiqdn if‘ t → ∞ xy‘k x(t)e^{−st} → 0 m‘ 6.4.4 htyn d dt x^{L+}↔ sX_+(s) − x(0^−) .

(6.4.11)

Version 1.1 87 September 2006 ziccv cg dxnzd qltl .ziccv ec dxnzda avnl cebipa ,ziccv cgd dxnzda iehia icil mi‘a dlgzdd i‘pz xnelk :dgked

L_+ [ d dt x ] = ∫_∞

0^− d dt x(t)e^{−st} dt

(6.4.12)

miwlga divxbhpi‘

= x(t)e^{−st} |_∞ 0− −

∫_∞

0^−

x(t) d dt e^{−st} dt

(6.4.13)

= −x(0−) + s

∫_∞

0^−

x(t)e^{−st} dt

(6.4.14)

.l.y.n .d‘vezd idefe ,zeqpkzdd i‘pz llba lawp ef dgqepa xfeg yeniy ici lr d^n dt^n x^{L+}↔ s^nX_+(s) − s^{n−1}x(0^−) − s^{n−2}x^{(1)}(0^−) − . . . − sx^{(n−2)}(0^−) − x^{(n−1)}(0^−)

(6.4.15)

= s^nX_+(s) − n∑ k=1 s^{n−k}x^{(k−1)}(0^−) .

(6.4.16)

.t → ∞ xy‘k^{dk}_{dtk} x(t)e^{−st} → 0-y i‘pza cin raep o‘kn .ziccv ecd dxnzdl oaenk ddf dbxcn ly ziccv cg dxnzd

:miieqn ‘l lxbhpi‘ ly dxnzd 6.4.5 htyn ∫_t

0^−

x(τ) dτ^{L+}↔

X_+(s) s . (6.4.17)

.l.y.n .iccv ecd dxwnl dgkedl ddf :dgked

:s dpzyna dxifb 6.4.6 htyn

−tx(t)^{L+}↔ d ds X(s) .

(6.4.18)

.l.y.n .iccv ecd dxwnl ddf :dgked

α ≥ 0 xear :dlwq iepiy 6.4.7 htyn

x(αt)^{L+}↔ 1 α X_+ ( s a ) . (6.4.19)

.l.y.n .ilily a-a ynzydl ozip ‘ly oaenk .ziccv ecd dxnzdl ddf :dgked ,lecb s-a dxnzdd jxr mr qt‘a ipnfd ze‘d ly jxrd z‘ mixyew iteqde izlgzdd jxrd ihtyn .jtidle

Version 1.1 88 September 2006 ziccv cg dxnzd qltl md if‘ miniiw mi‘ad zeleabd m‘ ,seqpi‘a e‘ ziy‘xa zeixlebpiq zecewp ‘ll ipni ze‘ xear 6.4.8 htyn :mieey izlgzd jxr

x(0^+) = lim_{s→∞} [sX_+(s)] ,

(6.4.20)

iteq jxr

x(∞) = lim_{s→0} [sX_+(s)] .

(6.4.21)

iteqd jxrde e^0u(0^+) = 1 oaenk ‘ed izlgzdd jxrd a > 0 xy‘k x(t) = e^{−at}u(t) ze‘d xear 6.4.9 dnbec ,htyna ynzyp m‘ ,qltl xeyina .0 ‘ed

X_+(s) = 1 s + a

(6.4.22)

lim_{s→∞} s s + a

= 1 = x(0^+)

(6.4.23)

lim_{s→0} s s + a

= 0 = x(∞) .

(6.4.24)

miyp .z(t) = se^{−st} divwpetd z‘ ogap .ezedn z‘ oiadl dqpp iaihi‘ehpi‘ ote‘a j‘ ,df htyn gikep ‘l ik al

sX_+(s) = s

∫_∞

0^−

e^{−st}x(t) dt =

∫_∞

0^−

z(t)x(t) dt .

(6.4.25)

:1 ‘ed z divwpetl zgzn ghyd ∫_∞

0^−

se^{−st} dt = 1 ,

(6.4.26)

zivwpetl aexiw edf xnelk .(ziy‘xl oinin dyrnl) ziy‘xd aiaq zfkexn divwpetd aex s → ∞ xeare .0^+-a izlgzdd jxrd z‘ eplaiw hxtae ,dzlc cg‘ cvn ,iteqd jxrd xear

L_+ [ dx dt ] (s) = sX_+(s) − x(0^−)

(6.4.27)

,ipy cvn .dxifbd zpekzn

lim_{s→0} L_+ [ dx dt ] (s) = lim_{s→0}

∫_∞

0^−

e^{−st} dx dt (t) dt

(6.4.28) = ∫_∞

0^− dx dt (t) dt

(6.4.29)

= x(∞) − x(0^−) .

(6.4.30)

Version 1.1 89 September 2006 ziccv cg dxnzde x”cn qltl lawp zepexg‘d ze‘eeynd izyn

lim_{s→0} sX_+(s) − x(0^−) = x(∞) − x(0^−)

(6.4.31)

lim_{s→0} sX_+(s)) = x(∞) .

(6.4.32)

iccv cg qltl ici lr x”cn gezp 6.5

zxnzd jxc mldd zaebz z‘ lawl ozip ,d‘ivi dqipk zkxrnk x”cnl miqgiizn ep‘ xy‘k ik epi‘x zaebz z‘ lawp dketd dxnzd ici lre ,d‘eeyndn iciin ‘ed zxeqnzd zivwpet aeyig :ziccv ec qltl .dlgzdd i‘pz zrtyd z‘ llekd ,xzei hxetn gezip zxyt‘n ziccv cg qltl zxnzd .mldd zihxcphqd dzxeva x”cna aey opeazp N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(6.5.1)

:qt‘a dlgzd i‘pz mipezp xy‘k

y(0^−), y^{(1)}(0^−), y^{(2)}(0^−), . . . , y^{(N−2)}(0^−), y^{(N−1)}(0^−).

(6.5.2)

xear ( 6.4.15) dgqepde zeix‘pild zpekz zxfra ,lawpe d‘eeynd iciv ipy lr ziccv cg dxnzd rvap zxfbp ly dxnzd

L_+

(_N ∑ n=0 a_n d^ny(t) dt^n ) (s) = N∑ n=0 a_nL_+ ( d^ny(t) dt^n ) (s) (6.5.3)

= a_0Y_+(s) + N∑ n=1 a_n ( s^nY_+(s) − n∑ k=1 s^{n−k}y^{(k−1)}(0^−) ) (6.5.4)

= Y_+(s) N∑ n=0 a_ns^n − N∑ n=1 a_n

(_n ∑ k=1 s^{n−k}y^{(k−1)}(0^−) ) . (6.5.5)

dnec dxeva

L_+

(_M ∑ m=0 b_m d^mx(t) dt^m ) (s) = M∑ m=0 b_mL_+ ( d^mx(t) dt^m ) (s) (6.5.6)

= b_0X_+(s) + M∑ m=1 b_m ( s^mX_+(s) − m∑ k=1 s^{m−k}x^{(k−1)}(0^−) ) (6.5.7)

= X_+(s) M∑ m=0 b_ms^m − M∑ m=0 b_m

(_m ∑ k=1 s^{m−k}x^{(k−1)}(0^−) ) . (6.5.8)

oeieeyd z‘

L_+

(_N ∑ n=0 a_n d^ny(t) dt^n ) (s) = L_+

(_M ∑ m=0 b_m d^mx(t) dt^m ) (s) (6.5.9)

Version 1.1 90 September 2006 ziccv cg dxnzde x”cn qltl jk aezkl okl ozip

Y_+(s) N∑ n=0 a_ns^n = X_+(s) M∑ m=0 b_ms^m + N∑ n=1 a_n

(_n ∑ k=1 s^{n−k}y^{(k−1)}(0^−) ) − M∑ m=1 b_m

(_m ∑ k=1 s^{m−k}x^{(k−1)}(0^−) ) (6.5.10)

Y_+(s) = M∑ m=0 b_ms^m N∑ n=0 a_ns^n

X_+(s) + N∑ n=1 a_n

(_n ∑ k=1 s^{n−k}y^{(k−1)}(0^−) )

N∑ n=0 a_ns^n − M∑ m=1 b_m

(_m ∑ k=1 s^{m−k}x^{(k−1)}(0^−) )

N∑ n=0 a_ns^n

(6.5.11)

ly mldd zaebz mr diveleepewn zlawznd daebzd idef xnelk :H(s)X_+(s) ‘l‘ epi‘ oey‘xd xai‘d qltl zxnzd ,ok m‘ .Y_{ZIR} xnelk ,qt‘ dqipka daebzd weica ‘ed ipyd xai‘d .(x”cnd ly) zkxrnd daebz ly mekqk---x”cn ici lr zx‘eznd zkxrn ly zillkd daebzd aeyigl ilk epl zpzep ziccv cgd .dqipkl daebze dlgzd i‘pzl

Version 1.1 91 September 2006

7 wxt

dixet xeh

.miixefgn zeze‘a letihl dhiy ‘ed dixet xeh -eleepew zekxrn) zeix‘pil zekxrn ly invr ze‘ ‘ed e^{st} dxevdn il‘ivppetqw‘ ze‘ ,epi‘xy itk ‘id daebzd if‘ x(t) = e^{jωt} ‘ed dqipkd ze‘ m‘ .ziqgi heyt ‘ed daebzd aeyig okle (x”cne div xfrdl lkep f‘ oky---miil‘ivppetqw‘ zeze‘ ly mekqk xzei miillk zeze‘ bviil dvxp okl .H(jω)e^{jωt} didz daebzd zeix‘pild awr if‘ x(t) = ∑ k e^{jωkt} m‘ .dheyt dxeva daebzd z‘ aygle zeix‘pila

y(t) = ∑ k H(jω_k)e^{jωkt} .

(7.0.1)

it lr rawp ixefgn ze‘y oeeik .miixefgn zeze‘l zeyrl ozip miipenxd zeze‘ ly mekql ze‘d wexit dxevdn mekqk [0, T ] leexehpi‘d lr xcbend ze‘ bivdl dvxp ,cg‘ xefgn ipt lr eikxr ∞∑ k=−∞

a_ke^{jkω0t}

(7.0.2)

mekq lky meyn iqiqa xcz gpena miynzyn ep‘ .iqiqad (iziefd) xczd ‘ed ω_0 = 2π/T xy‘k :ixefgn ‘ed mixa‘dn cg‘ lky meyn ,T xefgn mr zixefgn divwpet oaenk ‘ed dlrnl dxevdn

e^{jkω0t} = e^{j(kω0t+k2π)} = e^{j(kω0t+kω0T )} = e^{jkω0(t+T )}.

(7.0.3)

dxfg-dixet xeh 7.1

.”zeilxbhpi‘ zexnzde dixet ixeh” qxewd lr dxfg ‘ed df sirqa xnegd ,leexhpi‘a ziteq dibxp‘ mdl yi xy‘e 0 ≤ t ≤ T xear mixcbend zeze‘d sqe‘ ‘ed L_2[0, T ] ik xkfp xnelk ∫_T 0 |x(t)|^2 dt < ∞.

(7.1.1) dxfg dixet xeh

‘id df agxna ziniptd dltknd

⟨x, y⟩ = 1 T ∫_T 0 x(t)y^∗(t) dt

(7.1.2)

‘id dnxepdy oeik ziteq dnxep oaenk dzernyn ziteq dibxp‘e

‖x‖^2 = ⟨x, x⟩ .

(7.1.3)

zeze‘d sqe‘ .ω_0 = 2π/T ‘ed T jxe‘a rhwl mi‘znd iqiqad xczd { e^{jkω0t} } (7.1.4)

xnelk L_2[0, T ]-a zeivwpet xear ilnxepezxe‘ qiqa deedn 1 T ∫_T 0 e^{jkω0t}e^{−jmω0t} dt = δ(k − m)

(7.1.5)

zxg‘e n = 0 m‘ 1-l deey---(!wxic ly dzlcdn licadl) xwpexw ly dzlcd zivwpet ‘id δ(n) xy‘k .‘ad htynd miiwzn okl .0 deey

dixet incwn z‘ xicbp L_2[0, T ]-a x ze‘ xear 7.1.1 htyn

a_n .= ⟨x(t), e^{jnω0t}⟩ = 1 T ∫_T 0 x(t)e^{−jnω0t} dt.

(7.1.6)

xnelk ,MSE: Mean Square Error oaena x-l aeh aexw deedn iteqd xehd if‘

lim N→∞ ∫_T 0 | | | | x(t) − N∑ n=−N

a_ne^{jnω0t} | | | | 2 dt = 0.

(7.1.7)

‘edylk mincwn sqe‘ {b_n} idi .‘ad oaena x ly iteq aexiw jxevl xzeia aehd ‘ed {a_n} mincwnd sqe‘ ,sqepa :{b_n} ici lr aexiwd ly efn dphw {a_n} ici lr aexiwd ly zireaixd d‘ibyd if‘ .N, M minly ipy xgape

∫_T 0 | | |x(t) − M∑ n=−N

a_ne^{jnω0t} | | | 2 dt ≤

∫_T 0 | | |x(t) − M∑ n=−N

b_ne^{jnω0t} | | | 2 dt. (7.1.8)

:leeqxt htyn miiwzn if‘ .L_2[0, T ]-a ‘ed mb xy‘ y ze‘ ly dixet incwn {c_n} zrk eidi 1 T ∫_T 0 x(t)y^∗(t) dt = ∞∑ −∞ a_nb^∗_n, 1 T ∫_T 0 |x(t)|^2 dt = ∞∑ −∞ |a_n|^2.

(7.1.9)

mincwnd z‘ xfgyl ozip oaenk if‘ ( 7.0.2) dxevdn dixet xeh zxeva oezp ixefgn ze‘ m‘ ik al miyp .( 7.1.6) jxc {a_k} xeh zxfra eze‘ axwl xyt‘ if‘ ,miniieqn mi‘pz miiwn x ze‘d m‘ ,dixet zxnzd ly dxwna enk .izcewpd oaena mb iteqpi‘

Version 1.1 93 September 2006 qaib zrtez dixet xeh ici lr ahid mixcben dixet incwn if‘ .(L_1[0, T ]-a ze‘) iliaxbhpi‘ ze‘ x didi .dlkixic i‘pz 7.1.2 htyn .( 7.1.6) zecewp ly iteq xtqn ze‘l oke ,zetivx i‘ zecewp ly iteq xtqn ze‘l xnelk ,oirhewnl sivx ze‘d sqepa m‘ :[0, T ] leexhp‘a t lk xear qpkzn xeh ici lr aexiwd if‘ ,meniqwne menipin lim N→∞,M→∞ M∑ n=−N

a_ne^{jnω0t} = 1 2 [ x(t^−) + x(t^+) ] . (7.1.10)

ceaira .zireaix d‘iby ly oaena wx xzeia aehd aexiwd z‘ mipzep dixet incwn ik yibcdl aeyg oaenk z‘f .xyt‘d lkk ohw ‘ed ze‘d oial epia ilniqwnd wgxnd xy‘ aexiw mizirl miytgn zeze‘ xeh ici lr aexiwd df oaena ik d‘xp dad .7.1.2 htyn ly beqdn ‘ed aexiwd xy‘k wx zeyrl ozip .cgeina aeh epi‘ dixet

qaib zrtez 7.2

j‘ ,x(t) ly jxrl x ly t zetivx zcewp lka qpkzn iteq xeh ici lr aexiwd ,7.1.2 htynn epi‘xy itk ly iteq xtqn ici lr aexiwa ynzyp cinz ep‘ iyrn ote‘a .miipia jxrl qpkzn ‘ed dvitw zecewpa xtqn z‘ licbpy lkk dphw ‘id m‘d ?dfk iteq aexiw ly d‘ibyd idn :‘id jk m‘ dl‘yd .mixa‘ .ω_0-a iqiqad xczd z‘ onqp .ef dcewp gzpl ick dixet zxnzd ly milka ynzydl ozip ?mixai‘d lewy mixa‘ ly iteq xtqn ici lr aexiw .zizcewp qpkzn xehdy jk dlkixic i‘pz miniiwzny gipp iteq aexiw okl .lecb |n| mb okle ,lecb nω_0 myexit mideab mixczy meyn---mideab mixcz zniqgl lk z‘ xiarnd mikenp xiarn opqnd z‘ H_N (ω)-a onqp .mikenp xiarn opqn jxc xehd zxardl lewy .(ef dcewp gipfp j‘ ,Nω_0-l xarn hrn xiarnd opqn xegal jixv ,weicd ornl) Nω_0 lleke cr mixczd if‘ ,df opqn ly mldd zaebz z‘ h_N (t)-a onqp m‘

x_N (t) .= N∑ n=−N

a_ne^{jnω0t} = x(t) ∗ h_N (t).

(7.2.1)

t ≠ 0 xear if‘ ,ω_0 = 2π/T -y oeeik :xara epayig mikenp xiarn opqnd ly mldd zaebz z‘ h_N (t) = 1 2π ∫_∞ −∞ H_N (ω)e^{jωt} dω

(7.2.2) = 1 2π ∫_{Nω0}

−Nω_0

e^{jωt} dω

(7.2.3) = 1 2πjt [ e^{jNω0t} − e^{−Nω0t} ] (7.2.4) = 1 πt sin(Nω_0t)

(7.2.5) = 2N T T 2N 1 πt sin(Nω_0t)

(7.2.6) = 2N T sin(Nω_0t)

Nω_0t

(7.2.7) = 2N T sinc(Nω_0t).

(7.2.8)

Version 1.1 94 September 2006 miixefgn zeze‘l dixet zxnzd dixet xeh .sinc-d ly meniqknd zcewp idef ike sinc(0) = 1 ik xkfip .dnec dxeva ef d‘vez lawp t = 0 xear ‘ed (!oniqa aygzda) ef divwpetl zgzn ghyd ∫_∞ −∞ 2N T sinc(Nω_0t) dt = F(h_N ) | | ω=0 = H_N (0) = 1.

(7.2.9)

drtydd aexy oeeik .lcb N-y lkk 0 aiaq ddeabe dxv ziyrp ‘id .δ zivwpet ly aexw oirn ‘ed h_N okl wecal witqn ,divwpet ly zetivx i‘ zcewpa iteqd aexiwd zrtyd z‘ wecal ick ,0 aiaq ‘id dly .t = 0 dcewpd aiaq xnelk ,dly zetivxd i‘ zcewp aiaq u dbxcn zivwpet ly iteq aexiwl dxew dn oeeik z‘f :(u ∗ h_N )(0) = 1/2 diveleepewdn lawp t = 0 xear ik al miype sinc zivwpet ly sxba opeazp lawzi diveleepewd ly ilniqwnd jxrd ,ipy cvn .1 llek ghy mr ,zixhniq divwpet ‘id sinc-dy aeyg mle‘ .1.08 aexiwa ‘ed df jxr ik ze‘xdl xyt‘ .sinc-d ly oey‘xd qt‘a xnelk t =^{2π}_{Nω0} xear ,ok m‘ .lcb N xy‘k dpihw dpi‘ aexiwd ly ziaxind d‘ibyd xnelk !N-a llk ielz epi‘ df jxr ,jkn mle‘ .qpkzn dixet xeh ,(zetivx zcewp ‘edy) oezp t lka ,dlkixic htynn .d‘ad d‘vezd z‘ eplaw d‘ibyd ea onfd zcewpe ,8% -k ly ‘id ziaxnd d‘ibyd if‘ ,‘idylk zetivx i‘ zcewp ze‘l yi m‘ d‘ibyd ea---leexhpi‘d---megzd ,xnelk .lcb N-y lkk zetivxd i‘ zcewpl zaxwzn zilniqwn ‘id .Gibbs qaib zrtez idef .ziaxnd d‘ibyd ‘l j‘ ,N lecib mr mvnhvn ,zizernyn ici lr aexiwd el‘k mineyii xear .aeygd lcebd ‘id ziaxnd d‘ibyd mda mineyii mpyi ,xen‘k .jynda dnbec d‘xp .mixg‘ miaexiwa ynzydl yie ,mi‘zn epi‘ dixet xeh

miixefgn zeze‘l dixet zxnzd 7.3

-y oeeik ,iliaxbhpi‘ zeidl leki epi‘ T xefgn mr (qt‘ deey epi‘y) ixefgn ze‘ ∫_∞ −∞ |x(t)| dt = ∞∑ m=−∞

∫_{mT}

t=(m−1)T

|x(t)| dt = ∞∑ m=−∞

∫_T t=0 |x(t)| dt = ∞

(7.3.1)

divwpetk ,dixet zxnzd jxevl ,dfk ze‘l qgiizp okl .zeixefgndn raep oexg‘ iptld oeieeyd xy‘k ze‘ oezp .(zeihnznd zeiewcl qpkp ‘l j‘ ,aeyigd z‘ wicvdl ozip) ilnxet aeyig dyrp .zllken dixet beviia ixefgn

x(t) = ∞∑ k=−∞

a_ke^{jkω0t} , a_n = 1 T ∫_{T /2}

−T /2

x(t)e^{−jkω0t} dt,

(7.3.2)

zxnzd ly zeix‘pila ynzyp .zeixefgnd awr T ekxe‘y leexhpi‘ lk lr zeyrl ozip lxbhp‘d z‘ xy‘k lawpe F { e^{jkω0t} } (ω) = 2πδ(ω − kω_0) dxnzdae dixet

F {x} (ω) = F

{_∞ ∑ k=−∞

a_ke^{jkω0t} } (ω) = ∞∑ k=−∞

a_kF { e^{jkω0t} } (ω) = 2π ∞∑ k=−∞

a_kδ(ω − kω_0).

(7.3.3)

ze‘ ly dixet zxnzd ik eplaiw mekiql .cos ly dxnzdd z‘ epayig xy‘k epi‘x efk dxnzdl dnbec ici lr dpezp {a_n} md ely dixet incwn xy‘ ixefgn

F {x} (ω) = 2π ∞∑ k=−∞

a_kδ(ω − kω_0).

(7.3.4)

Version 1.1 95 September 2006 xefgye dnibc dixet xeh ly zeletkl hxt ,mixczd aexa zqt‘zn ixefgn ze‘ ly dxnzd ,”libx” ze‘ ly dixet zxnzdl cebipa .zllken divwpet ‘id dxnzdd ,ipy cvn .iqiqad xczd zakx” e‘ ”minld wxqn” ‘xwpd llkend ze‘l zqgiizn ixefgn ze‘ ly dxnzdl daeyg dnbec .dnibcd ‘yepl ifkxn ze‘ edf ,d‘xpy itk ”.minld

,T xefgn mr ixefgn ze‘ ‘edy ,llkend ze‘d ‘ed minld wxqn 7.3.1 dxcbd

w_T (t) .= ∞∑ k=−∞

δ(t − kT ) .

(7.3.5)

md eincwn xy‘ (zihnznd dwcvdd lr blcp ,aeye) dixet xehk eze‘ meyxp ,ixefgn ze‘ edfy oeeik

a_k = 1 T ∫_{T /2}

−T /2

x(t)e^{−jkω0t} dt = 1 T ∫_{T /2}

−T /2

δ(t)e^{−jkω0t} dt = 1 T . (7.3.6)

daeygd dgqepd z‘ lawp ( 7.3.4)-ne o‘kn F {_∞ ∑ k=−∞

δ(t − kT ) } (ω) = 2π T ∞∑ k=−∞

δ(ω − kω_0) = ω_0 ∞∑ k=−∞

δ(ω − kω_0) .

(7.3.7)

.(xcza) minld wxqn zpzep (onfa) minld wxqn ly dixet zxnzd xnelk dxeva x_T ly dixet xeh lawzn ( 7.3.6) aeyigdn :zihnzn dxrd

x_T (t) = 1 T ∞∑ k=−∞

e^{jkω0t} .

(7.3.8)

divwpet idef ,d‘eeynd ly l‘ny cv enky ‘ed exear oekpd yexitd .qpkzn epi‘ oini cva mekqdy xexa zxcben dcivn ef dlert .oga zivwpet lr dzlert ici lr zxcben ‘id ,zllken divwpet lk enk .zllken :leab jxc ∫_∞ −∞ ( 1 T ∞∑ k=−∞

e^{jkω0t} ) ϕ(t) dt .= lim_{N→∞}

∫_∞ −∞ N∑ k=−N

e^{jkω0t}ϕ(t) dt.

(7.3.9)

‘id oga zivwpet ly dxnzdy oeeik :ϕ ly dixet zxnzd ly mikxr mekq edfy oeeik qpkzn oini cv .qpkzn mekqd ,(ω dpzyna) oga zivwpet dnvra

xefgye dnibc 7.4

.mixtqn zxcq mvra mdy zeze‘a milthn ep‘ xnelk ,aygna meik dyrp zeze‘d ceairn xkip wlg zecewpa ze‘d ly mikxr zbviind mixtqn zxcq lka xy‘n xzei ax rcin oenh sivx onfa ze‘ay oaenk .eizenibc jezn wiecna exfgyl didi ozipy efk dxeva ze‘d z‘ mebcl ozip m‘d ‘id dl‘yd .zecica onf ici lr (sivx onfa) divwpet bevii ‘ede ,dnibc ly cg‘ otl wx o‘k miqgiizn ep‘ ik yibcdl aeyg weica mibvein aygna mixtqn ik dcaerd ‘ed aygenn letih jxevl aeyge sqep ot .mixtqn zxcq .zeze‘ ceair iqxewa lynl mipc df ‘yepa .”lebir” rvazn lreta okle ,iteq

Version 1.1 96 September 2006 xefgye dnibc dixet xeh (cica onfa ze‘) mixtqnd zxcq ‘ed T ly dnibc geexna mebcd ze‘d ,x ze‘ ozpda 7.4.1 dxcbd

x_s(n) .= x(nT ).

(7.4.1)

.x_T (t) .= x(t)w_T (t) onqp .(7.3.1 dxcbd d‘x) w_T (t) minld wxqna ynzyp ihnznd gezipd jxevl lawp

x_T (t) = x(t)w_T (t) = x(t) ∞∑ k=−∞

δ(t − kT )

(7.4.2)

= ∞∑ k=−∞

x(kT )δ(t − kT )

(7.4.3)

= ∞∑ k=−∞

x_s(k)δ(t − kT ).

(7.4.4)

ze‘l dixet zxnzd rvap .ω_s = 2π/T ‘ed dnibcd avw . x_s(n) mebcd ze‘d ly sivx onfa bevii eplaiw lawpe x_T (t) = x(t)w_T (t)

F{xw_T }(ω) = X_T (ω) = 1 2π X(ω) ∗ F

{_∞ ∑ k=−∞

δ(t − kT ) } (ω) (7.4.5)

= 1 2π X(ω) ∗ [ 2π T ∞∑ k=−∞

δ(ω − kω_s) ] (ω) (7.4.6)

= 1 T ∞∑ k=−∞

X(ω − kω_s).

(7.4.7)

ze‘d z‘ xfgyl didi ozipy ick witqn i‘pz .ixewnd ze‘d ly zeffd ly (iteqpi‘) sqe‘ eplaiw .‘edylk xcz megza dtitgl dpnexbz ‘l zeffddy ‘ed ixewnd

m‘e ,|ω| ≥ B xear X(ω) = 0 xnelk ,B agexl xcz laben ‘ed x ze‘d m‘ .dnibcd htyn 7.4.2 htyn wiecna x z‘ xfgyl ozip if‘ ,ω_s ≥ 2B xnelk ,(Nyquist rate) hqiewiip xczn deab ‘edy ω_s xcza x z‘ minbec .eizenibc jezn

.jynda d‘xp ze‘nbece ,igxkd epi‘ df i‘pz :dxrd xiarpe x_T ze‘d z‘ mebcd ze‘dn xevip m‘ .T daebae B agexa mikenp xiarn opqn H_B didi :dgked lawp ( 7.4.7) jezn if‘ df opqn jxc eze‘

X_T (ω)H_B (ω) = X(ω)

(7.4.8)

.l.y.n .yxcpk xviil jxc epl oi‘y oeeik zixyt‘ xefgiy zhiy ‘l ef j‘ ,mebcd ze‘a miiw rcind ik d‘xn dgkedd ozip cvik zfnex dpi‘ dgkedd ,jkl xarn .il‘ci‘ mikenp xiarn opqn zepal ozip ‘le minld wxqn

Version 1.1 97 September 2006 iyrn xefgiy dixet xeh mebcd ze‘d jezn .xefgiyd zhiy z‘ yxetna dbivnd ztqep dgked zrk meyxp .iyrn xfgyn zepal lawpe ,miffen sinc zeze‘a dltkd ici lr sivx onfa ze‘ xviip ∞∑ k=−∞

x_s(k) sinc

( ω_s 2 (t − kT ) ) = ∞∑ k=−∞

x_s(k)δ(t − kT ) ∗ sinc

(ω_s 2 (t) ) (7.4.9)

= ∞∑ k=−∞

x(t)δ(t − kT ) ∗ T 1 π ω_s 2 sinc

(ω_s 2 (t) ) (7.4.10)

= ( x(t) ∞∑ k=−∞

δ(t − kT ) ) ∗ T 1 π (ω_s 2 ) sinc

(ω_s 2 (t) ) . (7.4.11)

htyn zgkeda xcbend) H_{ωs/2} weica ‘id diveleepewa ipnid xai‘d ly dxnzdd :dixet zexnzd aygp :onfa dltkn ly dxnzd ‘id il‘nyd xai‘d ly dxnzdde ,(7.4.2 dnibcd F { x(t) ∞∑ k=−∞

δ(t − kT ) } = 1 2π X(ω) ∗ ∞∑ k=−∞ 2π T δ(ω − kω_s)

(7.4.12)

= 1 T ∞∑ k=−∞

X(ω − kω_s).

(7.4.13)

.l.y.n .mlyen xefgiy lawp ,xcza laben X-y llba .axewn mikenp xiarn opqna xiarpe ,sinc axwnd ze‘a litkp :iyrn xefgyl jxcd lr zfnxn ef dgked

iyrn xefgiy 7.5

minyexe ze‘d jxr z‘ miccen oezp rbxa :oexkif zxqg dyrnl ,dheyt dlert ‘id dnibcd zlert zakxa epynzyd dgkedd jxevl .ziyrn dlert dpi‘ ,z‘f znerl ,epi‘xy xefgiyd zlert .epiptl eze‘ :ziyrn dhiy dbivn dpi‘ ztqepd dgkedd mb .xviil epzlekia oi‘y oaenk xy‘ ihxe‘z ze‘---minld ly iteq oi‘ sqe‘a xnelk :n lkl x_s(n) dnibcd ikxra ynzydl epilr t rbxa ze‘d jxr z‘ xfgyl ick .cizra mikxra hxtae ,mikxr rval mivex epiid xnelk .dlecb ‘l diidz didyddy ievxe ,heyt xefgiya mipiipern ep‘ iyrn ote‘a xefgiy ‘xwp xzeia heytd xefgiyd .nT -l aexw t mxear x_s(n) ikxra yeniy jez t rbxa xefgyd z‘ xicbp xnelk ,recid oexg‘d jxrd lr mixney ep‘ df xefgiya .ZOH: Zero Order Hold qt‘ xcqn

x_r(t) = x_s(n), nT ≤ t < nT + T .

(7.5.1)

:dycg divwpet xicbp df xefgiy gzpl ick

p_T (t) .=

1 0 ≤ t < T 0 zxg‘

(7.5.2)

:jk x_r xfgeynd ze‘d z‘ meyxl lkep zrk

x_r(t) = ∞∑ n=−∞

x_s(n)p_T (t − nT ) .

(7.5.3)

Version 1.1 98 September 2006 iyrn xefgiy dixet xeh gzpl ick .ycgd ekxrl utew f‘e T jxe‘a onf iwxt lr reaw ‘ed :”zebxcn” ze‘ ‘ed x_r xfgeynd ze‘d :jk x_T zxfra eze‘ bivp ,ixewnd ze‘l eze‘ zeeydle xczd megza df ze‘

p_T (t − nT ) = p_T (t) ∗ δ(t − nT )

(7.5.4)

x_r(t) = ∞∑ n=−∞

x_s(n)p_T (t) ∗ δ(t − nT )

(7.5.5)

= p_T (t) ∗ ∞∑ n=−∞

x_s(n)δ(t − nT )

(7.5.6)

= p_T (t) ∗ x_T (t)

(7.5.7)

okl .( 7.4.2) d‘eeyna xcben x_T xy‘k

X_r(ω) = P_T (ω)X_T (ω) .

(7.5.8)

did xefgyd if‘ (mi‘znd xcza) mikenp xiarn opqn did P_T m‘ ik mircei ep‘ dnibcd htyn zgkedn z‘ aygp ezxfrae ixhniq ze‘ ozz xy‘ p_T ly zffen dqxib xicbp .ef dxnzd ok m‘ aygp .mlyen :P_T (ω)

p_{T S} (t) =

1 −T/2 ≤ t < T/2 0 zxg‘

(7.5.9)

P_{T S} (ω) = T sinc ( ωT 2 ) (7.5.10)

p_T (t) = p_{T S}(t − T/2)

(7.5.11) P_T (ω) = e^{−jωT /2}P_{T S} (ω)

(7.5.12) = e^{−jωT /2}T sinc ( ωT 2 ) (7.5.13)

|P_T (ω)| = T | | |sinc ( ωT 2 )| | | . (7.5.14)

epilr ,(xiaq didi xefgiyd okle) aeh didi aexiwdy ick .mikenp xiarn opqnl aexw epi‘ df ze‘y oaenk ,(my ohw didi P_T (ω)-y dvxp xnelk) mideab mixczl X(ω) ly zeffdd zrtyd :zertez izy oihwdl xcz m‘ zeylgp zertezd izy .qt‘ aiaq mixcza reaw epi‘ P_T (ω) ly ekxry jkn minxbpd mizeeire xcz lr xaecn iyrn ote‘a xy‘k ,2π/T = ω_0 ≫ 2B xegal okl laewn .(ohw T e‘) deab didi dnibcd xefgiy ozep xy‘ yeninl heyt xfgyn ook m‘ ‘ed oexzid .hqiewiip xczl qgia xzei e‘ yleyn letk dnibca jxev yi---oexqigd .(mincew mipnfa zenibca wx ielz xfgeynd ze‘d jxr) didyd lk ‘ll (zenibcd xtqn) xenyl mikixv ep‘y rcind zenk sqepae zipkh xzei dyw ‘edy xac ,xzei deab avwa dnibcd avw zexnl ,mlyen epi‘ xefgydy ‘ed sqep oexqgy oaenk ,il‘ci‘ xfgynl qgia .dnk it lecb .deabd

Version 1.1 99 September 2006 zexnzdd oia mixyw dixet xeh divletxhpi‘d zivwpet z‘ xicbp .First Order Hold oirhewnl ix‘pil xfgyn gzpl ozip dnec dxeva

i_T (t) .=

1 + t/T −T ≤ t ≤ 0 1 − t/T 0 ≤ t ≤ T 0 .zxg‘

(7.5.15)

ici lr xfgeynd ze‘d z‘ xicbp

x_r(t) = ∞∑ n=−∞

x_s(n)i_T (t − nT )

(7.5.16)

= ∞∑ n=−∞

x_s(n)i_T (t) ∗ δ(t − nT )

(7.5.17)

= i_T (t) ∗ x_T (t)

(7.5.18) X_r(ω) = I_T (ω)X_T (ω) .

(7.5.19)

yxec ix‘pild xfgynd ,xfgeynd ze‘d ly xard lr rcina wx ynzyn ZOH-d xfgyn cera ik al miyp zecigi T ly didyda wx ze‘vezd z‘ lawl lkep iyrn ote‘a xnelk ,dnicw onf zecigi T cr rcin .onf mle‘ .i_T ly dxnzdd z‘ aygp gezpd jxevl ZOH ly gezipa enk

i_T (t) = 1 T p_{T S} (t) ∗ p_{T S} (t)

(7.5.20)

I_T (ω) = 1 T P^2_{T S} (ω)

(7.5.21)

= T sinc^2 ( ωT 2 ) . (7.5.22)

didz zeffd ly drtyddy zetvl yi okl .P_T xy‘n xzei (lcb ω xy‘k) xdn jrec xy‘ iaeig ze‘ edf .(!hqiewiip xczn deab oaenk j‘) xzei jenp xcza mebcl didi ozipe ,xzei dphw

dixet xehe dixet zxnzd ,qltl zxnzd oia mixyw 7.6

qltl zxnzde dixet zxnzd 7.6.1 zexiyi raep xacd .qltl zxnzd ly ihxt dxwn ‘id dixet zxnzd ,miliaxbhpi‘e miipni zeze‘ xear dixet zxnzd .zilxbhpi‘d dgqepd ici lr dpezp dixet zxnzde ,zeniiw zexnzdd izy ik dcaerdn -‘l zeze‘ hxta) miniieqn zeze‘ lr aeygl ozipe ,millken zeze‘ ly dagx dgtyn xear zxcben qltl zxnzd iabl dixe‘zd .dixet zxnzd mxear lawl jkae ,millken zeze‘k (miniieqn miliaxbhpi‘ lynl) qltl zxnzd oi‘ j‘ dixet zxnzd yi mxear zeze‘ mpyi .xzei dheyt mb j‘ ,xzei zlaben .(a meyl iliaxbhpi‘ epi‘ x(t)e^{at}-y zexnl llkend oaena dixet zxnzd yi mxear x(t) miipni zeze‘

Version 1.1 100 September 2006 zexnzdd oia mixyw dixet xeh xy‘k .(a > 0 xy‘k e^{at}u(t) lynl) dixet zxnzd oi‘ j‘ qltl zxnzd yi mxear zeze‘ mpyi ipy cvn lawpe ,deey zilpeivwpetd dxevd if‘ ,zeqpkzdd megza ‘vnp s = 0 hxtae zeniiw zexnzdd izy H(jω) = H(s)|_{ℜe s=0,Im s=ω} .

(7.6.1) zeaivi zekxrna letihl dni‘zn ef dxnzd ik micnl ep‘ dixet zxnzd oi‘ dxear epi‘xy dnbecdn dxnzdd hxtae ,df oaena xzei dyinb qltl zxnzd .(miiaeig mihppetqw‘ zllek dpi‘ daebzdy jk) .xarn zerteze dlgzd i‘pz zrtyda lthl zn‘zen ziccv cgd dixet xeh incwne dixet zxnzd 7.6.2 xicbp .‘ad ze‘d ly dixet zxnzd jezn lawl ozip dixet xeh incwn z‘

x_0(t) .= x(t) −^T_2 ≤ t ≤^T_2 0 .zxg‘

(7.6.2)

ici lr milawzn dixet incwn if‘

a_k .= 1 T ∫_{T /2}

−T /2

x(t)e^{−jkω0t} dt

(7.6.3) = 1 T ∫_∞ −∞ x_0(t)e^{−jkω0t} dt

(7.6.4) = 1 T X_0(ω) | | ω=kω_0 . (7.6.5)

zenibcd xy‘k ,divwpetd ly cg‘ xefgn ly dixet zxnzd ly zenibcd md dixet xeh incwn xnelk .iqiqad xczd ly zeletka od

Version 1.1 101 September 2006

8 wxt

a”wl zkxrn ly daebze miqt‘ ,miahw

ly miqt‘de miahwd mewin oepkz :mialyl dirad z‘ zwlgn zekxrn gezipe oepkzl daeyg dyib .miievxd miqt‘de miahwd z‘ dl yi xy‘ zkxrn oepkz okn xg‘le ,zeyixcl dprzy ick zkxrnd .zkxrnd zebdpzd lr mzrtyd zpigan miqt‘de miahwd mewin zernyn z‘ oiadl cnlp df wxta ze‘l e‘ ,ipkn ‘ven ze‘l eze‘ xindle (ilnyg lynl) dqipk ze‘ lawl ‘ed zkxrnd ciwtz m‘ zekxrn zrtyd dn oiadl ick .dqipkd ze‘ ixg‘ ”aewri’’ zkxrnd ‘veny dvxp if‘ ,xaben ilnyg zkxrnd zebdpzd z‘ exicbi xy‘ micnnd .dbxcnl daebzd lr ybc df wxta miyp ,df oaena zepey onf dnk :dbxcn zqipkl zkxrnd daibn xdn dnk dl‘ya miwqer md illk ote‘a .8.2 sirqa excbei .’eke zekrec ody cr onfde zecepzd lceb edn ,(dqipkd lceb) 1-l daexw daebzdy cr gwel

oey‘x xcqn zkxrn 8.1

.miqt‘ ‘ll oey‘x xcqn zkxrn---xzeia dheytd zkxrna opeazp

‘id dly zxeqnzd zivwpet xy‘ zkxrn dpezp 8.1.1 dnbec

H(s) = 1 s + λ

ROC_H = {ℜe (s) > −λ} .

(8.1.1)

ok m‘ ‘id mldl daebzd .ilily ‘edy (−λ)-a ‘ed ahewd xnelk .(iynn) λ > 0 ik gipp

h(t) = e^{−λt}u(t) .

(8.1.2) ipy xcqn zkxrn miqt‘e miahw ,t ≥ 0 xear okle s(t) = (u ∗ h)(t) ‘id dbxcnl daebzd

s(t) = (h ∗ u)(t) =

∫_t −∞ h(τ) dτ

(8.1.3) = ∫_t −∞ e^{−λτ} u(τ) dτ

(8.1.4) = ∫_t 0 e^{−λτ} dτ

(8.1.5) = − 1 λ e^{−λτ} | |^t 0 (8.1.6) = 1 λ ( 1 − e^{−λt} ) . (8.1.7)

lkk .^1_λ -l df dxwna---reawl zt‘ey dbxcnd zaebz eli‘e ,lecb t xear 0-l zt‘ey mldd zaebz λ > 0-y oeeik zt‘ey (mldd zrtyd mez xg‘l) dqipk ‘ll zkxrndy oaena xzei dxidn zkxrnd zaebz jk ,xzei lecb λ-y xzei dlecb zexidna---miiepiy ‘ll xnelk---”aivi” avnle ,xzei dlecb zexidna 0 daebz ‘edy dgepn avnl 1/e ick cr axwzz dbxcnl daebzdy cr yexcd onfk τ daebzd onf z‘ lynl xicbp .dbxcn zqipk ly dxwna e‘ e^{−λτ} = e^{−1} xy‘k dxwi df .(lecb t-a) iteqd jxrl τ = 1 λ . (8.1.8)

xnelk ,‘edylk qt‘ mb yi zkxrnl m‘

H(s) = s + a s + λ = a s + λ + s s + λ

(8.1.9)

ik lawp if‘

h(t) = ae^{−λt}u(t) + d dt ( e^{−λt}u(t) ) (8.1.10) = ae^{−λt}u(t) + ( −λe^{−λt}u(t) + δ(t) ) (8.1.11) = (a − λ)e^{−λt}u(t) + δ(t) .

(8.1.12)

dgpda oiicr) zkrec dzlc zqipkl daebzd aey ,xg‘ dxwn lka .dzlc ‘id mldd zaebzy lawp a = λ xear iteqd jxrl zaxwzne (δ -d llba) 1 jxra dligzn df dxwna dbxcnl daebzd .λ-a dielzd zexidna (λ > 0-y .λ ici lr zrawpd zexidna

d‘eeyin ici lr zx‘eznd zkxrn lk zegtl) xzei zillk zkxrn ly mld zaebz meyxl ozipy oeeik mekqk (dqipka xzeia ddeabd zxfbpd xcqn ohw epi‘y xcqn ‘ed ipiit‘d mepiletdy efk zil‘vpxtic miraew md---dnbecak zx‘yp miahwd ly zernynd ,(miiwlg mixayl wext ici lr) el‘k miieha ly ‘vnp ahewd mewiny lkk .aivid jxrl dly zeqpkzdd avw e‘ (dzlcl) daebzd ly dkircd avw z‘ dlecb zexidna zaviizn zkxrnd jk (xzei ilily iynnd ewlg xnelk) akexnd xeyina xzei dl‘ny .df xaqd hxtp jynda .xzei

Version 1.1 103 September 2006 ipy xcqn zkxrn miqt‘e miahw

ipy xcqn zkxrn 8.2

ipy xcqn zil‘ivpxtic d‘eeyna opeazp ÿ + bẏ + cy = x

(8.2.1) md ipiit‘d mepiletd iqt‘ .miiynn md mincwnd lk xy‘k 1 2 ( −b ± √ b^2 − 4c ) . (8.2.2) .swz mcewd sirqd ly gezipde ,miiynn md miyxyd if‘ b^2 ≥ 4c m‘ xzei illk ote‘a e‘ c ≤ 0 m‘ oey‘x xcqn zekxrn izyl zeaebz ly mekqk (dbxcnd zaebz e‘) mldd zaebz z‘ meyxl ozip xnelk md miyxyd ea dxwnd z‘ okl ogap .zedf zepwqnd okle ,(miiynnd miipydn cg‘ yxey mr zg‘ lk) dpzyne ω_n iaeige iynn dpzyn xicbdl lkep ok lr .c > 0 if‘ miakexn miyxyd m‘ ,hxta .miakexn ‘id mzxcbdy ξ iynn ω^2_n = c

(8.2.3) 2ξω_n = b .

(8.2.4) xnelk b^2 < 4c ‘ed epze‘ oiiprnd megzd 4ξ^2ω^2_n < 4ω^2_n → ξ^2 < 1 .

(8.2.5) dxevdn ipy xcqn zil‘ivpxtc d‘eeyn ogap ,ok m‘ ÿ + 2ξω_nẏ + ω^2_ny = ω^2_nx

(8.2.6) ik al miyp .(miiehiad z‘ hrn hytl crein x ly mcwnd) .|ξ| < 1 miiwne iynn ξ-e iaeig ω_n xy‘k ,|ξ| < 1 dxwna ‘ed eply oiiprdy zexnl ,sqepa .ipy xcqn zix‘pil d‘eeyn lkl mi‘zn epi‘ df xe‘z :dixet zxnzd revia ici lr xczd zaebz z‘ aygp .ξ ly jxr lkl ahid zxcben d‘eeynd (jω)^2Y (ω) + 2ξω_njωY (ω) + ω^2_nY (ω) = ω^2_nX(ω)

(8.2.7) H(jω) = ω^2_n (jω)^2 + 2ξω_njω + ω^2_n

(8.2.8) = ω^2_n (jω − c_1)(jω − c_2)

(8.2.9) c_1 = −ξω_n + ω_n √ ξ^2 − 1

(8.2.10) c_2 = −ξω_n − ω_n √ ξ^2 − 1 .

(8.2.11)

dxeva meyxl gep xczd zaebz z‘ .miakexn miyxy ly cenv bef ietvk lawp ξ lr eply mi‘pza H(jω) = 1 ( 1 −^{ω2}_{ω2n} ) + j2ξ^ω_{ωn} . (8.2.12)

Version 1.1 104 September 2006 ipy xcqn zkxrn miqt‘e miahw zxeqnzd zivwpet wexit ici lr

H(s) = ω^2_n s^2 + 2ξω_ns + ω^2_n

(8.2.13)

hrn xg‘l ,milawn |ξ| < 1 miiwn jekiyd mcwn m‘ :mldd zaebz z‘ lawl xyt‘ miiwlg mixayl dxabl‘

h(t) = ω_n √ 1 − ξ^2 e^{−ξωnt} sin ( ω_n √ 1 − ξ^2t ) u(t) .

(8.2.14)

ozep xiyi aeyig mle‘ ,xzei jex‘ dbxcnd zaebz aeyig

s(t) = (h ∗ u)(t)

(8.2.15) = { 1 + ω_n 2 √ 1 − ξ^2 e^{−ξωnt} [ e^{jωn}

√_{1−ξ2t}

c_2 − e^{−jωn}

√_{1−ξ2t}

c_1 ]} u(t)

(8.2.16)

= { 1 − e^{−ξωnt} √ 1 − ξ^2 sin [ ω_n √ 1 − ξ^2t + θ ]} u(t) .

(8.2.17)

(8.2.18)

znerl .ω_n jxra avwa od zecepzd (ohw ξ) ohw jekiy xear ik el‘ ze‘gqepn xexa .θ = cos^{−1}(ξ) xy‘k dleki dbxcnd zaebz ,sqepa .zeihi‘ od zecepzde ω_n ‘ed dkircd avw (|ξ| ≈ 1) lecb jekiy xear z‘f drtez eplawe dqipkd jxr lr dler daebzd jxr df dxwna :t ly miniieqn mikxr xear zilily zeidl .overshoot ly zeqpkzd avw :dbxcn zaebza zeixwird zertezd izy z‘ milawn ep‘ ipy xcqn zkxrn xear zkxrndy gipp .izenk ote‘a ef zebdpzd mix‘znd miccn xtqn ok m‘ xicbp .zecepze iteqd jxrl xy‘ iteq jxrl zt‘ey dbxcnd zaebz lecb t xeary gippe ,meqg ze‘ ‘id dbxcnd zaebzy jk daivi xicbp .ξ > 0-y calae ,df sirqa zx‘eznd ipy xcqn zkxrna avnd edf .(steady state) y_{ss} -a onqp zrk .y_{ss}-n 90% ly jxrl dribn daebzdy cr onfd ‘ed (Rise time) dilrd onf - t_r •

.daebzd ly ilniqknd jxrd lawzn ea onfd ‘ed (peak) ‘iyl onfd - t_p •

.mifeg‘a ‘hean aexl .y_{ss} iteqd jxrl lrn ziaxnd dbixgd ‘id (overshoot) dlrnl dbixgd - OS •

”xepiv’’ jeza zaviizn daebzd d‘lde epnn xy‘ onfd ‘ed (settling time) zeaviizdd onf - t_s • yxcpd weicl m‘zda ,5% e‘ 2% ,1% :miccea mifeg‘ ‘ed laewn agex .iteqd jxrd aiaq oezp .zkxrndn

.dbxcn - dqipkd ly jxrd qgia d‘ibyd xnelk 1 − y_{ss}-k zxcben ,cinznd avnd z‘iby - e_{ss} •

Version 1.1 105 September 2006 ipy xcqn zkxrn miqt‘e miahw :d‘ad dxeva t_r z‘ aygl xyt‘ ( 8.1.1) zkxrnd xear 8.2.1 dnbec

e^{−λtr} = 0.1

(8.2.19) t_r = − log 0.1 λ (8.2.20)

OS dbixgd .zipehepen dxeva dler daebzd oky iteq oi‘ ‘ed t_p-y oaenk .irahd qiqad lr ‘ed mzixbeld xy‘k mikxrd z‘ lawn xy‘) α ly d‘iby jxr xear :dilrd onf aeyigl ddf zeavizdd onf aeyig .daiq dze‘n 0 ‘id (0.05 e‘ 0.01, 0.02

e^{−λts} = α

(8.2.21) t_s = − log α λ . (8.2.22)

.e_{ss} = 0 ,seqal

zegtl) zkxrnd zebdpzd ξ^2 > 1 m‘ .ξ > 0-y dligz gipp ( 8.2.6) ipy xcqn zkxrnd xear 8.2.2 dnbec zkxrndy xn‘p mikxrd ly df megza .zecepz dpiidz ‘l oky ,oey‘x xcqn zkxrnl dnec (zizeki‘ dpigan .akexnd xeyind ly l‘ny cva mipey j‘ miiynn miahw ipy zkxrnl df avna .(overdamped) xzi oeqixa ‘id zkxrnl df dxwnae ihixw oeqix ‘xwp df avn :ξ^2 = 1 xy‘k ‘ed zecepz zllekd zebdpzdl df avnn xarnd oeqix zz avna ep‘e zecepz dpiidz if‘ ξ < 1 m‘ .akexnd xeyind ly l‘ny cva midf miiynn miahw bef izla zkxrnd .akexnd xeyind ly l‘ny cva (micenv) miakexn miahw bef zkxrnl df dxwna .(underdamped) xivd lr (micenv) minecn miahw bef zkxrnl df dxwna .zixefgn ‘id daebzd df dxwnae ξ = 0 m‘ zpqexn .akexnd xeyind ly dnecnd .ξ^2 < 1 cer lk dpiidz zecepz .akexnd xeynd ly oini cva md miahwde daivi dpi‘ zkxrnd ξ < 0 m‘ ,seqal

onfd xeyina daebz ,miqt‘e miahw ztn 8.3

zilpeivx zxeqnz zivwpet zlra zkxrn lk dlewy dxevae ,x”cn ici lr zx‘eznd zkxrn lk ik al miyp dxeva x‘zl ozip

H(s) = C

∏_N n=1(1 + s/α_n) ∏_M m=1(1 + s/β_n)

= C^′

∏_N n=1(s + α_n) ∏_M m=1(s + β_n)

(8.3.1)

reawd zxfra zkxrnd z‘ x‘zl ozip okl .(−β_m) md zkxrnd iahwe (−α_n) md zkxrnd iqt‘ xy‘k .zkxrnd ly miqt‘de miahwd mewin z‘ x‘znd-miqt‘e miahw ztn-hehxy zxfrae C cva miqt‘de miahwd x‘ye ,akexnd xeyind ly oini cva miakexn micenv miqt‘ bef df hehxya .(miakexn) micenv miahw befe miiynn miqt‘ ipy ,iynn ahew millek md .l‘ny miritynd miahw yi m‘de ,zkxrnd zaebz lr miqt‘de miahwdn cg‘ lk rityn cvik :dl‘y ?xzei

Version 1.1 106 September 2006 ipy xcqn zkxrn miqt‘e miahw

� ℜe s

�Im s

× 0 ×

× 0 0

0 miqt‘e miahw ztn :8.1 xei‘

zxeqnz zivwpet mr ipy xcqn zkxrna aey opeazp z‘f xewgl ick

T_0(s) = ω^2_n s^2 + 2ξω_ns + ω^2_n . (8.3.2)

dycg zkxrn lawpe (−a) dcewpa qt‘ zkxrnl siqep zrk

T (s) = T_0(s) + s a T_0(s) = ω^2_n s^2 + 2ξω_ns + ω^2_n ( 1 + s a ) . (8.3.3)

dxeva z‘f meyxp m‘

T (s) = ω^2_n s^2 + 2ξω_ns + ω^2_n + s a ω^2_n s^2 + 2ξω_ns + ω^2_n

(8.3.4)

ef daebz ly zxfbpd ztqeza ,T_0 ly dbxcnl daebzd ‘id dbxcnl daebzd ik zeix‘pildn xexa if‘ T zkxrnd ly dbxcnl daebzd if‘ s(t)-a dbxcnl T_0 ly daebzd z‘ onqp m‘ ,xnelk .(reaw letk) ‘id y(t) = s(t) + 1 a ṡ(t) .

(8.3.5)

dxevdn oiicr ‘id daebzd ik d‘xp dad

y(t) = [ 1 + A_1e^{−λ1t} + A_2e^{−λ2t} ] u(t) .

(8.3.6)

-nz zivwpeta xaecny oeeikny al miype ,( 8.3.5) d‘eeyna ( 8.2.17)--( 8.2.15) z‘ aivp z‘f ze‘xl ick mincwnd xnelk :δ likdl dleki dpi‘ dbxcnd zaebz ,dpknd xcqn ynn ohw dpend xcq dxear zxeq .(minld oefi‘n mb ze‘xl ozip z‘f) zqt‘zn dzlcd zxfbpy el‘k md mincwna iepiyd .λ_1, λ_2 onfd ireaw lr ‘l j‘ ,mincwnd lr drityn qt‘d ztqezy ‘id dpwqnd .iteqd jxrd lr rityi ‘l aivid dxwna mle‘ (’eke dbixg) epxcbdy miccna iepiy oaenk mexbi ze‘xl xyt‘ if‘ ,akexnd xeyind ly l‘ny cva mi‘vnp miahwd xnelk ,daivi ‘id zkxrnd m‘ .ohw t xear dler s(t)-y (izlgzd jxre iteq jxr ihtyna yeniy jez) dbxcnd zaebzl illkd iehiadn mb (akexnd xeyind ly l‘ny cva ‘ed eptqedy qt‘d xnelk) a > 0 m‘e ,ziaeig ‘id zxfbpd okl dbxcnl daebzdy lawpe ,zcxei zxfbpd if‘ a < 0 m‘ z‘f znerl .mixvw mipnfa dler T ly daebzd l‘ny cva qt‘ ztqed oia izedn ipey yi df oaena .dilr jk xg‘ wxe ,qt‘l zgzn l‘ dcixia dligzn .akexnd xeyind ly ipnid eciva qt‘ ztqed oial (minimum phase zkxrn) akexnd xeyind ly

Version 1.1 107 September 2006 xcz zaebz miqt‘e miahw l‘ny cva xzei wegx ‘vnp qt‘dy lkk xnelk ,xzei lecb a-y lkk ik eplaiwy iehiadn xexa sqepa ,dlecb drtyd didz ziy‘xl aexw qt‘l ,jtidle .xzei dphw ezrtyd didz jk ,akexnd xeyind ly zrke ,dpknd xcql deey dpend xcqy jkl mexbz ipy qt‘ ztqez ik al miyp .mixvw mipnfa zegtl .zkxrnd zebdpzda izedn iepiy didi zrk xicbp ?sqep ahew ztqed drityn cvik

T (s) = ω^2_n s^2 + 2ξω_ns + ω^2_n 1 1 + s/β . (8.3.7)

mincwn mr) miixewnd miahwl mini‘znd mixa‘ ipy lawp miiwlg mixayl wexit dyrp m‘ zrk dxevdn iehia sqepae (mixg‘ A_3 1 + s/β . (8.3.8)

dxevdn iehia oziz dketd dxnzd onfd xeyina

y(t) = [ B_0 + B_1e^{−λ1t} + B_2e^{−λ2t} + B_3e^{−βt} ] u(t) .

(8.3.9)

dxeva rtyen zeidl leki aivid avnl daebzd zqpkzn eay avwd oiicr :daivi zkxrnde β > 0-y gipp rityi dnecnd xivl xzei aexwd ahewd ,xnelk .ξω_n -n ohw |ℜe β| m‘ dxwi df .β ici lr zizedn didz drtydd ,lecb iynn wlg lra ‘ed β z‘f znerl m‘ .zeqpkzdd avw lr xzei zizedn dxeva .dhren :miqt‘de miahwd ztn jxc ,xzei deab xcqn zekxrn xear zeyrl ozip dnec gezip ,cala ohw t-a zebdpzdd lr ‘id miqt‘d ly drtydd ,dpknd xcqn ynn ohw dpend xcq cer lk .zeqpkzdd avw lr mirityn mpi‘ mde .zkxrnd ly onfd ireaw lr zizedn dxeva miritynd md dnecnd xivl miaexwd miahwd

df‘te xabd miqt‘ miahw 8.4

dxear H(s) zxeqnz ziivwpet dpezpy gipp .xczd zaebz ly df‘tde xabdd z‘ hexit xzia zrk x‘zp lr zx‘ezn zkxrnd xy‘k dxewy itk---zilpeivx divwpet ‘id H ik gipp) .zeqpkzdd megza ‘vnp jω xnelk .zkxrnd ly invr ze‘ ‘ed e^{jω0t} ipenxdd ze‘d ik xkfp .(mireaw mincwn mr zix‘pil x”cn ici ‘id efk dqipkl daebzd

y(t) = H(jω_0)e^{jω0t}

(8.4.1) = c P (jω_0) Q(jω_0) e^{jω0t}

(8.4.2) = c ∏_M

i=0(jω_0 + β_i) ∏_N

i=0(jω_0 + α_i) e^{jω0t}

(8.4.3)

{−α_i} dpknde {−β_i} dpend iyxey mewin itl dltknk dpknd mepilete dpend mepilet z‘ epnyx xy‘k szeyn mxeb oi‘ xnelk mevnv xg‘l ‘id zxeqnzd zivwpety ,libxk ,migipn ep‘y oaenk .dn‘zda

Version 1.1 108 September 2006 xcz zaebz miqt‘e miahw reawa epynzyd ik al miyp .zkxrnd iqt‘ md {−β_i}-e zkxrnd iahw md {−α_i} okl .dpknle dpenl xtqnd z‘ meyxp .1 deey didi mdly xzeia deabd mcwndy jk minepiletd ipy z‘ lnxpl ick c cg‘ meyxp xnelk .miqt‘d xear mb z‘f dyrpe ,ziefe lceb itl xnelk ,zixlet dxeva jω_0 + α_i akexnd

jω_0 + β_i = |jω_0 + β_i|e^{ϕzi}

(8.4.4) jω_0 + α_i = |jω_0 + α_i|e^{ϕpi} .

(8.4.5)

meyxl lkep zrk .i-i-d ahewd ly ϕ^p_i df‘td mb denke ,ω_0 xcza dielz i-d qt‘d ly ϕ^z_i df‘tdy oaenk :jk xczd zaebz z‘

H(jω_0) = c

∏_M

i=0(jω_0 + β_i) ∏_N

i=0(jω_0 + α_i)

(8.4.6)

= |c|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i| e^{j∠\c+j PMi=1 ϕzi −j PNi=1 ϕpi}

(8.4.7)

‘ed xczd zaebz ly lcebd ,hxtae

|H(jω_0)| = |c|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i|

(8.4.8)

(8.4.9)

‘id df‘tde

∠\H(jω_0) = ∠\c + M∑ i=1 ϕ^z_i − N∑ i=1 ϕ^p_i .

(8.4.10)

.jω_0 dcewpd oial (−β_i) dcewpa qt‘d oia wgxnd weica ‘ed |jω_0 + β_i| = |jω_0 − (−β_i)| lcebd mle‘

ℜe s �

� Im s jω_0 � × (−β_i)

β_i β_i + jω_0 � � � � � � �

� � � � �

oey‘x xcqn mxeb ly lceb :8.2 xei‘

ly miwgxnd zltkn oia qgid ici lr ω_0 oezp xcza xczd zaebz ly lcebd z‘ aygl ozip xnelk ω_0 dcewpdn zkxrnd iahw ly miwgxnd zltkn oial ,dnecnd xivd lr ω_0 dcewpdn zkxrnd iqt‘ .dnecnd xivd lr .(’eke zeizaiq ,zeaivi oebk) zexg‘ zegpda ielz epi‘ ‘ed j‘ ,jω_0 ∈ ROC ik yexc df aeyig jxevl mixcza deab xabdl mexbi dnecnd xivl aexw mwennd ahew ik ciin wiqdl ozip ( 8.4.8) d‘eeynn .mini‘znd mixcza wfg zegipl mexbi dnec mewina qt‘ z‘f znerl .dnecnd ewlgl miaexwd

Version 1.1 109 September 2006 xczd zaebz hehxy miqt‘e miahw .(Notch filter ‘xwp dfk opqn) ω_0 xczd ly daexw daiaq wx meqgi xy‘ ,hxq mqeg opqn opkzp 8.4.1 dnbec ohw lceb xgap .ziynn dpi‘y zkxrn opkzp---akexn ahew mr oey‘x xcqn zkxrn lawl ick---zehytd ornl xnelk dnecnd xivl xzei aexw cigi qt‘e (−α) = −100ε + jω_0-a cigi ahew zlra zkxrna opeazpe ε ≪ 0.01 .(−β) = −ε + jω_0

ℜe s �

�Im s jω_0 0 ×

−ε −100ε 2 xcqn opqn :8.3 xei‘

ef zkxrn xear ik lawp ( 8.4.8) aeyigdn

|H(jω)|^2 =

(ω − ω_0)^2 + ε^2 (ω − ω_0)^2 + 10000ε^2 . (8.4.11)

ik lawp ω ≈ ω_0 xear

|H(jω)| ≈ ( ε^2 10000ε^2

)_{1/2} = 0.01 ,

(8.4.12)

m‘ hxta) ω_0-l c‘n aexw epi‘y ω xeary ixd ,ohw ε-y oeeik z‘f znerl .yexck wfg zegip eplaiw xnelk lawp (|ω − ω_0| ≫ 100ε

|H(jω)| ≈ ( (ω − ω_0)^2 (ω − ω_0)^2

)_{1/2} = 1 .

(8.4.13)

.ω_0 aiaq mpi‘y mixcza1-l aexiwa deey xnelk) zeeir ‘ll j‘ ω_0 xcz aiaq lecb zegip lra opqn eplaw

miahw ly sqe‘k miiwlg mixayl wexitl zpzip zkxrnd zaebz xy‘k wx ‘l mi‘zn epiptly xe‘zd zexeywd zertezd z‘ oiadl ick .xzei deab xcqn miiynn miahw mpyi xy‘k mb ‘l‘ ,oey‘x xcqn .ipy xcqn zkxrn zebdpzd z‘ oiadl ic ,miaexne miakexn miahwa

dcea znxb‘ic---xczd zaebz ly zitxb dbvd 8.5

dxeva meyxl ozip xczd zaebz ziefe lceb z‘ ( 8.4.8) itl

|H(jω_0)| = |c|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i|

(8.5.1)

∠\H(jω_0) = ∠\c + M∑ i=1 ϕ^z_i − N∑ i=1 ϕ^p_i .

(8.5.2)

.miiqiqad mihpnl‘d xe‘za ligzp

Version 1.1 110 September 2006 xczd zaebz hehxy miqt‘e miahw oey‘x xcqn iynn ahew 8.5.1 dxeva xczd zaebz z‘ meyxp c jω + α = c/α 1 + jω/α . (8.5.3)

ote‘a ,e‘) mdipa qgid m‘ π ‘id df‘tl c/α ly dnexzd okl .iynn c lcebd ,ziynn zkxrndy m‘ (ziefe lceb) ixlet meyixa okl .iaeig qgid m‘ 0 e‘ ,ilily (dltknd ,lewy c jω + α = |c/α| √ 1 + ω^2/α^2 e^{jπu(−cα)−j tan−1(ω/α)}

(8.5.4)

meyxp if‘ akexn c m‘ xzei illk ote‘a .dbxcnd zivwpet ‘id u xy‘k c α = | | c α | | e_{j(ϕc−ϕα)} (8.5.5)

xzei illkd dxwna okl .α ly oniqd itl ,π e‘ 0 ‘ed ϕ_α-e c akexnd xtqnd ly df‘td ‘id ϕ_c xy‘k lawp c jω + α = |c/α| √ 1 + ω^2/α^2 e^{j(ϕc−ϕα)−j tan−1(ω/α)} .

(8.5.6)

xczd z‘ xy‘k ,dligz dpknd zrtyd z‘ wecap .‘ad oaena ,efk zkxrn ly zihxcphq dxevl eprbd ly divwpetk df‘t ly dxev dze‘e xabd ly dxev dze‘ zekxrnd lkl if‘ .ω/α ly zecigia cecnp .(df‘ta dreaw dffd ,lceba ltk) dreaw drtyd idef mle‘ ,dpendn mirtyen el‘ milcby oaenk .xczd zeidl dligzn drtydd .(mireaw df‘tde xabdd) rityn epi‘ dpknd ohw ω xeary ‘id zillkd dxevd .ω = α-l miaxwzn xy‘k zizernyn :jenp xcza xabdl qgia ,cxi xabdd ω = α xcza | | H(jω)|^{ω=α} H(jω)|_{ω≪α} | | = | | (c/α)/(1 + j) (c/α)/1 | | = 1√ 2 . (8.5.7)

lawp xzei deab xcza √ 1 + ω^2/α^2 ≈ ω/α

(8.5.8)

.ω-a zix‘pil dxeva cxei xabdd okle z‘ licbpe jiynp xy‘k .ohw ω-a df‘tdn π/4-a dphw ω = α dcewpa df‘td ik d‘xn dnec oeayg .jenp xcza ziefdn π/2-a dphw ziefd ik lawp α-l xarn ω dxevdn oey‘x xcqn qt‘ xear dnec avnd

c(jω + α) = cα(1 + jω/α) .

(8.5.9)

df‘td .lecb ω xear ω/α zix‘pil dxeva dlere ,ω = α jxad xcza √ 2-a dler xabdd oaenk o‘k xy‘k .xzei mideab mixcza π/2 cra dlcbe jxad xcza π/4-a dlcb

Version 1.1 111 September 2006 xczd zaebz hehxy miqt‘e miahw ipy xcqn zkxrn 8.5.2 .micenv miakexn zebef e‘ ,miiynn e‘ md (miqt‘d oke) miahwd ,ziynn zkxrna miwqer ep‘y oeeik dielz zebdpzdd zrky oeeikn z‘f .(micenv miqt‘ bef e‘) micenv miahw bef xear xzei akxen avnd dxeva miakexn miahw cnv mr zkxrn meyxp .ξ xhnxta mb ‘l‘ ,jxad xcza wx ‘l

H(jω) = 1 ( 1 −^{ω2}_{ω2n} ) + j2ξ^ω_{ωn}

(8.5.10)

= e^{−j tan−1}

2ξω/ωn 1−ω2/ω2n √ (1 −

(_{ω2}

ω^2_n

)_2

+ 4ξ^{2 ω2}_{ω2n} . (8.5.11)

xear xnelk ,|1/2ξ| ly ‘id dzgpdd ω = ω_n jxad xcza ik d‘xn ccea ahew ly dxwnl dnec aeyig dzgpdd if‘ |ξ| = 1/ √ 2 m‘ !dxabd lawp xzei ohw ξ xear mle‘ ,dzgpd didz ok‘ ivg lrn elceby |ξ| ok‘e) miiynn miahw bef enk ‘id dzgpdd if‘ |ξ| = 1 m‘ .ccea ahewa enk-1/ √ 2 didz jxad xcza daxda deab xcza .ξ zegipd mxeba dielz ‘id mb df‘td zcixi .(!miiynn miahw bef lawp df dxwna befn milawn epiidy itk dzgpd aey xnelk ,ω^2_n/ω^2 aexiwa ‘ide oey‘xd xa‘d ici lr zhlyp dzgpdd aexiwa ‘id zebdpzdd deabe jenp xcza xnelk .π-a dcxi df‘tde ,jxa xcz eze‘ mr miiynn miahw drtydd miipia ixcza .df‘td lre dzgpdd lr rityn ξ jxad xcza .ξ-a zelz ‘ll ,miahw ipy ly enk .jxad xczl miaexwd mixcza cgeinae---zizernyn ξ ly mixayl wxtp---dheyt dxe‘kl ‘id zilpeivx xcz zaebz mr ziynn zkxrnl df gezip ly dagxd -xe‘ewl xearl xzei gep mle‘ .aygna hxta ,revial ozip xacdy oaenk .cxtpa xai‘ lka lthpe miiwlg mixcz xear) xczd lye xabdd ly zinzixbel dl‘wq ly ‘ed xzeia laewnd dpand .zepey zehpic weic xzia .df‘td xear zix‘pil dl‘wqe ,(cala miiaeig

‘ed (db xeviwa e‘) Decibels milaivca elceb ,α iaeig jxr xear 8.5.1 dxcbd

20 log_{10} α .

(8.5.12)

m‘ ik epi‘x :xabdd lr ef dxcbd zrk lirtp .’eke 20db ‘ed 10 it xabd ,0db ‘ed 1 it xabd lynl jk if‘ miheyt miahwe miqt‘ wx zllek xczd zaebz

|H(jω_0)| = |C|

∏_M

i=0 |jω_0 + β_i| ∏_N

i=0 |jω_0 + α_i|

(8.5.13)

∠\H(jω_0) = ∠\c + M∑ i=1 ϕ^z_i − N∑ i=1 ϕ^p_i .

(8.5.14)

Version 1.1 112 September 2006 xczd zaebz hehxy miqt‘e miahw lawp miakexn micenv zebef oial ,miiynn miqt‘e miahw oia cixtp m‘

|H(jω_0)| = |c| ∏ |q_i(jω)| ∏ |p_k(jω)|

(8.5.15)

q_i(jω) = jω + β_i heyt iynn qt‘ ( 1 −^{ω2}_{ω2i} + j2ξ_i^ω_{ωi} ) miakexn micenv miqt‘ bef

(8.5.16)

p_k(jω) = jω + α_k heyt iynn ahew ( 1 −^{ω2}_{ω2k} + j2ξ_k^ω_{ωk} ) miakexn micenv miahw bef

(8.5.17)

mzixbeld zepekzn ,lawp milaivca xabdd z‘ aygp m‘ okl

|H(jω)|_{db} = |C|_{db} + ∑ i |q_i(jω)|_{db} − ∑ k |p_k(jω)|_{db}

(8.5.18)

∠\H(jω) = ∠\c + ∑ i ∠\(q_i(jω)) − ∑ k ∠\(p_k(jω)).

(8.5.19)

.llekd sxbd z‘ hhxyl icnl lw didi mixaegndn cg‘ lk gzpp m‘ zrk ef dyiba .zihehtniq‘d dcea znxb‘ic ‘id el‘d mitxbd ipy z‘ axwl daeyg ziqcpd dhiy ikxr xear aexiwe ,lecb e‘ ohw ω xear mikxra yeniy jez mixa‘dn cg‘ lk zrtyd z‘ miaxwn ep‘ .xczd ly zinzixbel dl‘wqa xaecn ik xkfp .miipiad mixcza .jxad xczl cr df aexiw jiynpe---jenp xcza reaw ‘ed xabdd ik epi‘x heyt ahew xear ici lr oezp heyt ahew ly xabd xzei mideab

20 log 1 |1 + jω/α|

= 20 log 1 √ 1 + ω^2/α^2

(8.5.20)

≈ −10 log ( ω^2/α^2 ) (8.5.21) = 20 log α − 20 log ω .

(8.5.22)

.xcza zinzixbel dl‘wq len milaivca lcebd z‘ mihhxyn xy‘k (−20) ly retiy mr xyi ew edf dnec aeyig .20db/decade ly iaeig retiy ihehtniq‘ ote‘a ozep heyt iynn qt‘ ik lawp dnec dxeva (−40db/dec) ly ,d‘lde jxad xczn ,dcixi ozep miakexn miahw cnv (ihehtniq‘ aexiwa aey) ik ozep .ddf lceba dilr ozep miqt‘ cnve zix‘pile (xczd dpzyn ly) zinzixbel dlwqa :xzei heyt df‘td xear ihehtniq‘d aexiwd dxeva zcxei myne ,jxad xcz iptl zg‘ dcwc cr dreaw df‘td oey‘x xcqn ahew xear ,df‘ta dilr yi j‘ dnec avnd heyt qt‘ xear .(π/2 ly dcixi) jxad xcz ixg‘ zg‘ dcwc cr zix‘pil zligz o‘k mb j‘ ,oeqixd mcwna wfg ote‘a dielzd zebdpzdl enxbi miakexn miahw bef .df‘ta .eixg‘ dcwc dneiqe jxad xcz iptl dcwc ‘ed df‘ta iepiyd

Version 1.1 113 September 2006

9 wxt

iyrn opqn :znkqn dnbec

‘yepd z‘ mkqp ,dixete qltl zexnzd llek ,xczd megza zekxrn gezipl zehiy epxkdy xg‘l .opqn ly oepkze gezipl dnbeca cg‘ md .xczd megza zex‘eznd ,zeizaiqe onfa zereaw zeix‘pil zekxrn md Butterworth ippqn .mzeyinb lya ipy cvne ,yeninde oepkzd zehyt meyn z‘f :dqcpda xzeia milaewnd mippqnd ibeqn xiarn opqna weqrp ep‘ .zepezp zeyixc itl opqn opkzpe mze‘ gzpp ,mippqn ly ef dgtyn xicbp jynda opkzl ozipy meyn mbe ,iqiqae heyt opqn edfy meyn mb ,miillk mippqn oepkzl dpit oa‘ idef :mikenp (lynl xcza dffd ici lr) ezn‘zd f‘e ,dligz mikenp xiarn opqn oepkz ici lr mixg‘ miax mippqn .zeyixcl

eizepekze opqnd 9.1

:jk xcben Butterworth opqn

dly xczd zaebz xy‘ zizaiqe onfa dreaw ,zix‘pil zkxrn ‘ed N xcqn Butterworth opqn 9.1.1 dxcbd ,‘edylk ω_0 > 0 xear zniiwn H_N (jω)

|H_N (jω)|^2 .= 1 1 + (jω/jω_0)^{2N} . (9.1.1)

miiwnd illk opqn xear

|H(jω)|^2 = 1 1 + Λ (jω/jω_0) , (9.1.2)

.qegiid xcz ω_0-le ,zegipd zivwpet Λ-l ‘xwp

:ze‘ad zepekzd z‘ miwiqn ep‘ dxcbddn xak mle‘ .dfk opqn ynnl cvik d‘xp jynda

.ω xczd ziilr mr zipehepen dxeva cxei opqnd ly |H(jω)| xczd zaebz lceb .1 . | | |H(jω) | | |_{ω=0} = 1 miiwn ‘ede ω = 0 xcza ‘ed xczd zaebz ly iaxnd jxrd .2 dpan Butterworth :ω_0 xcza 1/ √ 2 -l cxei xczd zaebz lceb .3 | |H(jω0) | | = 1 √ 2 . (9.1.3)

.20N dB /decade ‘ed (dcea znxb‘c d‘x) ihehtniq‘d zegipd .4

zniiwn xczd zaebz .5

∂^k |H(jω)|^2

∂ω^k | | | ω=0 = 0 1 ≤ k ≤ 2N − 1.

(9.1.4)

.qt‘ xcza maximally flat zilniqwn zegihy lra ‘xwp ef dpekz lra mikenp xiarn opqn

opqnd dpan 9.2

zxnzd zepekzn .(ziynn mld zaebz mr zkxrn xnelk) ziynn zkxrn ici lr opqnd z‘ ynnl dvxp dixet

|H(jω)|^2 = H(jω) · H^∗(jω) = H(jω) · H(−jω).

(9.2.1)

:opqnd ly zxeqnzd zivwpet lr zeyixcd z‘ meyxp ,opqnd ly miahwd mewin z‘ aygl ick

H(s) · H(−s) = 1 1 + (s/jω_0)^{2N} . (9.2.2)

ik dyixcd ici lr mipezp mde ,ω_0 ‘ed H(s)H(−s) ly miahwd lk ly lcebd ik ziciin raep o‘kn okle (s_k/jω_0)^{2N} = −1

s_k = ω_0 exp ( j [ π(2k + 1) 2N + π 2 ]) 0 ≤ k ≤ 2N − 1.

(9.2.3)

.ze‘ad zepekzd z‘ miniiwn opqnd reaix ly miyxyd xnelk

.ω_0 eqeicxy lbrn lr ,π/N ly mieey miizieef migeexna ,minwenn miyxyd lk .1

ik al miyp zrk .(jω_1/jω_0)^{2N} ≠ −1-y meyn s = jω dnecnd xivd lr miyxy oi‘ ,ziy‘x .2 ‖|H‖|^2 ly ahew ‘od s_k m‘ ik raep dpnne ( 9.2.1) dgqep z‘ milawn ep‘ zeiynnd zyixcn ‘ed (akexnd cenvd) s^∗_k mb if‘ ahew ‘od s_k m‘ ik raep zeiynndne ,yxey ‘ed (−s_k) mb if‘ ,jk m‘ .2 e‘ 0 e‘ ‘ed miiynnd miyxyd xtqn ω_0 qeicxa lbrn lr md miyxyd lky oeeik .yxey miyxy oi‘ f‘e ,4-a wlgzn miyxyd xtqn f‘e miakexn miyxyd lky e‘ :zeiexyt‘ izy opyi zexyt‘d .4-a wlgzn miyxyd xtqny dxwnd weica df oky ibef N m‘ dxwi df .miiynn gxkda okle ,4-a wlgzn epi‘ miyxyd xtqn df dxwna :miiynn miyxy ipy yiy ‘id diipyd .ibef i‘ ‘ed N

Version 1.1 115 September 2006 oepkz Butterworth miahwd ,xnelk .ahew ‘ed (−σ − jω_i) mb if‘ ,ahew ‘ed σ + jω_i m‘ ik raep opqnd ly dxcbddn miahwd z‘ xgap ,aivi opqn ynnl ick .(σ + jω_i, −σ − jω_i) dxevdn zebefa miriten H(s)H(−s) ly ixd ,dnbecl .H(−s) iahw okl eidi miahwd x‘y .H(s) ly miahwd zeidl ilily iynnd mwlg xy‘ :1–3 xcqn Butterworth ippqn ly zxeqnzd zeivwpet H_1(s) = ω_0 s + ω_0 , (9.2.4) H_2(s) = ω^2_0 (s + ω_0 exp(jπ/4)) (s + ω_0 exp(−jπ/4))

(9.2.5) = ω^2_0 s^2 + √ 2ω_0s + ω^2_0 , (9.2.6) H_3(s) = ω^3_0 (s + ω_0) (s + ω_0 exp(jπ/3)) (s + ω_0 exp(−jπ/3))

(9.2.7) = ω^3_0 s^3 + 2ω_0s^2 + 2ω^2_0 s + ω^3_0 . (9.2.8)

opqnd oepkz 9.3

opkzl ‘id epzti‘yy xekfp .mippqn oepkza milaewn mipeixhixw dnk xicbdl epilr opqn opkzl ick .mikenp xiarn opqn ,H iyrn mikenp xiarn opqn xear 9.3.1 dxcbd :Transition band xarnd megz ,0 ≤ ω ≤ ω_p :Passband dxardd megz :xcz inegz dyely xicbp .1 .ω_s ≤ ω :Stopband zegipd megze ω_p ≤ ω ≤ ω_s :dxardd megza ,1 oial opqnd lceb oia iaxind wgxnd ‘id H opqnd ly δ_p zeilbd .2 δ_p .= max

0≤ω≤ω_p

||H(jω)| − 1|.

(9.3.1)

:zegipd megza H ly iaxind lcebd ‘ed δ_s zegipd mxeb .3 δ_s .= max_{ω≥ωs} |H(jω)|.

(9.3.2)

.(1 ‘edy) ilpinepd elcebn 1/ √ 2-l cxi opqnd lceb eilrn xczd ‘ed oerhwd xcz .4 :discrimination factor dpgadd mxeb .5 d .= [ (1 − δ_p)^{−2} − 1 δ^{−2}_s − 1

]_{1/2} . (9.3.3) .qt‘l mit‘ey (mdipy e‘) zegipd mxeb e‘ zeilbd xy‘k qt‘l s‘eye ,iaeig ‘ed d Version 1.1 116 September 2006 oepkz Butterworth

megz m‘ wx 1-l deeye ,1-n ohw zeiaihwlqd mxeb .κ .= ω_p/ω_s :selectivity factor zeiaihwlqd mxeb .6 .mlrp xarnd

dpgadd mxeb df dxwnay oaenk .oerhwd xczl mieey mde ω_p = ω_s-e δ_s = δ_p = 0 ,il‘ci‘ opqn xear .mixcben mpi‘ zeiaihwlqd mxebe ,cala xabda miaygzn ep‘ ,zegipd mxeb ode zeilbd od ,opqnd ly ”d‘iby”d zxcbda ik al miyp .df‘tdn minlrzne ,H(jω) ly hlgend jxra xnelk epzxhn .ω_p < ω_s, δ_p > 0, δ_s > 0 ly mikxrd epl mipezp .d‘ad ‘id xeztl dqppy oepkzd ziira mi‘pza cenrpy jk ω_0-e N ‘evnl epilr ,xnelk .el‘ mi‘pza cenri xy‘ Butterworth opqn opkzl ‘id ipehepen ‘ed opqnd ly lcebdy oeeik .opqnd xcq zriawa ligzp .miyexcd

|H_N (jω)| = 1 √ 1 + (jω/jω_0)^{2N} , (9.3.4)

od zeyixcd .ω_s-e ω_p zecewpa elceb z‘ wecal witqn 1 1 + (_{ωp}

ω_0

)_{2N} ≥ (1 − δp)^2 ,

(9.3.5) 1 1 + (_{ωs}

ω_0

)_{2N} ≤ δ^2s .

(9.3.6)

lawp o‘kn ( ω_p ω_0

)_{2N}

(1 − δ_p)^2 ≤ 1 − (1 − δ_p)^2

(9.3.7) ( ω_p ω_0

)_{2N} ≤ 1 − (1 − δ_p)^2

(1 − δ_p)^2

= (1 − δ_p)^{−2} − 1

(9.3.8) ( ω_s ω_0

)_{2N} ≥ 1 − δ^2_s

δ^2_s

= δ^{−2}_s − 1 .

(9.3.9)

milcbd jezn aeyigl mipzip mdipy :κ zeiaihwlqd mxebe d dpgadd mxeb ly zexcbda zrk xkfp lawpe mipexg‘d miiehiad ipy z‘ wlgp .mipezpd ( ω_s ω_p

)_{2N} ≥ δ^{−2}_s − 1 (1 − δ_p)^{−2} − 1 = 1 d^2

(9.3.10) N ≥ log 1/d log 1/κ . (9.3.11)

jezn ω_0 z‘ ulgl lkep zrk .df oeieey miiwnd xzeia ohwd mlyd zeidl jixv jk m‘ opqnd xcq :( 9.3.9)--( 9.3.5) ze‘gqep

ω_p [ (1 − δ_p)^{−2} − 1

]_{−1/2N} ≤ ω_0 ≤ ω_s [ δ^{−2}_s − 1

]_{−1/2N} . (9.3.12)

.oerhiwd xcz ‘ed ω_0 df opqn xear ,epi‘x xaky itk .(oexzt yi if‘ δ_s < 1/2, δ_p < 1/2 m‘) :mi‘ad mialydn akxen zeyixca cenriy jk opqnd ly oepkzd jildz ,mekiql

Version 1.1 117 September 2006 oepkz Butterworth .zeiaihwlqd mxeb z‘e dpgadd mxeb z‘ ayg mipezpd jezn .1 .(dlrn itlk lbr) opqnd xcq z‘ ayg .2 .oerhwd xcz z‘ ayg .3 .miahwd mewin z‘ ayg .4

Version 1.1 118 September 2006

10 wxt

cica onfa zekxrne yxtd ze‘eeyn

xiv lr mixcbend zeze‘ md dly daebzd oke dqipkd zeze‘ xy‘ zkxrn ‘id cica onfa zkxrn ynzyp ,cica onfa xaecn ik yibcdl dvxp xy‘k ,e‘ t-a el‘k zeze‘a onfd dpzyn z‘ onqp .cica onf cica dpzynk zextqa laewnd sqep dpzyn .i, k, l, m, n :micica mipzynl zelaewnd zeize‘nd zg‘a . √ −1 xear ef ze‘ mixney ep‘ j‘ ,j ‘ed ,ik d‘xp 11 wxta .yxtd ze‘eeyn---onfa zereawe zeix‘pil zekxrn xear ifkxnd beviia oecp df wxta .diveleepew zekxrnk---onfa zereaw od m‘e ,oirxb zekxrnk bviil ozip zeix‘pil zekxrn ,sivx onfa enk dnibc ici lr) aexiwk zelawznd zekxrnn - cica onfa zekxrnl inpic lcen zeedn yxtd ze‘eeyn qgiizp df qxewa .mipey mibeqn minzixebl‘ zeynnnd zekxrnl cre ,sivx onfa zekxrn ly (lynl .‘ven ze‘ zexviine dqipk ze‘ zelawn xnelk ,zkxrn zex‘znk ze‘eeynl ly zeillk zepekz izn wecape ,odizepexzt z‘ x‘zp ,zeix‘pil yxtd ze‘eeyn zxcbda ligzp .zeix‘pil yxtd ze‘eeyn ici lr zx‘eznd zkxrna zeniiwzn zekxrn :d‘ad d‘eeynd ici lr xe‘izl ozip illk iaihxhi‘ mzixebl‘

y(t) = f(t; y(t − 1), . . . , y(t − N); x(t), x(t − 1), . . . , x(t − M))

(10.0.1)

dqipkd epzpigan---oezp ze‘ ‘ed x(t) ,zkxrnd ly dwinpicd z‘ dxicbnd divwpet ‘id f xy‘k .zeix‘pil yxtd ze‘eeyna wx oecp df alyne---ix‘pild dxwna fkxzp ep‘ .daebzd ‘id y(t) -e---zkxrnl .d.n xeviwa e‘ ,”yxtd ze‘eeyn” ze‘eeynl ‘xwpe ”zeix‘pil”d z‘ hinyp ef daiqn

opexzte zeix‘pil yxtd ze‘eeyn 10.1

d‘ad zillkd dxeva zeix‘pil yxtd ze‘eeyna weqrp N∑ n=0 a_ny(t − n) = M∑ m=0 b_mx(t − m)

(10.1.1)

a_N ≠ 0 ik cinz gipp ep‘ .daebzd ‘id y(t)-e---zkxrnl dqipkd epizpigan---oezp ze‘ ‘ed x(t) xy‘k daiqd :a_0 = 1 ik gipp ,sqepa .zegt cg‘ xai‘ mr mekqd z‘ xicbdl ozip zxg‘y oeeik ,b_M ≠ 0 oke zeix‘pil ze‘eeyn oexzt yxtd ze‘eeyn z‘ wlgl cinz ozip df i‘pz zgzy oeeik ,a_0 ≠ 0 ik ‘id dpexg‘d dgpdd dyrnl .jynda oeciz jkl .a_0 = 1 zniiwnd dlewy d‘eeyn lawle a_0-a mincwnd lk

dlgzd i‘pz oke t ≥ t_0 − M xear x(t) ze‘ ozpida 10.1.1 htyn

{y(t_0 − 1), y(t_0 − 2), . . . , y(t_0 − N)}

.{y(t) : t ≥ t_0} cigi oexzit yi ( 10.1.1) yxtdd z‘eeynl

dxeva ycgn d‘eeynd z‘ meyxpe a_0 = 1-y gipp .davd ici lr zexiyi :dgked

y(t) = − N∑ n=1 a_ny(t − n) + M∑ m=0 b_mx(t − m).

(10.1.2)

.l.y.n .t ≥ t_0 xear y(t) ikxr z‘ ziaihxhi‘ dxeva aygl ozip jk .iteq onf lkle ,dpezp dqipk lkl d.n ly oexztd z‘ aygl jxc epl zpzep dgkedd ik al miyp jxc efk dxebq dgqep lawl cvik d‘xp jynda---oexztd xear dxebq dgqep ozi ‘l df aeyigy oaenk . Z zexnzd jxc e‘ diveleepew

dlgzd i‘pze x_1 dqipk xear ( 10.1.1) z‘ xzet y_1 m‘ 10.1.2 dprh

{y_1(t_0 − 1), y_1(t_0 − 2), . . . , y_1(t_0 − N)},

dlgzd i‘pze x_2 dqipk xear ( 10.1.1) z‘ xzet y_2 -e

{y_2(t_0 − 1), y_2(t_0 − 2), . . . , y_2(t_0 − N)},

dlgzd i‘pze αx_1 + βx_2 dqipk xear ( 10.1.1) z‘ mixzet αy_1 + βy_2 if‘

{αy_1(t_0 − 1) + βy_2(t_0 − 1), αy_1(t_0 − 2) + βy_2(t_0 − 2), . . . , αy_1(t_0 − N) + βy_2(t_0 − N)}.

10.1.1 htyn itl .dlgzdd i‘pz miniiwzn ok enk .zniiwzn d‘eeyndy lawpe ( 10.1.1)-a aivp :dgked .l.y.n .oexztd edf ok‘ ik raep okle ,cigi oexzt yi d‘eeynl dqipkd ze‘l miwewf ep‘ ,xnelk :dqipkd ze‘ ly dlgzdd i‘pz z‘ zllek dqipkd ik al miyp .t_0 onfn lgd daebzd z‘ aygl epipevxa m‘ t_0 − M onfn lgd e‘ daebz mixicbn dlgzd i‘pz mr cgia d.nd x dqipk ze‘ xear :‘ad oaena zkxrn dxicbn d.n cvik d‘xp jynda .daebze dqipk oia xyw ly xe‘z edf ”:zkxrn’’ ly byend qiqaa oeirxd edf .y ‘ven .dlgzdd i‘pzl qgiizdl xge‘n wxta ozip zegkedd z‘ .d.nl oexztd aeyig zehiya oecp ,zekxrn zebviink d.na oecpy iptl .ipbened oexzte ihxt oexzt aeyig ‘id da oecpy dpey‘xd dhiyd .Z zxnzda ocd xzei

Version 1.1 120 September 2006 zeix‘pil ze‘eeyn oexzt yxtd ze‘eeyn .(t lkl x(t) = 0 xnelk) x ≡ 0 xy‘k d‘eeynd oexzt ‘ed ( 10.1.1) ly ipbened oexzt 10.1.3 dxcbd zn‘zd zxyt‘n mzxigay jk ,miiytg mixhnxt N lra ipbened oexzt ‘ed ( 10.1.1) ly illkd ipbenedd oexztd .y_h-a dfk oexzt onqp .dlgzd i‘pz lkl oexztd onqp .dlgzdd i‘pza zeaygzd ‘ll ,x oezpd dqipkd ze‘ xear d‘eeynd oexzt ‘ed ( 10.1.1) ly ihxt oexzt .y_p-a dfk oexzt

:jk ( 10.1.1) d.nl oexzt ‘evnl ozip 10.1.4 dprh

,y_p ihxt oexzt ‘vnp .1

,y_h illkd ipbenedd oexztd z‘ aygp .2

.mipezpd dlgzdd i‘pzl eni‘ziy jk y_h + y_p ly miiytegd mixhnxtd ikxr z‘ aygp .3

.l.y.n .10.1.2 dprhn raep :dgked .qt‘ dqipka oexztle ,qt‘ dlgzd i‘pza oexztl dwelg ici lr ‘id oexzt ziipal dipyd dhiyd .y_{ZSR} qt‘ dlgzd i‘pza oexzt ly oke ,( 10.1.1) ly y_{ZIR} qt‘ dqipka oexzt ly 2.1.5 dxcbda xkfp

. ( 10.1.1) d.nl oexzt ‘ed y .= y_{ZIR} + y_{ZSR} 10.1.5 dprh

.l.y.n .10.1.2 dprhn raep :dgked ‘ed y_1 − y_2 if‘ (mipey dlgzd i‘pz j‘) ddf dqipk mr d.nd z‘ mixzet y_2 -e y_1 m‘ ik al miyp .ipbened oexzt ‘ed miipbened zepexzt ly ix‘pil sexiv ,ok enk .ipbened oexzt

dxeva meyxp ( 10.1.1) d.nd z‘y jk ,σ onfa dffdd xehxte‘ zxfra didyd onqp 10.1.6 dxcbd N∑ n=0 a_nσ^{−n}y(t) = M∑ m=0 b_mσ^{−m}x(t).

(10.1.3)

lr lenxpe λ lynl ,dpzyna σ ztlgdn lawznd mepiletd ‘ed d.nd ly (ipbenedd wlgd) ly ipiit‘d mepiletd xnelk λ^N -a ltk ici

λ^N N∑ n=0 a_nλ^{−n} = N∑ n=0 a_nλ^{N−n}.

(10.1.4)

.qt‘l deey ( 10.1.4) iehiady jk λ ly mikxrd md ipiit‘d mepiletd iyxy ,zeidyd zxfra---d.n xear epxgay bevii zxev llba (sivx onfa ipiit‘d mepiletl cebipa) riten λ^N mxebd .σ ly zeilily zewfg xnelk

zipbenedd d‘eeynd ly ipiit‘d mepiletd z‘ aygp 10.1.7 dnbec

y(n) + 3 2 y(n − 1) + 1 2 y(n − 2) = 0.

(10.1.5)

Version 1.1 121 September 2006 zekxrne .d.n yxtd ze‘eeyn ‘ed ipiit‘d mepiletd ,N = 2-y oeeik

λ^2 + 3 2 λ + 1 2 (10.1.6)

‘id zipiit‘d d‘eeynde

λ^2 + 3 2 λ + 1 2 = 0.

(10.1.7)

.λ = −1, λ = −1/2 md zipiit‘d d‘eeynd iyxy

.zizhiy dxeva ‘evnl ozip ipbenedd oexztd z‘

‘ed illkd ipbenedd oexztd if‘ .d.nd ly ipiit‘d mepiletd ly miyxyd z‘ λ_1, . . . , λ_N -a onqp 10.1.8 htyn

y_h(t) = N∑ i=1 A_if_i(t)

(10.1.8)

.oldlk zepezpe ,zipbenedd d‘eeynd ly zeinvr zeivwpet od f_i(t) zeivwpetde mireaw md A_i xy‘k .f_i(t) = λ^t_i if‘ ipiit‘d mepiletd ly cigi ieaixa yxey ‘ed λ_i m‘ if‘ .mixg‘d miyxyd lkn dpey df yxeye λ_i = λ_{i+1} = · · · = λ_{i+k} xnelk ,k + 1 ieaixa yxey ‘ed λ_i ik gipp .0 ≤ j ≤ k xear f_{i+j}(t) = t^jλ^t_i

y(t) = λ^t dxevdn ze‘ .dygnda wtzqp df alya .Z zexnzd lr cnlpy xg‘l ,xen‘k ,gikep htynd z‘ miiwzn m‘ ( 10.1.3) ly ipbened oexzt ‘ed

0 = N∑ n=0 a_nσ^{−n}y(t) = N∑ n=0 a_nσ^{−n}λ^t = N∑ n=0 a_nλ^{t−n} = λ^{t−N} N∑ n=0 a_nλ^{N−n}.

.ipiit‘d mepiletd ly yxey ‘ed λ xy‘k weica t lkl qt‘zn oexg‘d iehiad d.na miynzyn ep‘ xy‘k mb jiynn oeincd .x.c.n oexztl c‘n minec d.n zepexzt ik mi‘ex ep‘ .d‘ivi-dqipk zkxrn ly xe‘zl

zeix‘pil yxtd ze‘eeyne zekxrn 10.2

.dqipkd zrtyda fkxzdl epipevxa df alya .dlgzd i‘pza mbe dqipka mb ielz d.n oexzt ik epi‘x jxcl .cala y_{ZSR} oexztl zeqgiizd xnelk ,qt‘ dlgzd i‘pz zxiga ici lr ‘id z‘f zeyrl zg‘ jxc .x.c.n xear epiyry itk jk lr xabzp .dlgzdd i‘pz mixcben ea reaw onf xegal mivl‘p ep‘ :oexqg yi ef .il‘ny iccv cg ze‘e ipni iccv cg ze‘ ly 2.2.12 zexcbda xkfp

zaebz m‘ (Initially At Rest) zizlgzd dgepna ‘id d.n ici lr zx‘eznd zkxrny xn‘p 10.2.1 dxcbd .s < t_x xear y(s) = 0 zniiwn ‘id xnelk ,dqipkd zligz cr qt‘ ‘id s < t_x xear qt‘znd ipni ze‘l zkxrnd

Version 1.1 122 September 2006 mldl daebz yxtd ze‘eeyn .d.n zekxrn ly beeiqe zepekz 10.2.1 .(2.2.1 dxcbd---IOM zkxrn) d‘ivi dqipk ietin zkxrnk d.n ici lr zx‘eznd zkxrnl miqgiizn ep‘ itle ,SISO zkxrn idef 2.2.5 dxcbd itl .cica onfa zinpic zkxrn zx‘zn d.n ,2.2.3 dxcbdd it lr zizaiq ‘id zkxrnd .(N = M = 0 ea oeepnd dxwnl hxt) oexkf zlra zkxrn idef 2.2.6 dxcbd dxeva ( 10.1.1) d‘eeynd z‘ meyxl ozipy meyn (2.2.8 dxcbd)

y(t) = − N∑ n=1 a_ny(t − n) + M∑ m=0 b_mx(t − m)

(10.2.1)

oke ,deedae xara dqipkd ly mikxra wx ielz t rbxa daebzd ly jxrd ,xnelk .(a_0 = 1 epgpdy oeeik) .xara daebzd ikxra -y dyixcd lehia ici lr lynl z‘f .zizaiq dpi‘y zix‘pil yxtd z‘eeyn xicbdl oaenk ozip .m < 0-a ligziy jk ( 10.1.1) ly oini cva mekqd ly oezgzd leabd iepiy ici lr oiteligl e‘ ,a_0 ≠ 0 .yxtd ze‘eeyn ly dpey bevii x‘znd 12.5.1 sirq mb d‘x

.zix‘pil zkxrn zx‘zn zizlgzd dgepna z‘vnpd d.n 10.2.2 dprh

dlgzdd i‘pz ,zizlgzd dgepna zkxrn zxcbdn .ipni ze‘ ‘ed miipni zeze‘ mekq ik al miyp :dgked .l.y.n .10.1.2 dprhn zraep zeix‘pild okl .witqn mcwen onf xear qt‘ md :(2.2.11 dxcbd) zipit‘ zkxrn ‘id (!mireawe mipezp dlgzd i‘pz llek) ( 10.1.1) ici lr zx‘eznd zkxrnd -iwi yxtdd if‘ ,midf md dlgzdd i‘pz xy‘k ,dqipk zeze‘ ipyl daebz aygpe dlgzd i‘pz rawp m‘ .zix‘pil zkxrn recik efe---qt‘ dlgzd i‘pz xear ( 10.1.1) z‘ mi

.onfa dreaw zkxrn zx‘zn zizlgzd dgepna z‘vnpd d.n 10.2.3 dprh

onqp .ipni ze‘ ‘ed σ^sx mb if‘ ipni ze‘ ‘ed x m‘ ik al miype s rawp .2.2.18 dxcbda xkfp :dgked .l.y.n .σ^sx dqipk xear ( 10.1.1) z‘ xzet σ^sy ik ze‘xl lw .y = Φx-a

zeix‘pil yxtd ze‘eeyn ly mldl daebz 10.3

.cica onfa mb ,zekxrn ly zebdpzd gezipe aeyigl qiqa ‘id mldl daebz

oneqz xy‘ Kronecker delta function xwpexw ly dzlcd zivwpet ‘id cica onfa mld zivwpet 10.3.1 dxcbd ‘id dzxcbd .δ-a

δ(n) =

1 n = 0 0 .zxg‘

(10.3.1)

byend) xac lkl dlibx divwpet ‘id xwpexw ly dzlcd zivwpet ,sivx onfa dzlc ziivwpetl cebipa .(cica onfa zeze‘l llk ihpeelx epi‘ zllken divwpet

Version 1.1 123 September 2006 mldl daebz yxtd ze‘eeyn

‘id xeztl epilry d‘eeynd .d‘ad dxeva mldl daebz aygl ozip 10.1.7 dnbec xear

y(n) + 3 2 y(n − 1) + 1 2 y(n − 2) = δ(n).

(10.3.2)

oexzta ynzyp okl .n ≥ 1 xear δ(n) = 0 -y oeeik ,zipbened ‘id ef d‘eeyn n ≥ 1 xear ik al miyp ,N = 2 oky ,dlgzd i‘pz ipy miyexc .n ≥ 1 megza aygp xy‘ dlgzd i‘pz ea aivpe ,illkd ipbenedd oaenk mde

y(−1) = y(−2) = 0.

(10.3.3)

dxiyi dxeva aygp

y(0) = − 3 2 y(−1) − 1 2 y(−2) + δ(0)

(10.3.4)

= 0 + 0 + 1 = 1.

(10.3.5)

y(1) = − 3 2 y(0) − 1 2 y(−1)

(10.3.6) = − 3 2 · 1 − 0 = − 3 2 (10.3.7)

y(2) = − 3 2 y(1) − 1 2 y(0)

(10.3.8) = − 3 2 ( − 3 2 ) − 1 2 · 1 = 5 4 . (10.3.9)

oexztl miwewf ep‘ xnelk ,(qt‘ deey dzlcd zivwpety oeeik) qt‘zn d‘eeynd ly oini cv n ≥ 1 xear aivp n ≥ 1 xear ,okl .(−1, −1/2) md ipiit‘d mepiletd iyxy ik ep‘vne xak epayig mle‘ .ipbened :xiyid aeyigd ze‘vezl deeype illkd ipbenedd oexzta

y(n) = A_1(−1)^n + A_2 ( − 1 2 )_n (10.3.10)

y(1) = −A_1 − 1 2 A_2 = − 3 2 (10.3.11)

y(2) = A_1 + 1 4 A_2 = 5 4 . (10.3.12)

xeaign .ipbened eppi‘ oexztd zxg‘ ,n > 0 xear wx miiwzn d‘eeyn lka oexg‘d oeieeyd ik al miyp .A_1 = 1 lawpe y(1) xear d‘eeyna aivp .A_2 = 1 okle (−1/4)A_2 = −1/4 lawp zepexg‘d ze‘eeynd izy ik ep‘vn mekiql

h(n) =

(−1)^n + ( −^1_2

)_n

n ≥ 1

1 n = 0

0 .zxg‘

(10.3.13)

Version 1.1 124 September 2006 zil‘ivppetqw‘ dqipkl daebz yxtd ze‘eeyn mld zaebz aeyig 10.3.1 :d‘ad dxeva d.n z‘ meyxp

y(t) = − N∑ n=1 a_ny(t − n) + M∑ m=0 b_mx(t − m).

(10.3.14)

.onfa zeriawe zeix‘pila yeniy ici lr mldd zaebz aeyig .1 zkxrnd ly h_0(t) mldd zaebz z‘ dligz aygp (‘)

y(t) = − N∑ n=1 a_ny(t − n) + x(t).

(10.3.15)

okl .t > 0 xear zipbenedd d‘eeynd ly oexzt ‘ed h_0 ze‘d ep‘ mze‘ ‘evnl zpn lr .mincwn N df oexztl .d‘eeynl illkd ipbenedd oexztd z‘ ‘vnp (a) okl .ze‘eeyn N-l miwewf z‘ d‘eeynd jezn ,dnbeca enk ,aygp (b) y(N), y(N − 1), . . . , y(0),

(10.3.16) .n < 0 xear y(n) = 0 md dlgzdd i‘pzy dcaera aygzda xear epayigy mikxrl illkd ipbenedd oexztd ly mixhnxtd z‘ mi‘zp zrk (c) y(N), y(N − 1), . . . , y(0),

(10.3.17) mipnfa aygpy ( 10.3.15) d‘eeynn lawp xy‘ ,zeipbened ze‘eeyn N meyxpy jk ici lr .h_0(n) z‘ jk m‘ ep‘vn .t = 1, 2, . . . , N lawpe ,onfa zeriawae zeix‘pila ynzyp zrk (d)

h(n) = M∑ m=0 b_mh_0(n − m).

(10.3.18)

xnelk) mldd zaebz ik xexa ( 10.3.14) d‘eeyna zkxrnd beviin .(minld oefi‘) xiyi aeyig .2 zipbenedd d‘eeynd z‘ zniiwn (x = δ xy‘k y(t) = 0, t = −1, . . . , −N dlgzd i‘pza daebzd aygl ick .N xcqn ‘id d‘eeynd oky ,mixhnxt N mpyi illkd ipbenedd oexztl .t > M xear miipbened zepexzt N jezn lawp eli‘ ze‘eeyn .zeix‘pil ze‘eeyn N xeztl epilr el‘ mixhnxt .t = M +1, . . . .N +M mipnfd N xear ( 10.3.14) d‘eeynd z‘ meyxl epilr xnelk :d‘eeynd ly .h(n) z‘ ep‘vne epayigy mikxrl mixhnxtd z‘ mi‘zp zrk .Z zxnzd jxc---mldd zaebz z‘ aygl dlirie ztqep dhiy cnlp 12 wxta Version 1.1 125 September 2006 zil‘ivppetqw‘ dqipkl daebz yxtd ze‘eeyn

xcz zaebze zil‘ivppetqw‘ dqipkl d.n ly daebz 10.4

ici lr wecap .ihxt oexzt deedn ‘edy oaena ,akexn α xear yxtd z‘eeyn ly invr ze‘ ‘ed α^t ze‘d xear miyxtdd z‘eeyn z‘ mixzet y(t) = H(α)α^t daebzde x(t) = α^t dqipkd ik ( 10.1.1)-a davd .‘edylk H(α) akexn reaw N∑ n=0 a_ny(t − n) = N∑ n=0 a_nH(α)α^{t−n}

(10.4.1)

= α^tH(α) N∑ n=0 a_nα^{−n}

(10.4.2) M∑ m=0 b_mx(t − m) = M∑ m=0 b_mα^{t−m}

(10.4.3)

= α^t M∑ m=0 b_mα^{−m}.

(10.4.4)

m‘ wxe m‘ (α lkl) miiwzi oeieeiy

H(α) =

∑_M m=0 b_mα^{−m} ∑_N n=0 a_nα^{−n} . (10.4.5)

meyxp |α| = 1-y ihxtd dxwna .zxeqnzd zivwpet ‘ed H(α) ,jynda d‘xpy itke sivx onfa enk mdylk minly xear Ω = kπ/m m‘ wxe m‘ zixefgn dqipk ‘idy x(t) = e^{jtΩ} ‘id dqipkd α = e^{jΩ} .xczd zaebz ‘id H(e^{jΩ}) divwpetd .y(t) = H(e^{jΩ})e^{jtΩ} ‘id efk dqipkl daebzd .k, m

Version 1.1 126 September 2006

11 wxt

.cica onfa diveleepewe oirxb zekxrn

sivx onfa diveleepewe oirxb zekxrn :df xeryl dxfg :mekq jxc zexcbend d‘ivi dqipk zekxrna weqrp df wxta

y(n) = ∞∑ k=−∞

K(n, k)x(k) .

(11.0.1)

dqipkd m‘ ik al miyp .(kernel) ”oirxb’’ z‘xwp ‘ide ,zkxrnd zebdpzd z‘ oaenk zraew K divwpetd zaebz ‘ed K(n, m) okl .K(n, m) didz n rbxa daebzd if‘ δ(k − m) ddyen dzlc ‘id zkxrnl .m rbxa dzlc zqipkl n rbxa zkxrnd ‘id dzxcbdy ,diveleepew zkxrna oecp ihxt dxwnk

y(n) = ∞∑ k=−∞

h(n − k)x(k) .

(11.0.2)

.zkxrnd z‘ zbviind h divwpet oial dqipkd ze‘ oia diveleepew ici lr zxcben z‘f zkxrn

.diveleepew zkxrne dzlc zivwpet 11.1

,g cica onfa ze‘ lkl ik al miyp ∞∑ k=−∞

g(n − k)δ(k) = g(n) .

(11.1.1)

,k = 0 xy‘k g(n − k) divwpetd jxr z‘ ozi mekqd .cica onfa dzlcd zivwpet zxcbdn raep oeieeiyd lawpe ( 11.0.2) diveleepew zkxrn zxcbd lr df oeieey lirtp ,hxta .g(n) xnelk

h(n) = ∞∑ k=−∞

h(n − k)δ(k) .

(11.1.2)

zkxrnd zaebz ‘id h divwpetd gxkda if‘ ,( 11.0.2) ici lr zx‘ezn diveleepew zkxrn m‘ xnelk .mldd zaebz ,zexg‘ milina---dzlc zqipkl oirxb zekxrn cica onf oirxb zekxrn

oirxb zekxrn 11.2

(zelw zeipkh zelabna) xe‘zl zpzip zix‘pil ‘idy sivx onfa d‘ivi dqipk zkxrn lk ,3 wxt itl zpzip zix‘pil ‘idy cica onfa d‘ivi dqipk zkxrn lk ,jynda d‘xpy itk ,dnec dxeva .oirxb zkxrnk dxevdn oirxb zkxrnk (o‘k cenrp ‘l odilr zeipkh zelabna) xe‘zl y(n) = ∞∑ k=−∞

K(n, k)x(k) .

(11.2.1) weqrp .zkxrnd oirxb z‘xwp ,miiynn mipzyn ipy ly (zakexn e‘) ziynn divwpet ‘idy ,K divwpetd .MIMO zkxrnl ze‘vezd z‘ zelwa aigxdl ozipy zexnl ,cala SISO zkxrna .zix‘pil d‘ivi-dqipk ietin zkxrn zx‘zn , ( 11.2.1) ici lr zx‘eznd ,oirxb zkxrn lk 11.2.1 htyn -ynd jxc xcbend ,d‘ivi ze‘ mi‘zn dqipk ze‘ lkly oeeik d‘ivi dqipk ietin ‘id zkxrnd :dgked if‘ .α, β, x_1, x_2 zeze‘e mireaw zrk xgap .( 11.2.1) d‘ee y(n) = Φ[αx_1 + βx_2](n)

(11.2.2) = ∞∑ k=−∞

K(n, k)(αx_1(k) + βx_2(k))

(11.2.3) = ∞∑ k=−∞

K(n, k)αx_1(k) dt + ∞∑ k=−∞

K(n, k)βx_2(k)

(11.2.4) = αΦ[x_1](n) + βΦ[x_2](n)

(11.2.5) .l.y.n .mekqd zeix‘piln raep iyilyd oeieeyd xy‘k idylk zix‘pil d‘ivi dqipk zkxrn xgap ,zkxrn lk (hrnk) x‘znd illk bevii edfy ze‘xdl ick ici lr K divwpet xicbp .Φ ietn ici lr zxcbend K(n, k) .= Φ[δ(· − k)](n) = Φ[σ^{−k}δ](n) .

(11.2.6) dzlc zivwpet mr lxbpi‘ ici lr dqipkd z‘ bviip x(n) = ∞∑ k=−∞

x(k)δ(n − k) .

(11.2.7) miiwzn {f_i(k)} zeivwpete {x_i} mireaw sqe‘ lkl ,zix‘pil ‘id zkxrndy oeeik Φ [ ∑ i x_if_i ] (n) = ∑ i x_iΦ[f_i](n) .

(11.2.8)

Version 1.1 128 September 2006 diveleepew zekxrn cica onf oirxb zekxrn lawp iteq oi‘ mekql mb dtiwz dpekzdy gipp m‘ okl y(n) = Φ[x](n)

(11.2.9) = Φ [_∞ ∑ k=−∞

x(k)δ(· − k) ] (n) (11.2.10)

= ∞∑ k=−∞

x(k)Φ[δ(· − k)](n)

(11.2.11)

= ∞∑ k=−∞

x(k)K(n, k) .

(11.2.12) .oirxb zkxrnk zkxrnd ly bevii eplaiw zxcben zeix‘pild zpekzy oeeik ‘id zebiizqda ‘aene ”htyn’’ epi‘ df aeyigy daiqd :zihnzn dxrd obviil ozip ‘l xy‘ zeix‘pil zekxrn opyi ,ok‘e .iteq oi‘ mekql ‘le ,iteq mixaegn xtqn mr minekql ”.zeibelezt zekxrn’’ od mle‘ ,oirxb zekxrnk .oexkf mr zinpic zkxrn ‘id oirxb zkxrn ,dvw ixwinl hxt .oexkif zlra dpi‘ K(n, k) = k(n)δ(n − k) oirxb mr zkxrnd ik d‘xd 11.2.2 libxz .k > n lkl K(n, k) = 0 m‘ wxe m‘ zizaiq ‘id K oirxb mr zkxrn 11.2.3 htyn if‘ miiwzn i‘pzd m‘ :dgked y(n) = ∞∑ k=−∞

K(n, k)x(k) = n∑ k=−∞

K(n, k)x(k)

(11.2.13) jk S > N miniiw if‘ miiwzn epi‘ i‘pzd m‘ ipy cvn .cala k ≤ n xear ‘id x(k) ikxra zelzd okle -y K(N, S) = α ≠ 0 .

(11.2.14) dqipk ze‘ xgap

x(k) = β k = S 0 .zxg‘

(11.2.15)

‘ed N rbxa daebzd jxr y(N) = ∞∑ k=−∞

K(N, k)x(k) = K(N, S)β = αβ .

(11.2.16) .l.y.n .zizaiq dpi‘ zkxrnd okle ,cizra dqipkd ikxra dielz daebzd zeze‘d lkl daebz dze‘ ozep K(n, k) = 1 oirxbd lynl .olek ‘l j‘ ,zekitd ody oirxb zekxrn yi .dkitd dpi‘ okle ,lxbhpi‘ eze‘ mdl yi xy‘ ‘ad sirqa .n onfa zyxetnd zelzd lya ,onfa dreaw dpi‘ oirxb zkxrn ik ziaihi‘hpi‘ xexa .onfa dreaw ‘id oirxb zkxrn izn d‘xp Version 1.1 129 September 2006 diveleepew zekxrn cica onf oirxb zekxrn

diveleepew zekxrn 11.3

ici lr zxcben diveleepew zkxrn

y(n) = ∞∑ k=−∞

h(n − k)x(k) .

(11.3.1)

.zix‘pil d‘ivi dqipk zkxrn idef okle ,oirxb zkxrn ly ihxt dxwn oaenk edf .onfa dreaw zix‘pil d‘ivi-dqipk ietin zkxrn zx‘zn ( 11.3.1) ici lr zx‘eznd zkxrn lk 11.3.1 htyn .n < 0 lkl h(n) = 0 m‘ wxe m‘ zizaiq zkxrnd .ix‘pil d‘ivi dqipk ietin ‘id ,oirxb zkxrn ly ihxt dxwn ‘id diveleepew zkxrny oeeik :dgked dxcbdd itl onfa zeriaw wecap

σ^τ y(n) = σ^τ

[_∞ ∑ k=−∞

h(n − k)x(k) ] (11.3.2)

= σ^τ

[_∞ ∑ k=−∞

h(k)x(n − k) ] (11.3.3)

= ∞∑ k=−∞

h(k)σ^τ x(n − k)

(11.3.4)

= Φ[σ^τ x](n)

(11.3.5) ly dxcbddn iyilyde (11.4 wxt d‘x :sivx onfl dneca) diveleepewd zepekzn raep ipyd oeieeyd xy‘k .l.y.n .K(m, k) = h(m − k)-y oeeik 11.2.3 htynn raep zeizaiql i‘pzd .σ y = h∗x = x df dxwna ok‘e :zizaiq ‘id h = δ dxear zkxrn ,htynd i‘pzl m‘zda ik al miyp .zizaiq ok‘ zkxrnde :diveleepew zkxrn gxkda ‘id onfa dreaw oirxb zkxrn ,ipy cvn ,x lkl if‘ .h(n) .= K(n, 0) xicbp .onfa dreaw zkxrn ly oirxb K idi 11.3.2 htyn ∞∑ k=−∞

K(n, k)x(k) = ∞∑ k=−∞

h(n − k)x(k) .

(11.3.6)

,dxcbddn :dgked Φ [ σ^{−τ} δ ] (n) = ∞∑ k=−∞

K(n, k)δ(k − τ) = K(n, τ) .

(11.3.7)

ik raep onfa zeriawdn Φ [ σ^{−τ} δ ] (n) = σ^{−τ} Φ [δ] (n)

(11.3.8)

= σ^{−τ} ∞∑ k=−∞

K(n, k)δ(k)

(11.3.9)

= σ^{−τ} K(n, 0)

(11.3.10) = K(n − τ, 0) .

(11.3.11)

Version 1.1 130 September 2006 diveleepew cica onf oirxb zekxrn .l.y.n .gked htynde K(n, τ) = K(n − τ, 0) ik raep ze‘eeynd izyn .oeicd z‘ dgcp okle ,zexnzd zxfra df ‘yep gzpl didi gep :dkitd ‘id diveleepew zkxrn lk ‘l .dizepekze diveleepewd zlert ly dwnrde dxfgl onf yicwp ,epl zeaeyg od diveleepew zekxrny oeeik

.diveleepew 11.4

jk zxcben zeivwpet izy oia cica onfa diveleepew zlert 11.4.1 dxcbd (f ∗ g)(n) .= ∞∑ k=−∞

f(k)g(n − k) .

.ze‘ad zepekzd diveleepewd zlertl xnelk ,(aeyg epi‘ mipzynd xcq) zeiaihhenew f ∗ g = g ∗ f .

(11.4.1) k^′ = n − k mipzyn ztlgd zxfra .dxcbdd z‘ meyxp :dgked (f ∗ g)(n) .= ∞∑ k=−∞

f(k)g(n − k)

(11.4.2) = ∞∑ k=−∞

f(n − k^′)g(k^′)

(11.4.3) .= (g ∗ f)(n) .

(11.4.4)

:(zeiveleepew zxyxya miixbeqd mewin xnelk) zeiaih‘iveq‘ (f ∗ g) ∗ h = f ∗ (g ∗ h) .

(11.4.5) .mipzyn ztlgda libxz ‘id dgkedd ik cin raep mekqd zeix‘piln :zix‘pil dlert ‘id diveleepew f ∗ (αg + βh) = αf ∗ g + βf ∗ h .

(11.4.6)

,g lkl (δ ∗ g)(n) = g(n).

Version 1.1 131 September 2006 diveleepew cica onf oirxb zekxrn

dffd :diveleepewd ly zetqep zepekz (f ∗ σ^{−τ} δ)(n) .= ∞∑ k=−∞

f(n − k)δ(k − τ) ds

(11.4.7) = f(n − τ)

(11.4.8) .σ^{−τ} f = f ∗ σ^{−τ} δ :diveleepew zxfra dffd ‘hal ozipy ‘id zernynd .d‘ad daeygd d‘vezd z‘ ozep dzlc zffd mr diveleepew jxc onf zffd ly beviid xnelk .onfa dffd mr ztlgzn diveleepewd zlert 11.4.2 htyn (σ^θf) ∗ g = σ^θ(f ∗ g) = f ∗ σ^θg .

(11.4.9) ,diveleepewd ly zeiaih‘iveq‘de epi‘xdy mibeviidn :dgked (σ^θf) ∗ g = ((σ^θδ) ∗ f) ∗ g

(11.4.10) = (σ^θδ) ∗ (f ∗ g)

(11.4.11) = f ∗ ((σ^θδ) ∗ g) .

(11.4.12) onfa dffd ik raep dzlc mr diveleepew ici lr dffd ly bevidn .zeiaihhenewa epynzyd oexg‘d oeieeya xy‘k .l.y.n .diveleepew mr ztlgzn .zqt‘zn d‘vezd izn zrcl mizirl aeyg dxiyi dxeva zeiveleepew aygl ick xnelk ,mileexhpi‘l uegn miqt‘znd zeze‘ ipy od f, g-y gipp 11.4.3 htyn f(n) = 0 for n ∉ [a, b],

(11.4.13) g(n) = 0 for n ∉ [c, d] .

(11.4.14) if‘ (f ∗ g)(n) = 0 for t ∉ [a + c, b + d] .

(11.4.15)

aygp :dgked (f ∗ g)(n) .= ∞∑ k=−∞

f(k)g(n − k) .

(11.4.16) cvn .mekql dnexz oi‘ okle f(k) = 0 if‘ k < a m‘ .k ly megz lka dxew dn wecap n < a + c m‘ leabd iabl dgkedd .mekql dnexz oi‘ aeye g(n − k) = 0 f‘e n − k < a + c − a < c if‘ k > a m‘ ipy .l.y.n .ddf oeilrd Version 1.1 132 September 2006 zekxrn xeaig cica onf oirxb zekxrn diveleepew zekxrne d”n 11.4.1 -eleepew zkxrnk dze‘ bivdl ozip okl .onfa dreawe zix‘pil zkxrn ‘id zizlgzd dgepna x”n ik epi‘x .ipbenedd oexztd aeyig ici lr e‘ ,minld oefi‘ ici lr :zehiy xtqna aygl ozip mldd zaebz z‘ .div .libxza exarei el‘ zehiy il‘ivppetqw‘ ze‘l diveleepew zkxrn zaebz 11.4.2 dqipkd m‘ ,xnelk .(a”wl) onfa zereaw zeix‘pil zekxrn ly ’’invr ze‘” ‘ed il‘ivppetqw‘ ze‘ dze‘n ze‘ ‘id mb daebzd if‘ ,(akexn xtqn ‘ed z xy‘k) x(n) = z^n dxevdn ze‘ ‘id a”wl zkxrnl ok‘o .H(z) akexn reaw xear H(z)z^n didz daebzd xnelk ,dxev

y(n) = ∞∑ k=−∞

x(n − k)h(k)

(11.4.17)

= ∞∑ k=−∞

z^{(n−k)}h(k)

(11.4.18)

= ∞∑ k=−∞

z^nz^{−k}h(k)

(11.4.19)

= z^n ∞∑ k=−∞

z^{−k}h(k)

(11.4.20)

= z^nH(z).

(11.4.21) ielz df reaw .dqipkd ze‘ letk (onfa ielz epi‘y lceb xnelk) reaw ‘id daebzd ik d‘vezl eprbde dlrnl aeyigdne ,f xhnxta

H(z) = ∞∑ k=−∞

z^{−k}h(k) .

(11.4.22)

.12 wxta hexita dilr cnlpe ,zkxrnd ly zxeqnzd zivwpet ‘xwp df lceb

zekxrn xeaig 11.5

xaecny oeeik :oirxb zekxrn izy xeha mixagn ep‘y dligz gipp .zekxrn xeaiga oecl zrk xefgp

� y H_1 H_2 �x �z

xeha zekxrn xeaig :11.1 xei‘

Version 1.1 133 September 2006 zekxrn xeaig cica onf oirxb zekxrn .d‘ad dxeva ze‘gqepa z‘f ‘hal lkep oirxb zekxrna y(k) = ∞∑ u=−∞

K_1(k, u)x(u)

(11.5.1)

z(n) = ∞∑ k=−∞

K_2(n, k)y(k)

(11.5.2)

okle

z(n) = ∞∑ u=−∞ ∞∑ k=−∞

(K_2(n, k) [K_1(k, u)x(u)])

(11.5.3)

= ∞∑ u=−∞

(_∞ ∑ k=−∞

K_1(n, k)K_2(k, u) ) x(u)

(11.5.4)

= ∞∑ u=−∞

K(n, u)x(u)

(11.5.5)

ici lr oezp zllekd zkxrnd ly oirxbd xy‘k

K(n, u) = ∞∑ k=−∞

K_1(n, k)K_2(k, u) .

(11.5.6)

lawp diveleepew zekxrn xear z(n) = (x ∗ h_1 ∗ h_2)(n)

(11.5.7) = (x ∗ (h_1 ∗ h_2))(n)

(11.5.8) ,oirxb zekxrnl ze‘vezd jxc zexiyi e‘ ,o‘kne z(n) = (h ∗ x)(n)

(11.5.9) h = h_1 ∗ h_2 .

(11.5.10)

oirxb zkxrna d‘ivil dqipk oia xywd xeaigd xear .xzei heyt ‘ed zekxrn izy ly liawna xeaig ici lr x‘ezn y(n) = y_1(n) + y_2(n)

(11.5.11) = ∞∑ k=−∞

K_1(n, k)x(k) + ∞∑ k=−∞

K_2(n, k)x(k)

(11.5.12)

= ∞∑ k=−∞

(K_1(n, k) + K_2(n, k)) x(k)

(11.5.13)

Version 1.1 134 September 2006 zekxrn xeaig cica onf oirxb zekxrn

�x

�

�

H_1

H_2 �y^1

� y_2 � y � � +

liawna zekxrn xeaig :11.2 xei‘

okle

y(n) = ∞∑ k=−∞

K(n, k)x(k)

(11.5.14)

K(n, s) = K_1(n, k) + K_2(n, k) .

(11.5.15)

lawp diveleepew zkxrn xear

y(n) = (h ∗ x)(n)

(11.5.16) h = h_1 + h_2 .

(11.5.17)

dxeva gzpl ozipy xexa .zekxrn xeaigl daeyz ozep oirxb ici lr zekxrn xe‘izy d‘xp ,jk m‘ xeaig ‘ed zekxrnd zxeza miiqiqad mixeaigd cg‘ mle‘ .xzei miakxen mixeaig mb (!dheyte) dnec oze‘a yeniy jez ,diveleepew zekxrn izyn zakxend z‘fk zkxrn gzpl oeiqp :oldl hhxeynd ,aeyn

� � � + x �

�

�

H_1

H_2 � y

� �

aeyn xeaig :11.3 xei‘

Version 1.1 135 September 2006 zekxrn xeaig cica onf oirxb zekxrn dgqepl liaen liawna e‘ xeha xeaig xear enk zehiy y = (x + y ∗ h_1) ∗ h_2

(11.5.18) jynda .x -a ely zelzd z‘ x‘zle y z‘ dpnn ulgl ozip cvik xexa ‘l xy‘ ,dnezq dgqep ‘idy .z‘f zkxrn gzpl lw dxnzd zehiy zxfra ik d‘xp

Version 1.1 136 September 2006

12 wxt

Z zxnzd

oaena ,akexn α xear yxtd z‘eeyn ly invr ze‘ ‘ed α^t il‘ivppetqw‘ ze‘ ik 10.4 sirqa epi‘x H(α) akexn reaw xear miyxtdd z‘eeyn z‘ mixzet y(t) = H(α)α^t daebzde x(t) = α^t dqipkdy ici lr oezp df reaw .‘edylk

H(α) =

∑_M m=0 b_mα^{−m} ∑_N n=0 a_nα^{−n} . (12.0.1)

dreaw zix‘pil zkxrn ly invr ze‘ ‘ed il‘ivppetqw‘ ze‘ ,xzei illk ote‘a ik epi‘x 11.4.2 sirqa xy‘k y(t) = H(α)α^t -k aezkl df dxwna xyt‘ zil‘ivppetqw‘ dqipkl daebzd z‘ .onfa

H(α) = ∞∑ k=−∞

α^{−k}h(k) .

(12.0.2)

zeze‘l mi‘znd ,qltl zxnzdl liawnd ihnznd ilkd .qltl zxnzd z‘ ezxeva xikfn df ieha letihl dni‘zn ziccv ecd dxnzdd o‘k mb ,qltl zxnzd enk .Z zxnzd ‘xwp ,cica onfa zekxrne .ziccv cg dxnzda jxev yi dlgzd i‘pz ly drtyda zeaygzd jxevle ,d‘ivi dqipk zekxrna dxcbda ynzyp cica onfa zeze‘l .4.1 sirqn zeze‘ iagxn ly zexcbda xkfp ,dxnzda oecpy iptl .d‘ad

:jk l_p znxep xicbp p ≥ 1 lk xeare (zeakexn e‘ zeiynn) zeivwpet xear 12.0.1 dxcbd

||x||_p .=

(_∞ ∑ k=−∞

|x(k)|^p

) 1_p , (12.0.3)

||x||_∞ .= sup_k {|x(k)|} .

(12.0.4)

xnelk ,ziteq dni‘znd dnxepd oxear zeivwpetd sqe‘k xcben l_p (zeivwpetd sqe‘) agxnd

l_p = {x : ||x||_p < ∞} .

(12.0.5) ziccv ec dxnzd Z zxnzd l_1 ,mineqgd zeze‘d sqe‘ ‘ed l_∞ agxnd ,hxta .dnxep mr ix‘pil agxn ‘ed l_p agxnd p ≥ 1 lkl ,ziteq dibxp‘ zelra zeivwpetd sqe‘ ‘ed l_2 agxnd .hlgda minikqd (zeivwpet) zeze‘d sqe‘ ‘ed zinipt dltkn xicbdl ozip (!p = 2 xear wxe) exeare ⟨x, y⟩ .= ∞∑ k=−∞

x(k)y^∗(k)

(12.0.6) .⟨x, x⟩ = ||x||^2 jxc ziniptd dltknl dxeyw dnxepd .y ly akexnd cenvd ‘ed y^∗ xy‘k

ziccv ec dxnzd 12.1

ziccv ec Z zxnzd .qltl zxnzdl dneca ipkh i‘pz zgz ,cica onfa zeze‘l zxcben Z zxnzd .onfa zereawe zeix‘pil d‘ivi-dqipk zekxrn gezipl aeyg ilk zynyn mxear z akexnd dpzynd ly mikxr xear zxcben x ze‘ ly ziccv-ec Z zxnzd 12.1.1 dxcbd ∞∑ k=−∞

|x(k)z^{−k}| < ∞ .

(12.1.1) ‘id dxnzdd f‘e X(z) .= ∞∑ k=−∞

x(k)z^{−k} .

(12.1.2)

dxnzdd mxear z ly mikxrd sqe‘ ‘ed (ROC: Region Of Converngence) zeqpkzdd megz e‘ ,dxcbdd megz :jk X dxnzdl x oia xywd z‘ onqp .( 12.1.1) oeieeyd i‘ miiwzn mxear xnelk ,zxcben x^Z↔ X , X(z) = Z[x](z) .

(12.1.3)

zrici ‘ll .zeqpkzdd megze X(z) divwpetd :mipezp cnv ici lr zxcben Z zxnzd ,qltl zxnzd enk .X(z) zrici jezn x(n) z‘ xfgyl lkep ‘l zeqpkzdd megz eze‘ bviind ze‘ xicbp cica onfa x(n) ze‘ ozpda .qltl zxnzd jxc beviil ozip ef dxnzd dyrnl :minld jxc sivx onfa x_c(t) .= ∞∑ k=−∞

x(k)δ(t − k) .

(12.1.4)

X_c(s) = L[x_c](s) = X(z)|_{z=e}s = Z[x](z)|_{z=e}s . 12.1.2 htyn lawp dxcbddn :dgked X_c(s) =

∫_∞ −∞ x_c(t)e^{−st} dt

(12.1.5) = ∞∑ k=−∞

x(k)e^{−sk}

(12.1.6)

= Z[x](z)|_{z=e}s .

(12.1.7)

Version 1.1 138 September 2006 ziccv ec dxnzd Z zxnzd .l.y.n

dxnzd aygp .z mey llek epi‘ zeqpkzdd megzy oeeik Z zxnzd oi‘ x(n) ≡ 3 ze‘ly oaenk 12.1.3 dnbec :cica onfa dbxcn ‘id u xy‘k x(n) = a^nu(n) ipnid ze‘d ly

u(n) =

0 n < 0 1 n > 0 .

(12.1.8)

‘id dxnzdde dbxcn ‘ed x if‘ a = 1 m‘ U(z) = ∞∑ k=−∞

u(k)z^{−k}

(12.1.9)

= ∞∑ k=0 z^{−k} .

(12.1.10)

illk a xear .|z| > 1 m‘ wxe m‘ ahid xcben df mekq

X(z) = ∞∑ k=−∞

x(k)z^{−k}

(12.1.11)

= ∞∑ k=0 a^kz^{−k}

(12.1.12)

= ∞∑ k=0 ( a z )_k . (12.1.13)

megz df ze‘ xear ,xnelk .{z : |z| > |a|} ‘ed dxnzdd ly zeqpkzdd megz okle ,|a/z| < 1 m‘ qpkzn df xeh ,zeqpkzdd megza z xear .akexnd xeyina lbrnl uegn ‘ed zeqpkzdd X(z) = 1 1 − a/z

(12.1.14) = z z − a

|z| > |a| .

(12.1.15)

il‘ny ze‘ xgap zrk 12.1.4 dnbec x(n) = −a^nu(−n − 1) .

(12.1.16)

Version 1.1 139 September 2006 ziccv ec dxnzd Z zxnzd dxcbdd itl

X(z) = − ∞∑ k=−∞

x(k)z^{−k}

(12.1.17)

= − −1∑ k=−∞

a^kz^{−k}

(12.1.18)

= − −1∑ k=−∞ (a z )_k (12.1.19)

= − ∞∑ k=1 ( z a )_k (12.1.20)

= − z a ∞∑ k=0 ( z a )_k (12.1.21) = − z a 1 1 − z/a

(12.1.22) = z z − a

|z| < |a| .

(12.1.23)

xnelk ,|z| < |a| m‘ wxe m‘ qpkzi mekqd okl .cala onfd ly miilily mikxr xear qt‘n dpey ze‘d df dxwna .akexnd xeyina lbrn jeza ‘ed df il‘ny ze‘l zeqpkzdd megz

ze‘d z‘ xfgyl ick :ddf ‘id mipey zeze‘ ipy xear dxnzdd ly zilpeivwpetd dxevdy ok m‘ eplaiw .zeqpkzdd megz edn zrcl miaiig ep‘ onfd xeyina

yeniy jez e‘) xiyi aeyiga lawp x(n) = a^nu(n) + b^nu(−n − 1) iccv ecd ze‘d xear 12.1.5 dnbec (mekqd ly zeix‘pila

X(z) = z z − a − z z − b

(12.1.24)

dxnzdd ik cin raep o‘kn .|a| < |z| < |b| xnelk ,zexcben zexnzdd izy ea megzd ‘ed zeqpkzdd megz xy‘k .|a| < |b| m‘ wx zxcben

,z = re^{jθ} :zeixlet zehpicxe‘ewa z dpzynd z‘ meyxp illk ote‘a zeqpkzdd megz z‘ gzpl ick dxeva meyxl okl xyt‘ zeqpkzdd i‘pz z‘ .iaeig lceb ‘ed r xy‘k ∞∑ k=−∞

|x(k)z^{−k}| = ∞∑ k=−∞

|x(k)|r^{−k}

(12.1.25)

< ∞ .

(12.1.26)

ici lr xcben zeqpkzdd megz ,zexg‘ milina ,e‘ z ly hlgend jxra wx ielz zeqpkzdd megz okl :ze‘ad zepekzd z‘ lawp qltl zxnzda enk .akexnd xeyina milbrn

:ze‘ad zepekzd zeqpkzdd megzl 12.1.6 htyn

Version 1.1 140 September 2006 ziccv cg dxnzd Z zxnzd .akexnd xeyina milebir jxc xcben zeqpkzdd megz .1 .lbrnl uegn ‘ed zeqpkzdd megz ipni ze‘ xear .2 .z = 0 dcewpd z‘ llek ‘ly okzi---lbrn ly miptd ‘ed zeqpkzdd megz il‘ny ze‘ xear .3 .zrah ‘ed zeqpkzdd megz ziccv ec dxcq xear .4 if‘ ‘edylk n < 0 xear qt‘n dpey ze‘d m‘ xy‘k ,z lk ‘ed zeqpkzdd megz iteq jnz mr ze‘ xear .5 .0 dcewpd z‘ llek epi‘ df megz .dxnzdd ly miahw llek epi‘ zeqpkzdd megz .6 -y jk N miiw ipni ze‘dy oeeik .lbrnl uegn ‘ed ipni ze‘l zeqpkzdd megz ik wx gikep :dgked xgape ,zeqpkzdd megza z‘vnp z = r_0 dcewpdy gipp .N ≥ 0 ik dligz gipp .n < N xear x(n) = 0 if‘ .r > r_0 ∞ > ∞∑ k=−∞

|x(k)||z|^{−k}

(12.1.27)

= ∞∑ k=N |x(k)|r^{−k}_0

(12.1.28)

≥ ∞∑ k=N |x(k)|r^{−k}

(12.1.29) :jk aeyigd z‘ dpyp N < 0 m‘ .zeqpkzdd megza r mb xnelk ∞ > ∞∑ k=N |x(k)|r^{−k}_0

(12.1.30)

≥ ∞∑ k=0 |x(k)|r^{−k}

(12.1.31) miiwzn sqepae −1∑ k=N |x(k)|r^{−k} < ∞

(12.1.32) .zeqpkzdd megza ‘ed r mb okle xear okl .zeqpkzdd megza zeidl leki epi‘ 0 if‘ ,edylk n > 0 xear x(n) ≠ 0 m‘ ik al miyp .l.y.n .n > 0 lkl x(n) = 0 n”n‘ 0 ∈ ROC il‘ny ze‘

ziccv cg dxnzd 12.2

mxear z akexnd dpzynd ly mikxr xear zxcben x ze‘ ly ziccv-cg Z zxnzd 12.2.1 dxcbd ∞∑ k=0 |x(k)z^{−k}| < ∞ .

(12.2.1)

Version 1.1 141 September 2006 dxnzdd zepekz Z zxnzd ‘id dxnzdd f‘e X_+(z) .= ∞∑ k=0 x(k)z^{−k} .

(12.2.2) dxnzdd mxear z ly mikxrd sqe‘ ‘ed (ROC: Region Of Converngence) zeqpkzdd megz e‘ ,dxcbdd megz :jk X_+ dxnzdl x oia xywd z‘ onqp .( 12.2.1) oeieeyd i‘ miiwzn mxear xnelk ,zxcben x^{Z+}↔ X_+ , X_+(z) = Z_+[x](z) .

(12.2.3)

.lbrnl uegn cinz ‘ed zeqpkzdd megz ,ipni ze‘ ly ziccv oc dxnzd ‘id ziccv cg dxnzdy oeeik

dxnzdd zepekz 12.3

.zxg‘ yxetna xn‘p ok m‘ ‘l‘---ziccv cge ec---zexnzdd izyl zqgiizn ”dxnzd” df sirqa xnelk ,zix‘pil dlert ‘id dxnzdd 12.3.1 htyn αx + βy^Z↔ αX + βY

(12.3.1) .ROC_x ∩ ROC_y z‘ zegtl likn meiwd megze .l.y.n .mekqd zeix‘piln ziciin raep :dgked .zeqpkzdd inegz jezign lecb zeidl oaenk leki mekq ly zeqpkzdd megz .ROC_x ∩ ROC_y z‘ zegtl likn zeqpkzdd megz .x ∗ y^Z↔ X(z)Y (z) ,ziccv ec dxnzdl 12.3.2 htyn .x ∗ y^{Z+}↔ X_+(z)Y_+(z) if‘ miipni zeze‘ md y-e x m‘ ,diveleepewde dxnzdd zxcbd itl :dgked Z(x ∗ y)(z) = ∞∑ n=−∞

[_∞ ∑ k=−∞

x(k)y(n − k) ] z^{−n}

(12.3.2)

= ∞∑ k=−∞

x(k)

[_∞ ∑ n=−∞

y(n − k)z^{−n} ] (12.3.3)

= ∞∑ k=−∞

x(k)z^{−k}

[_∞ ∑ n=−∞

y(n − k)z^{−(n−k)} ] (12.3.4)

= ∞∑ k=−∞

x(k)z^{−k}

[_∞ ∑ m=−∞

y(m)z^{−m} ] (12.3.5) = X(z)Y (z) .

(12.3.6) .zexnzdd izy ly zeqpkzdd megza ‘vnp z m‘ oaenk swz aeyigd .l.y.n .zncewd dgkeddn zraep d‘vezd okle ipni ze‘ ‘ed x ∗ y if‘ miipni zeze‘ md y-e x m‘ Version 1.1 142 September 2006 dxnzdd zepekz Z zxnzd .δ(n − m)^Z↔ z^{−m} ‘id zffen dzlc ly (ziccv-ecd) dxnzdd .onf zffd 12.3.3 htyn :ffen ze‘ ly (ziccv ec) dxnzd x(n − m)^Z↔ z^{−m}X(z) .

(12.3.7) .z = 0 dcewpl ile‘ hxt ,iepiy ‘ll ‘ed zeqpkzdd megz xear qt‘zn epi‘y ze‘ xear ,illk ote‘a .ziccv cg dxnzdl mb zepekp ze‘vezd m ≥ 0-e miipni zeze‘ xear m > 0 xear lawp miilily mipnf x(n + m)^{Z+}↔z^mX_+(z) − m−1∑ k=0 z^{m−k}x(k)

(12.3.8) x(n − m)^{Z+}↔z^{−m}X_+(z) + m∑ k=1 z^{−(m−k)}x(−k) .

(12.3.9)

:dgked δ(n − m)^Z↔ ∞∑ k=−∞

δ(k − m)z^{−k}

(12.3.10) =z^{−m}

(12.3.11) x(n − m)^Z↔ ∞∑ k=−∞

x(k − m)z^{−k}

(12.3.12) = z^{−m} ∞∑ k=−∞

x(k − m)z^{−(k−m)}

(12.3.13) = z^{−m}X(z) .

(12.3.14) .ddf dxeva zayegn δ ly ziccv cgd dxnzdd ,m > 0-e ipni ze‘ xear x(n − m)^{Z+}↔ ∞∑ k=0 x(k − m)z^{−k}

(12.3.15) = z^{−m} ∞∑ k=0 x(k − m)z^{−(k−m)}

(12.3.16) = z^{−m} ∞∑ k=0 x(k)z^{−k}

(12.3.17) = z^{−m}X_+(z)

(12.3.18)

Version 1.1 143 September 2006 dxnzdd zepekz Z zxnzd (ipni gxkda ‘l) illk ze‘l .k < m xear x(k − m) = 0-y oeeik miiwzn oexg‘ iptld oeieeyd xy‘k ,m > 0-e

x(n + m)^{Z+}↔ ∞∑ k=0 x(k + m)z^{−k}

(12.3.19)

=z^m ∞∑ k=0 x(k + m)z^{−(k+m)}

(12.3.20)

=z^m ∞∑ l=m x(l)z^{−l}

(12.3.21)

=z^m

[_∞ ∑ l=0 x(l)z^{−l} − m−1∑ l=0 x(l)z^{−l} ] (12.3.22)

=z^mX_+(z) − z^m m−1∑ k=0 x(k)z^{−k}

(12.3.23)

=z^mX_+(z) − m−1∑ k=0 x(k)z^{m−k} ,

(12.3.24)

,dnec dxevae

x(n − m)^{Z+}↔ ∞∑ k=0 x(k − m)z^{−k}

(12.3.25)

=z^{−m} ∞∑ k=0 x(k − m)z^{−(k−m)}

(12.3.26)

=z^{−m}

[_∞ ∑ k=m x(k − m)z^{−(k−m)} + m−1∑ k=0 x(k − m)z^{−(k−m)} ] (12.3.27)

lawpe p = m − k ipnid mekqao l = k − m il‘nyd xai‘a aivp zrk

=z^{−m} ∞∑ l=0 x(l)z^{−l} + z^{−m} m∑ p=1 x(−p)z^p

(12.3.28)

=z^{−m}X_+(z) + m∑ k=1 x(−k)z^{−(m−k)} .

(12.3.29)

.l.y.n

.x(−n)^Z↔ X(1/z) 12.3.4 htyn if‘ iynn ze‘ ‘ed x m‘

X(z^∗) = X(z)^∗ , X_+(z^∗) = X_+(z)^∗ .

(12.3.30)

Version 1.1 144 September 2006 dxnzdd zepekz Z zxnzd :dgked

x(−n)^Z↔ ∞∑ k=−∞

x(−k)z^{−k}

(12.3.31)

= ∞∑ k=−∞

x(k)z^k

(12.3.32)

= ∞∑ k=−∞

x(k) ( 1 z )_{−k} (12.3.33)

=X ( 1 z ) . (12.3.34)

iynn x m‘

[X(z)]^∗ =

[_∞ ∑ k=−∞

x(k)z^{−k}

]_∗ (12.3.35)

= ∞∑ k=−∞ [ x(k)z^{−k}

]_∗ (12.3.36)

= ∞∑ k=−∞

x(k)(z^∗)^{−k} .

(12.3.37)

ly ziccv cgd dxnzdd oia xyw mey oi‘y oaenk.l.y.n .iynn ‘ed x-y jkn raep oexg‘d oeieeiyd .{x(−n), n ≥ 0} ly ziccv cgd dxnzdd oial {x(n), n ≥ 0}

ziccv ece cg dxnzdl :hppetqw‘a dltkd 12.3.5 htyn

a^nx(n)^Z↔ X(z/a)

(12.3.38)

.z/a ∈ ROC_x ‘ed zeqpkzdd megze

:dgked

a^nx(n)^Z↔ ∞∑ k=−∞

a^kx(k)z^{−k}

(12.3.39)

= ∞∑ k=−∞

x(k) ( z a )_{−k} (12.3.40)

=X(z/a) .

(12.3.41)

.l.y.n

:z-a dxifb 12.3.6 htyn

−nx(n)^Z↔ z dX(z) dz . (12.3.42)

Version 1.1 145 September 2006 dxnzdd zepekz Z zxnzd :dgked d dz X(z) = d dz ∞∑ k=−∞

x(k)z^{−k}

(12.3.43)

= ∞∑ k=−∞

x(k) d dz z^{−k}

(12.3.44)

= ∞∑ k=−∞

x(k)(−k)z^{−1}z^{−k}

(12.3.45)

= z^{−1} ∞∑ k=−∞

[−kx(k)]z^{−k}

(12.3.46) = z^{−1}Z[−nx(n)](z) .

(12.3.47) .l.y.n .na^nu(n) ly Z zxnzd z‘ aygp 12.3.7 dnbec na^nu(n)^Z↔ − z d dz [ z z − a ] (12.3.48) = az (z − a)^2

|z| > |a| .

(12.3.49)

:izlgzdd jxrd htyn 12.3.8 htyn x(0) = lim_{|z|→∞} X_+(z) .

(12.3.50) if‘ miiw il‘nyd leabd m‘ :iteqd jxrd htyn lim_{n→∞} x(n) = lim_{z→1}(z − 1)X_+(z) .

(12.3.51)

dxcbdd itl .zwiecn zihnzn dgked eixg‘le ,iaihi‘ehpi‘ xaqd dligz ozip ,mixwnd ipyl :dgked X_+(z) = x(0) + x(1)z^{−1} + x(2)z^{−2} + . . . .

(12.3.52) okle qt‘l mit‘ey oey‘xd hrnl mixa‘d lk z → ∞ xy‘k lim |z|→∞

X_+(z) = x(0) .

(12.3.53) ,zilnxet xzei dxeva X_+(z) = x(0) + 1 z f(z)

(12.3.54) f(z) = ∞∑ k=1 x(k)z^{−k+1}

(12.3.55)

|f(z)| = ∞∑ k=1 |x(k)| · |z^{−k+1}|

(12.3.56)

Version 1.1 146 September 2006 dxnzdd zepekz Z zxnzd oexg‘d iehiad ,sqepa .ipni ‘ed ze‘de zniiw dxnzddy epgpdy oeeik lecb z xear iteq oexg‘d iehiade .yxcpk x(0) z‘ lawp ∞-l s‘ey |z| xy‘k okl .lcb |z| xy‘k ohw ,dxcbdd jezn ,aey meyxp iteqd jxrd zgkedl

(z − 1)X_+(z) = zX_+(z) − X_+(z)

(12.3.57) = z[x(0) + x(1)z^{−1} + x(2)z^{−2} + . . . ] − [x(0) + x(1)z^{−1} + x(2)z^{−2} + . . . ]

(12.3.58) = zx(0) + x(1) + x(2)z^{−1} + . . .

(12.3.59) − x(0) − x(1)z^{−1} − x(2)z^{−2} + . . .

(12.3.60) = zx(0) + [x(1) − x(0)] + [x(2) − x(1)]z^{−1} + [x(3) − x(2)]z^{−2} + . . . .

(12.3.61) okl lim_{z→1}(z − 1)X_+(z) = x(0) + [x(1) − x(0)] + [x(2) − x(1)] + [x(3) − x(2)] + . . .

(12.3.62) = [x(0) − x(0)] + [x(1) − x(1)] + . . . + lim_{n→∞} x(n)

(12.3.63) = lim_{n→∞} x(n) .

(12.3.64)

d‘xp .z → 1 xy‘k leabd oial (iteq-oi‘d) mekqd oia xcqd z‘ silgdl ozip ik dgked yxec df oerih lecb N xegal lkep ε > 0 ozpda ,okle x(∞) leabd miiw dgpdd itl ik xkfp .xzei zilnxet dgked zrk -y jk witqn

|x(n) − x(∞)| < ε

(12.3.65)

zrk meyxp .n > N lkl

(z − 1)X_+(z) = (z − 1) N∑ k=0 x(k)z^{−k} + (z − 1) ∞∑ k=N+1

x(k)z^{−k}

(12.3.66)

→ (1 − 1) N∑ k=0 x(k)1^{−k} + lim_{z→1} [ (z − 1) ∞∑ k=N+1

x(k)z^{−k} ] (12.3.67)

= 0 + lim_{z→1} [ (z − 1) ∞∑ k=N+1

x(∞)z^{−k} + (z − 1) ∞∑ k=N+1

[x(k) − x(∞)]z^{−k} ] . (12.3.68)

-y oeeik ievxd leabd z‘ ozep ipyd xai‘d

lim_{z→1} [ (z − 1) ∞∑ k=N+1

x(∞)z^{−k} ] = lim_{z→1} [ x(∞)(z − 1)z^{−(N+1)} ∞∑ k=0 z^{−k} ] (12.3.69)

= lim_{z→1} [ x(∞)(z − 1)z^{−(N+1)} 1 1 − z^{−1} ] (12.3.70)

= lim_{z→1} [ x(∞)(z − 1)z^{−(N+1)} 1 1 − z^{−1} ] (12.3.71)

= lim_{z→1} [ x(∞)z^{−(N+1)}

(z − 1)z z − 1 ] (12.3.72)

= x(∞) .

(12.3.73)

Version 1.1 147 September 2006 dketd dxnzd Z zxnzd

xai‘d dfk z xear .z > 1 xear zniiw dxnzdd ik dgihan miiw htyna leabdy dgpdd ik al miyp miiwn iyilyd | | | lim_{z→1}(z − 1) ∞∑ k=N+1

[x(k) − x(∞)]z^{−k} | | | = lim_{z→1}(z − 1) ∞∑ k=N+1

|[x(k) − x(∞)]|z^{−k}

(12.3.74)

≤ lim_{z→1}(z − 1)ε ∞∑ k=N+1

z^{−k}

(12.3.75)

= lim_{z→1}(z − 1)εz^{N+1} z z − 1

(12.3.76)

= ε .

(12.3.77)

.l.y.n .dnlyed dgkedd ,izexixy ote‘a ohw ε-y oeeik

dketd dxnzd 12.4

xear epiyry itk ,miiwlg mixayl wexit ici lr ‘id dketd dxnzd revial xzeia dheytd dhiyd .dnbeca wtzqpe dixe‘zd lr xefgp ‘l .epayig xak xy‘ zexnzda yeniye ,qltl zxnzd

12.4.1 dnbec

X(z) =

3z^2 −^5_2 z z^2 −^3_2 z +^1_2

(12.4.1) = z 3z −^5_2 z^2 −^3_2 z +^1_2

(12.4.2) = 2z z −^1_2 + z z − 1 . (12.4.3)

.|z| > 1 xnelk ,xzeia lecbd ahewd ici lr xcbend lbrnl uegn didi zeqpkzdd megz ,ipni ze‘a xaecny dgpda ,zncewd dnbecd itle ,zeix‘pild zekfa

x(n) = 2 ( 1 2 )_n

u(n) + u(n) .

(12.4.4)

lawp jex‘ weliga ligzp m‘ :mipey miiehia xtqn lawl ozipy oaenk

X(z) = 3 + 1 z −^1_2 + 1 z − 1

(12.4.5)

x(n) = 3δ(n) + ( 1 2 )_{n−1}

u(n − 1) + u(n − 1)

(12.4.6) = 2 ( 1 2 )_n

u(n) + u(n) .

(12.4.7)

.ddf d‘vezdy oaenk

Version 1.1 148 September 2006 dketd dxnzd Z zxnzd

”‘exwl” xyt‘ if‘ z ly zewfga xehk dxnzdd z‘ bivdl lkep m‘ ,qltl zxnzd xear epi‘xy itk dnbecl .ze‘d ikxr md mincwnde ,xehdn zexiyi mincwnd z‘

X(z) = log ( 1 + a z ) . (12.4.8)

lawp xeliih xehl gezit ici lr .ipni ze‘a xaecn xy‘k

X(z) = ∞∑ k=1 (−1)^{k+1} k ( az^{−1}

)_k (12.4.9)

= ∞∑ k=−∞ − (−1)^k k a^ku(k − 1)z^{−k}

(12.4.10)

= ∞∑ k=−∞

x(k)z^{−k}

(12.4.11)

o‘kne

x(n) = −

(−1)^n n a^nu(n − 1) .

(12.4.12)

lbrnd z‘ llek zeqpkzdd megz ik df alya gipp .dketdd dxnzdd aeyigl zeihilp‘ zehiy zrk xikp |z| = 1 xear meyxp .d‘ad dxeva dketdd dxnzdd z‘ aygl df dxwna ozip .|z| = 1

z = e^{jθ} .

(12.4.13)

‘id dxnzdd dxcbdd itl X ( e^{jθ} ) = ∞∑ k=−∞

x(k)e^{−jkθ} .

(12.4.14)

lewiyn .ef divwpet ly dixet xeh weica ‘ed iehiade ,2π xefgn mr θ dpzyna zixefgn divwpet idef lawp L_2[0, 2π] agxna e^{jkθ} zeze‘d ly zeavipd zpekzn zexiyi e‘ ,df

x(n) = 1 2π ∫_{2π} 0 X ( e^{jθ} ) e^{jnθ} dθ .

(12.4.15)

zeqpkzdd megza z_0 ‘idylk dcewp xgap .zeqpkzdd megza epi‘ dcigid lbrn ea dxwna zrk lthp dxeva dxnzdd z‘ meyxl ozipe ,zeqpkzdd megza ‘ed z = r_0e^{jθ} lbrnd if‘ .z_0 = r_0e^{jθ0} meyxpe X ( r_0e^{jθ} ) = ∞∑ k=−∞

x(k)r^{−k}_0 e^{−jkθ} .

(12.4.16)

lawpe θ dpzyna zixefgn divwpet idef reaw r_0 xear ,mcewd dxwna enk

x(n)r^{−n}_0 = 1 2π ∫_{2π} 0 X ( r_0e^{jθ} ) e^{jnθ} dθ

(12.4.17)

x(n) = r^n_0 1 2π ∫_{2π} 0 X ( r_0e^{jθ} ) e^{jnθ} dθ .

(12.4.18)

Version 1.1 149 September 2006 yxtd ze‘eeyn oexzt Z zxnzd

ik d‘xn Residue zix‘yd htyn ik xkfp .zix‘yd htynn lawpy aeyigl dlewy ef dgqep dyrnl 1 j2π ∮ z^{p−1} dz =

1 p = 0 0 p ≠ 0 .

(12.4.19)

,Z zxnzd zxcbdn X(z)z^{n−1} = ∞∑ k=−∞

x(k)z^{−k+n−1}

(12.4.20) lawp zeqpkzdd megza ‘vnpd lbrn lr lxbhpi‘ rvap m‘ zix‘yd htynn okle ∮ X(z)z^{n−1} dz = ∞∑ k=−∞

x(k) ∮ z^{−k+n−1} dz

(12.4.21) = j2πx(n)

(12.4.22) x(n) = 1 j2π ∮ X(z)z^{n−1} dz .

(12.4.23) .z = r_0e^{jθ} mipzyn iepiy ici lr ze‘xl ozipy itk ( 12.4.18)-l dlewy ef dgqep

yxtd ze‘eeyn oexzt 12.5

zix‘pil miyxtd z‘eeyn epxcbd ( 10.1.1)-a N∑ n=0 a_ny(t − n) = M∑ m=0 b_mx(t − m)

(12.5.1) dffdd xehxte‘a xkfp σx(t) = x(t + 1)

(12.5.2)

lawp 12.3.3 htynn .onfd dpzyn xeza t-a ynzydl epxfg ,miqwcpi‘d ieaix zngn ,xy‘k Z[σ^{−m}x](z) = z^{−m}X(z)

(12.5.3) z‘ meyxp .d‘ivi dqipk zkxrnk avnd z‘eeyn z‘ xewgl zpn lr ziccv ec dxnzd dligz rvap dxeva yxtdd z‘eeyn N∑ n=0 a_nσ^{−n}y(t) = M∑ m=0 b_mσ^{−m}x(t)

(12.5.4) Q(σ)y(t) = P (σ)x(t)

(12.5.5) lawp ( 12.5.3) d‘eeynne Q(z)Y (z) = P (z)X(z)

(12.5.6) Y (z) =

P (z) Q(z)

X(z)

(12.5.7)

Version 1.1 150 September 2006 yxtd ze‘eeyn oexzt Z zxnzd ‘id zxeqnzd zivwpete

H(z) =

P (z) Q(z)

(12.5.8) = ∑_M

m=0 b_mz^{−m} ∑_N

n=0 a_nz^{−n} . (12.5.9)

z xear didi zeqpkzdd megz if‘ zizaiq zkxrn x‘zl ick miyxtdd z‘eeyna miynzyn ep‘ m‘ mepilet iyxey mr mevniv xg‘l dpknd mepilet ly yxey) ahewd ici lr xcben lbrnde ,lbrnl uegn .xzeia lecbd (dpend lawp 12.3.3 htynn .ziccv cg dxnzda ynzydl epilr dlgzdd i‘pz z‘ oeayga zgwl ick

Z[σ^{−m}x](z) = z^{−m}X_+(z) + m∑ k=1 z^{−(m−k)}x(−k) .

(12.5.10)

lawp dxabl‘ xg‘l .ziccv ecd dxnzdd xear enk jxc dze‘a xearp

Y_+(z) = H(z)X_+(z) + y lye x ly dlgzdd i‘pza mepilet Q(z) . (12.5.11)

dxnzdd ‘ed ipyd xai‘de ,qt‘ dlgd i‘pza daebzd ,y_{ZSR} ly ziccv cgd dxnzdd ‘ed oey‘xd xai‘d ,dqipka ix‘pil ‘ed qt‘ dlgzd i‘pza oexztd ik al miyp .qt‘ dqipka daebzd ,y_{ZIR} ly ziccv cgd .dlgzdd i‘pza ix‘pil ‘ed qt‘ dqipka oexztd eli‘e

‘id i’vpeait z‘eeyn 12.5.1 dnbec

y(n + 2) =y(n + 1) + y(n)

(12.5.12) y(0) = 0, y(1) = 1 .

(12.5.13)

lawp ziccv cg dxnzd zxfra .dqipk ‘ll d‘eeyn idef

y(n + 1)^{Z+}↔zY_+(z) − zy(0)

(12.5.14) y(n + 2)^{Z+}↔z[zY_+(z) − zy(0)] − zy(1)

(12.5.15) = z^2Y_+(z) − z^2y(0) − zy(1)

(12.5.16)

Y_+(z) = z^2y(0) + zy(1) − zy(0)

z^2 − z − 1

(12.5.17) = z z^2 − z − 1

(12.5.18) = z (z − z_1)(z − z_2)

(12.5.19)

z_{1,2} = 1 ± √ 1 + 4 2 (12.5.20) = 1 2 ± √ 5 2 (12.5.21)

Y_+(z) = 1 z_1 − z_2 [ z z − z_1 − z z − z_2 ] (12.5.22)

Version 1.1 151 September 2006 miyxye miahw Z zxnzd lawp z_1 − z_2 = √ 5-y oeeik

y(n) = 1 √ 5 (z^n_1 − z^n_2 ) u(n)

(12.5.23) = {0, 1, 1, 2, 3, 5, 8, . . . } .

(12.5.24)

mle‘ .a_0 ≠ 0-y i‘pza zizaiq zkxrn zpzep miyxtdd z‘eeyn ly eply meyixd zxev ik al miyp ,mekiql .ef dpekza ielz epi‘ dxnzdde d‘eeynd oia epgzity xywd .Z zxnzd yi dqipkd ze‘l m‘ ,Z zxnzd zxfra xeztl ozip miyxtd z‘eeyn 12.5.2 htyn dlgzd i‘pz mr ,(zizaiq) miyxtd z‘eeyn ly ixyt‘ oexzt lk ,mi‘pzd zgz ik gikedl epilr :dgked oexztd z‘ aygl ozip if‘ ,oekp df m‘ .witqn lecb z xear Z zxnzd el yi xy‘ ze‘ ‘ed ,mdylk ,daebzd xear oexzt yi if‘ dxnzd yi dqipkd ze‘l m‘ ik xexa oexztd beviin mle‘ .Z zxnzd zxfra Z zxnzdy oeeik .cigi oexzt miiw yxtdd z‘eeynl 10.1.1 htynn ,sqepa .z dpzynd ly divwpet .l.y.n .d‘eeynd ly (cigid) oexztd edf ixd ,oexzt zpzep miyxye miahw 12.5.1 ‘ed ef d‘eeyn ly ipiit‘d mepiletd 10.1.6 dxcbd itl .miyxtdd z‘eeyn ly ( 12.5.1) dxevl xefgp N∑ n=0 a_nλ^{N−n} .

(12.5.25)

daebzd ly zeidydl xeywd mepiletdy eplaiw yxtdd z‘eeyn lr Z zxnzd eplrtd xy‘k ,ipy cvn ‘ed y

Q(z) = N∑ n=0 a_nz^{−n} = z^{−N} N∑ n=0 a_nz^{N−n} .

(12.5.26)

-nzd ziivwpet iahw lk ,(qltl zxnzde ipiit‘d mepiletd iyxy oia xywd) sivx onfa enk weica ,okl .miqt‘e miahw ly mevnv yi m‘ wx ahew epi‘y yxey okzie ,ipiit‘d mepiletd ly miyxey md zxeq d‘eeyna opeazp .yxtd z‘eeyn ly xg‘ beviia opeazp m‘ zexida xzia d‘xp sivx onfl dlawdd z‘ N∑ n=0 ã_nσ^ny(t) = M∑ m=0 b̃_mσ^mx(t) (12.5.27)

zpzep ef d‘eeynl ziccv ec Z zxnzd ik al miyp .σr(t) = r(t + 1) dffdd xehxte‘ ‘ed σ xy‘k N∑ n=0 ã_nz^nY (z) = M∑ m=0 b̃_mz^mX(z) (12.5.28)

zxeqnzd zivwpet ly dpknd okle N∑ n=0 ã_nz^n

(12.5.29)

Version 1.1 152 September 2006 diveleepew zkxrn Z zxnzd dtlgdd hrnl) sivx onfa dxevl oihelgl ddf ezxeve ,z ly zeiaeig zewfga xzei dgep dxeva lawzn ,zizxeqnd dyibd llba oke ef daiqn .cicae sivx onfl cig‘ gezip xyt‘n df oeinc .(z ze‘l s ze‘dn ,illk ote‘a .( 12.5.27) dxeva yxtdd ze‘eeyn z‘ bviip (15.7 sirq 15 wxt) avn beviia lthp xy‘k .dxwad megza laewnd ‘ed ( 12.5.27) beviidy cera ,zeze‘d ceair megza xzei laewn ( 12.5.1) beviid (a_0 ≠ 0 m‘ ( 12.5.1) beviia ,lynl .zil‘eeixh dpi‘y dxeva ( 12.5.1)-n dpey ( 12.5.27) xe‘zd znxeb M > N dxigady ,sivx onfa enk ,lawp ( 12.5.27) beviia z‘f znerl .zizaiq zkxrnd if‘ ‘ed mdipia xarnd---milewy md mibeviidy oaenk .zizaiq dpi‘ zkxrnd df dxwna---dpey zebdpzdl dxeva ligzp .d‘ad dxeva N∑ n=0 a_ny(t − n) = M∑ m=0 b_mx(t − m)

(12.5.30)

lawpe L-a onfd xiv z‘ fifp .L = max{N, M} onqp N∑ n=0 a_ny(t + L − n) = M∑ m=0 b_mx(t + L − m)

(12.5.31)

lawpe k = L − m-e l = L − n :mipzyn silgp zrk L∑ l=L−N

a_{L−l} y(t + l) = L∑ k=L−M

b_{L−k} x(t + k) .

(12.5.32) k ≥ L − M xeare l ≥ L − N xear .d‘ad dxeva ( 12.5.27) dxevl ( 12.5.1) xe‘zdn xearl xyt‘ okl xicbp ã_l = a_{L−l} b̃_k = b_{L−k} .

(12.5.33) xicbp .mdipyn lecbd ‘ed M xy‘k dnec dxevae ,N = L if‘ L = max{N, M} = N m‘ ik al miyp ok m‘ ã_l = 0 , 0 ≤ l < L − N , b̃_k = 0 , 0 ≤ k < L − M .

(12.5.34)

d‘eeynd z‘ epnyx jkae ( 12.5.32) d‘eeyna ( 12.5.34)--( 12.5.33) zexcbdd z‘ zrk aivp N∑ n=0 a_ny(t − n) = M∑ m=0 b_mx(t − m)

(12.5.35)

-k dlewy dxeva L∑ l=0 ã_ly(t + l) = L∑ k=0 b̃_kx(t + k) .

(12.5.36) .jetdd oeeka dnec dxeva xearl oaenk xyt‘ .qt‘ didi mincwndn wlg oexg‘d beviia if‘ dpey d‘ivide dqipkd ly oexkfd jxe‘ m‘ ik al miyp xicbdl miaiig ep‘ zizaiq dpi‘y zkxrn bviil ick ,oey‘xd beviia z‘f znerl a_n = 0 0 ≤ n ≤ N^′

(12.5.37) .edylk N^′ > 0 xear Version 1.1 153 September 2006 diveleepew zkxrn Z zxnzd

diveleepew zkxrn 12.6

:( 11.0.2) d‘eeyn jxc diveleepew zkxrn epxcbd

y(n) = ∞∑ k=−∞

h(n − k)x(k) .

(12.6.1)

yeniye d‘eeynd ly ziccv ec Z zxnzd .ef d‘ivi-dqipk zkxrn ly mldd zaebz ‘id h ik epi‘x ciin mipzep dxnzdd zepekza

Y (z) = H(z)X(z)

(12.6.2)

H(z) = ∞∑ k=−∞

h(k)z^{−k} .

(12.6.3)

jk m‘ .ipni ze‘ ‘id zizaiq zkxrn ly mldd zaebz ik raep 11.3.1 htynn

if‘ .‘edylk z xear zniiw H(z)-y gippe ,zizaiq zkxrn ly mldd zaebz h idz 12.6.1 htyn sup |z|≥r_0

|H(z)| < ∞ .

(12.6.4)

.zizaiq zkxrnd if‘ miiwzn i‘pzd m‘ ,sqepa .edylk r_0 xear

jk ici lr htynd zpwqn z‘ x‘zp :lbrnl uegn ‘ed ipni ze‘ ly zeqpkzdd megz ik mircei ep‘ .seqpi‘d z‘ llek zeqpkzdd megzy xn‘py xnelk zipni ‘id mldd zaebz ,zizaiq zkxrndy m‘ :dgked

|H(z)| = | | | ∞∑ k=0 h(k)z^{−k} | | | (12.6.5)

≤ ∞∑ k=0 |h(k)| | |z_{−k} | | , (12.6.6)

zeilily zewfg wx likn ‘edy oeeik lcb |z| xy‘k cxeie ,zeqpkzdd megza z xear iteq oexg‘d iehiade .z ly zeiaeig zewfg likn Z zxnzd z‘ xicbnd xehd if‘ zizaiq dpi‘ zkxrnd m‘ ,ipy cvn .|z| ly .l.y.n .meqg zeidl leki epi‘ mekqd df dxwna ik d‘xn dnec aeyig

Version 1.1 154 September 2006

13 wxt

cica onfa zekxrn zeaivi

‘yep .zeze‘ ceair llek eiccv lka dax zeaiyg lrae ,zekxrnd zxezl ifkxn ‘ed zeaivid ‘yep izivnz didi o‘k letihd okl .sivx onfa ‘yepl ze‘vezae milka ,eizexcbda dnec cica onfa zeaivid .xzei

dneqg d‘ivi-dneqg dqipk zeaivi 13.1

---l_∞ dnxepde l_1 dnxepd zxcbda xkfp .BIBO zeaivi zwical dhiy yi cica onfa diveleepew zekxrnl .12.0.1 dxcbd mldd zaebz m‘ wxe m‘ BIBO daivi zkxrnd if‘ .h mld zaebz mr diveleepew zkxrn Φ idz 13.1.1 htyn zniiwn dly ∞∑ k=−∞

|h(k)| < ∞ .

(13.1.1)

.||Φ[x]||_∞ ≤ ||h||_1 · ||x||_∞ if‘ miiwzn i‘pzd m‘ .l_1-a z‘vnp h m‘ wxe m‘ xnelk ok‘e .dneqg eil‘ daebzd ik ze‘xdl epilr .edylk meqg ze‘ x idi .l_1-l zkiiy h ik dligz gipp :dgked

|y(t)| = | | | | ∞∑ k=−∞

h(k)x(t − k) | | | | (13.1.2)

≤ ∞∑ k=−∞

|h(k)x(t − k)|

(13.1.3)

≤ ∞∑ k=−∞

|h(k)| sup_n |x(n)|

(13.1.4)

= ||h||_1 · ||x||_∞ .

(13.1.5) .dprhay oexg‘d oeieeyd i‘ miiwzn oke miiwzn i‘pzde ||y||_∞ ≤ ||h||_1 · ||x||_∞ okl xnelk ,miiwzn epi‘ i‘pzdy gipp ipyd oeeikd z‘ gikedl ick ∞∑ k=−∞

|h(k)| = ∞

(13.1.6) dqipkl zeaivi cica onf zeaivi xicbp .||Φ(x)||_∞ = ∞ -y jk x meqg ze‘ ‘evnl dvxpe

x(t) =

1 h(−t) ≥ 0 −1 h(−t) < 0 .

(13.1.7)

aygp .meqg ze‘ epi‘ y okle y(0) = ∞ ik d‘xp .x(t) = sign(h(−t)) ,xg‘ oeniqa

y(0) = ∞∑ k=−∞

h(−k)x(k)

(13.1.8)

= ∞∑ k=−∞

|h(−k)|

(13.1.9)

= ∞ .

(13.1.10)

.l.y.n ik i‘pzl dlewy BIBO zeaivi ,diveleepew zkxrn xear :dxcbddn xzei dwfg d‘vez eplaw dyrnl exear B reaw miiw

||y||_∞ ≤ B · ||x||_∞

(13.1.11)

,(ohw ‘ed ||x||_∞-y oaena) ohw ze‘ ‘ed x m‘ ik raep o‘kn hxta .B = ||h||_1 ici lr oezp B reawde .dphw zkxrnd ly daebzd if‘ .Z zxnzd zxfra ef d‘vez gqpl ozip dcigid lbrn m‘ wxe m‘ BIBO daivi zkxrn zx‘zn cica onfa zkxrn ly H zxeqnz zivwpet 13.1.2 htyn .H ly zeqpkzzd megza ‘ed lbrn jeza ynn md miahwd lky ‘ed lewy i‘pz if‘ zizaiq miyxtd z‘eeyn zx‘zn zxeqnzd zivwpet m‘ .dcigid m‘ wxe m‘ zeqpkzdd megza ‘ed dcigid lbrn :dgked ∞∑ k=−∞

|h(k)||z^{−k} | < ∞

(13.1.12)

.h ∈ l_1 -y i‘pzd weica edf .|z| = 1 xy‘k meyn ,lbrnl uegn ‘ed zeqpkzdd megz if‘ zizaiq miyxtd z‘eeyn zx‘zn zxeqnzd zivwpet m‘ megza didi dcigid lbrny ick .xzeia lecbd ahewd ici lr xcben lbrnde ,ipni ze‘ ‘id mldd zaebzy .l.y.n .dcigid lbrn jeza xnelk ,xzei ohw ynn lceb ilra zeidl miahwd lk lr zeqpkzdd iyxy xnelk :miahwd gezip ici lr yxtd z‘eeyn ly BIBO zeaivi reawl ozip df htyn itl -yxtdd z‘eeyn ly oini cv ly miyxyd mr minvnhvnd miyxey mze‘ lehia xg‘l ,ipiit‘d mepiletd yxtd z‘eeyn ly dpknde dpend mepilet xcq ,zil‘ivpxtic d‘eeyn lr mi‘pzl cebipa ik al miyp .mi ze‘ ly miyxtdy cera ,dneqg gxkda dpi‘ meqg ze‘ ly zxfbpy meyn z‘f .zeaivid lr rityn epi‘ .mineqg cinz md meqg .oirxb zekxrnl zeaivid i‘pzn wlg aigxdl ozip

Version 1.1 156 September 2006 zihehtniq‘ zeaivi cica onf zeaivi m‘ daivi ‘id oirxb zkxrn 13.1.3 htyn sup_n ∞∑ k=−∞

|K(n, k)| < ∞ .

(13.1.13)

.igxkd epi‘ j‘ zeaivil witqn df i‘pz if‘ miiwzn i‘pzd m‘ :dgked |y(t)| ≤ ∞∑ k=−∞

|K(t, k)| sup_n |x(n)| .

(13.1.14) .l.y.n

zihehtniq‘ zeaivi 13.2

( 10.1.1) d‘eeyn jxc zx‘ezn d”n zkxrn ik xkfp N∑ n=0 a_ny(t − n) = M∑ m=0 b_mx(t − m) .

(13.2.1) :zihehtniq‘ zeaivi zxcbda xkfp zniiwn y_{ZIR} qt‘ dqipka daebzd m‘ zihehtniq‘ daivi z‘xwp d”n zkxrn 13.2.1 dxcbd y_{ZIR}(t) → 0

(13.2.2) .dlgzd i‘pz lkl z‘fe ,t → ∞ xy‘k ‘ed ZIR zaebz ly Z zxnzd xear d‘eeynd ly dpknd ik xkfp Q(z) = N∑ n=0 a_nz^{−n}

(13.2.3) d‘eeynd ly zepexztd md Q iyxeye N∑ n=0 a_nz^{−n} = 0 .

(13.2.4)

xnelk ,dcigid lbrn jeza md Q iyxey lk m‘ wxe m‘ zihehtniq‘ daivi ‘id d”n zkxrn 13.2.2 htyn miniiwn |z| < 1 .

(13.2.5)

dxevdn mixai‘ ly mekqn miakxen y_{ZIR} hxtae ,ipbenedd oexztd 10.1.8 htyn itl ik xkfp :dgked .l.y.n .|z_i| < 1 m‘ wxe m‘ t → ∞ xy‘k t^kz^t_i u(t) → 0 miiwn elld mixa‘dn cg‘ lk . t^kz^t_i u(t) Version 1.1 157 September 2006

14 wxt

cica onfa dixet

hxtae ,akexn α xear yxtd z‘eeyn ly invr ze‘ ‘ed α^t il‘ivppetqw‘ ze‘ ik 10.4 sirqa epi‘x miiwzne ,miyxtdd z‘eeyn z‘ mixzet y(t) = H(e^{jΩ})e^{jΩn} daebzde x(n) = e^{jΩn} dqipkdy H(e^{jΩ}) =

∑_M

m=0 b_me^{−jΩm} ∑_N

n=0 a_ne^{−jΩn} . (14.0.1) zipenxd dqipk ,sivx onfl cebipa ik al miyl aeyg .(zipenxd dqipkl daebz) xcz zaebz eplaiw ,xnelk .zixefgn gxkda dpi‘ .minly ipy ly dpn xnelk ,ilpeivx xtqn ‘ed Ω/(2π) m‘ wxe m‘ ixefgn ‘ed e^{jΩn} ze‘d 14.0.3 htyn -y jk N mly xtqn miiw m‘ wxe m‘ ixefgn ‘ed ze‘d :dgked e^{jΩn} = e^{jΩ(n+N)} = e^{jΩn}e^{jΩN} ,

(14.0.2) edf xnelk Ω/(2π) = M/N ik raep o‘kn .M edylk mly xear ΩN = 2πM xnelk e^{jΩN} = 1 xnelk .l.y.n .ilpeivx xtqn

cica onfa dixet zxnzd 14.1

(iynn) jxr lkl zxcben (DTFT: Discrete Time Fourier Transform) cica onfa ze‘ ly dixet zxnzd :Ω ly -y i‘pza zxcben {x(n)} cica onfa ze‘ ly dixet zxnzd 14.1.1 dxcbd ∞∑ k=−∞

|x(k)| < ∞ .

(14.1.1) df i‘pza .dcigid lbrn z‘ llek Z zxnzd ly zeqpkzdd megzy i‘pza ,xnelk X(Ω) .= ∞∑ k=−∞

e^{−jΩk}x(k)

(14.1.2) .iynn Ω lkl xcben dixet zxnzd cica onfa dixet :jk X dxnzdl x oia xywd z‘ onqp x^F↔ X , X(Ω) = F[x](Ω) .

(14.1.3) ik ciin lawp Z zxnzde dixet zxnzd ly zexcbdd z‘eeydn :mirhn milaewnd mipeniqd ik al miyp X_f (Ω) = X_z(z)|_{z=e}jΩ = X_z(e^{jΩ}) .

(14.1.4) didz dpeekd xy‘k ,Z zxnzd xear mbe dixet zxnzd xear mb X oeniqa miynzyn ep‘ z‘f zexnl .(mipeekzn ep‘ divwpet efi‘l xidap if‘ ‘l m‘e) xywddn dxexa .2π xefgn mr (Ω xczd dpzyna) zixefgn ‘id X(Ω) divwpetd 14.1.2 htyn oky zixefgn ‘id e^{−jΩn} zipenxd divwpet .dxcbddn ciin raep :dgked e^{−j(Ω+2π)n} = e^{−jΩn}e^{−j2πn} = e^{−jΩn}

(14.1.5) okl .mly n-y oeik X(Ω + 2π) .= ∞∑ k=−∞

e^{−j(Ω+2π)k}x(k)

(14.1.6)

= ∞∑ k=−∞

e^{−jΩk}x(k)

(14.1.7) = X(Ω) .

(14.1.8) .l.y.n .cala minly mipnfa eikxra mipiiprzn ep‘ .sivx onfa ipenxd ze‘ lr aeygp ef drtez oiadl ick jyna zecepz ly sqep xefgn rvan sivx onfa ipenxdd ze‘dy ‘id 2π-a xczd zlcbd ly zernynd .zernyn oi‘ ztqepd dcepzl okle ,minly mipnfa mikxrd z‘ wx miwcea ep‘ mle‘ .onf zcigi .aliasing mi‘xew xzei jenp xcza ze‘ ltkynd deab xcza mebc ipenxd ze‘ zrted ly ef drtezl ,ok‘e .dixet xeh ici lr dze‘ bviil xyt‘ ,(Ω) sivx dpzyn ly zixefgn divwpet ‘id X(Ω)-y oeeik .jynda ynzyp ef zeil‘eca .x(k) md eincwn xy‘ dixet xeh weica ‘ed ( 14.1.2) hhvp .dizepekz aex z‘ zyxei ‘id ,Z zxnzd ly ihxt dxwn ‘id cica onfa dixet zxnzdy oeeik .12.3 sirqa xy‘ el‘l zedf zegkedd :miihpeelxd mihtynd z‘ jk m‘ xnelk ,zix‘pil dlert ‘id dxnzdd 14.1.3 htyn αx + βy^F↔ αX + βY .

(14.1.9)

.x ∗ y^F↔ X(Ω)Y (Ω) 14.1.4 htyn

Version 1.1 159 September 2006 dixet zxnzd cica onfa dixet

.δ(n − m)^F↔ e^{−jΩm} zffen dzlc ly dxnzd 14.1.5 htyn :ffen ze‘ ly dxnzd

x(n − m)^F↔ e^{−jΩm}X(Ω) .

(14.1.10)

.dixet zxnzd yi ffend ze‘l mb if‘ dixet zxnzd yi x ze‘l m‘

.l.y.n .dxcbddn zexiyi zraep ‘id j‘ ,dpexg‘d dprhd z‘ ze‘xdl wx jixv :dgked .x(−n)^F↔ X(−Ω) 14.1.6 htyn if‘ iynn ze‘ ‘ed x m‘

X(−Ω) = X(Ω)^∗ .

(14.1.11)

mr ixefgn ‘ed X(Ω) ik xekfp) dwitqn 0 ≤ Ω ≤ π xear mexhwtqd zrici ,iynn ze‘l ik jkn raep .(2π ly xefgn .l.y.n . ( e^{−jΩ}

)_∗

= e^{jΩ}-y oeeik Z zxnzd zepekzn raep :dgked

:hppetqw‘a dltkd 14.1.7 htyn

e^{jΩ0n}x(n)^F↔ X(Ω − Ω_0) .

(14.1.12)

.l.y.n .dxcbddn zexiyi :dgked :Ω-a dxifb 14.1.8 htyn

nx(n)^F↔ j dX(Ω) dΩ . (14.1.13)

zepey ze‘vezd okle ,z dpzynd itl ‘lo Ω itl ‘id o‘k dxifbd ,Z zxnzdl cebipa ik al miyp :dgked gikep j‘ .zxyxyd llk zlrtde z-a dxifbd zpekzn lawl xyt‘ zigkepd d‘vezd z‘y oaenk .reawa :zexiyi z‘f d dΩ X(Ω) = d dΩ ∞∑ k=−∞

x(k)e^{−jΩk}

(14.1.14)

= ∞∑ k=−∞

x(k) d dΩ e^{−jΩk}

(14.1.15)

= −j ∞∑ k=−∞

kx(k)e^{−jΩk} .

(14.1.16)

.l.y.n .leeqxt htyn miiwzn o‘k mb ,sivx onfl dneca

Version 1.1 160 September 2006 yxtd ze‘eeyn oexzt cica onfa dixet if‘ (ahid xcben oldl milxbhpi‘d cg‘e) dixet zxnzd yi y-le x-l m‘ :leeqxt htyn 14.1.9 htyn ∞∑ k=−∞

x(k)y^∗(k) = 1 2π ∫_{2π} 0 X(Ω)Y^∗(Ω) dΩ .

(14.1.17)

lawp x = y m‘ hxtae

‖x‖^2 .= ∞∑ k=−∞

|x(k)|^2 = 1 2π ∫_{2π} 0 |X(Ω)|^2 dΩ .

(14.1.18)

hxtae ,dixet xeh zepekzn iciin ote‘a ef d‘vez lawl lkep ,dixet xeh ‘ed X(Ω)-y oeeik :dgked xnelk ,miilpebezxe‘ md { e^{jkΩ} } zeze‘d .dnly dxeva z‘f gikep j‘ .7.1.1 htynn 1 2π ∫_{2π} 0 e^{−jΩk}e^{jΩn} dΩ = δ(n − k)

(14.1.19)

ik raep o‘kn .xwpexw ly dzlcd ‘id o‘k δ xy‘k 1 2π ∫_{2π} 0 X(Ω)Y^∗(Ω) dΩ = 1 2π ∫_{2π} 0 ∞∑ k=−∞

x(k)e^{−jΩk}

(_∞ ∑ n=−∞

y(n)e^{−jΩn}

)_∗ dΩ (14.1.20)

= 1 2π ∫_{2π} 0 ∞∑ k=−∞

x(k)e^{−jΩk} ∞∑ n=−∞

y^∗(n)e^{jΩn} dΩ

(14.1.21)

= ∞∑ k=−∞ ∞∑ n=−∞ ( x(k)y^∗(n) 1 2π ∫_{2π} 0 e^{−jΩk}e^{jΩn} dΩ ) (14.1.22)

= ∞∑ k=−∞

x(k)y^∗(k)

(14.1.23)

.l.y.n

dketd dixet zxnzd 14.1.1 dxnzdd zbvd ,miiwlg mixayl wexit oebk 12.4 sirq ly zehiya ynzydl xyt‘ dketd dxnzd jxevl ‘id ( 12.4.15) zihilp‘d dgqepd ,hxta .’eke zewfg xehk

x(n) = 1 2π ∫_{2π} 0 X(Ω)e^{jnΩ} dΩ .

(14.1.24)

yxtd ze‘eeyn 14.1.2 ( 10.1.1) zix‘pild miyxtdd z‘eeyn xear ,Z zxnzd lr wxtay 12.5-a enk N∑ n=0 a_ny(t − n) = M∑ m=0 b_mx(t − m)

(14.1.25)

Version 1.1 161 September 2006 diveleepew zkxrn cica onfa dixet lawp Y (Ω) =

P (Ω) Q(Ω)

X(Ω)

(14.1.26) = H(Ω)X(Ω)

(14.1.27) H(Ω) =

∑_M

m=0 b_me^{−jΩm} ∑_N

n=0 a_ne^{−Ωn} . (14.1.28)

-dy ‘id dgpdd xy‘k ,yxtdd ze‘eeyn ici lr zx‘eznd zkxrnd ly xczd zaebz z‘ lawp xnelk .zizlgzd dgepna z‘vnp zkxrn diveleepew zkxrn 14.1.3 :( 11.0.2) d‘eeyn jxc diveleepew zkxrn epxcbd

y(n) = ∞∑ k=−∞

h(n − k)x(k) .

(14.1.29)

zepekza yeniye d‘eeynd ly dixet zxnzd .ef d‘ivi-dqipk zkxrn ly mldd zaebz ‘id h ik epi‘x ciin mipzep dxnzdd Y (Ω) = H(Ω)X(Ω)

(14.1.30) H(Ω) = ∞∑ k=−∞

h(k)e^{−jΩk} .

(14.1.31)

sivxe cica onfa dixet 14.1.4 sivx ze‘ oezp .sivxd ze‘d ly dixet zxnzd oial mebc ze‘ ly cica onfa dixet zxnzd oia xyw miiw .x_s(n) .= x(nT_s) onqp .T_s dnibc geexna mbcp xy‘ x ‘id mebcd ze‘d ly cica onfa dixet zxnzd ,dxcbdd itl

X_s(Ω) = ∞∑ n=−∞

x_s(n)e^{−jΩn} = ∞∑ n=−∞

x_s(n)e^{−jωnTs} .

(14.1.32)

:(dnibcd htyn d‘x) w_{Ts} minld zakxa ltken ,sivxd ze‘d ly dixet zxnzd z‘ zrk aygp F { x(t) ∞∑ n=−∞

δ(t − nT_s) } = ∫_∞ −∞ ∞∑ n=−∞

x(nT_s)δ(t − nT_s)e^{−jωt} dt

(14.1.33)

= ∞∑ n=−∞

x_s(n)e^{−jωnTs}

(14.1.34)

= ∞∑ n=−∞

x_s(n)e^{−jΩn}.

(14.1.35)

Version 1.1 162 September 2006 dixet xeh cica onfa dixet xczd dpzyn oia xywd xnelk .X(Ω) weica ‘ed oexg‘d iehiad .Ω = ω · T_s oeniqa epynzyd xy‘k lr epcnlyk epi‘x ipy cvn .Ω = ω · T_s ‘ed cica onfa dxnzda xczd dpzyn oial dixet zxnzda ik xefgiye dnibc F { x(t) ∞∑ n=−∞

δ(t − nT_s) } = 1 T_s ∞∑ n=−∞

X(ω − nω_s).

(14.1.36)

xywd z‘ lawp dpey‘xd dgqepd mr mipexg‘d miiehiad ipy z‘ deeyp m‘

X_s(Ω) = 1 T_s ∞∑ n=−∞

X(ω − nω_s) , Ω = ω · T_s

(14.1.37)

= 1 T_s ∞∑ n=−∞ X ( Ω T_s − n 2π T_s ) (14.1.38)

ze‘d ly dixet zxnzd ly miffen miletkiyn zlawzn mebcd ze‘d ly cica onfa dixet zxnzd xnelk .2π xefgn mr Ω-a zixefgn ‘id dxnzddy o‘kn mb xexa .ixewnd

cica onfa dixet xeh 14.2

xeh ,sivx onfa enk .DFT: Discrete Fourier Transform z‘xwpd dxnzdl liaen cica onfa dixet xeh .(N xefgn mr miixefgn zeze‘a ,dlewy dxeva ,e‘) N ekxe‘y iteq onf geexn lr zeze‘a wqer dixet Ω_0 = 2π/N iqiqa xcz mr xeh ici lr df ze‘ bviil dvxp .{x(t) : 0 ≤ t ≤ N − 1} ze‘ ok m‘ rawp dxevdn ‘ed miytgn ep‘y beviid .kΩ_0 od zedeabd zeipenxdd xy‘k

x(t) = ∞∑ k=−∞

ã_ke^{jk}[^{2πN} ]^t .

(14.2.1)

xnelk ,2π xefgn mr ixefgn cinz ‘ed ipenxd ze‘ ik epi‘x mle‘ e^{jk}[^{2πN} ]^t = e^{jk}[^{2πN} ]^{t+j2πt} = e^j[^{k 2πN + 2πN ·N}]^t = e^{j[k+N] 2πt} .

letk mekq ici lr ( 14.2.1) z‘ meyxp :iteqpi‘ mekqa jxev oi‘ okl

x(t) = ∞∑ k=−∞

ã_ke^{jk}[^{2πN} ]^t

(14.2.2)

= ∞∑ l=−∞

N−1∑ k=0 ã_{lN+k}e^{j(lN+k)}[^{2πN} ]^t

(14.2.3)

zeixefgnd llba mle‘ = N−1∑ k=0 (_∞ ∑ l=−∞

ã_{lN+k} ) e^{jk}[^{2πN} ]^t

(14.2.4)

= N−1∑ k=0 a_ke^{jk}[^{2πN} ]^t

(14.2.5)

Version 1.1 163 September 2006 dixet xeh cica onfa dixet iteq mekq ly dxeva cica onfa dixet xeh z‘ eplaiw mekiql .iteq-oi‘d mekqd jxc xcben a_k xy‘k

x(t) =

N−1∑ k=0 a_ke^{jk}[^{2πN} ]^t .

.cala mincwn N-e mixcz N ici lr xcben mipey mikxr N lra cica onfa ze‘ ly dixet xeh xnelk .o‘k mb dtwz sivx onfa mixikn ep‘y zeilpbezxe‘d zpekz ik al miyp miiwzn k_1 mly lkl 14.2.1 dprh N−1∑ t=0 e^{jk1}[^{2πN} ]^t =

N k_1 mod N = 0 0 zxg‘

if‘ N ly dnly dletk ‘ed k_1 m‘ ok‘e .N ly dnly dletk ‘ed k_1 ok m‘ ‘l‘ qt‘zn mekqd xnelk .qt‘zn mekqdy zxg‘ .1 mieey mixaegnd lk if‘ k_1 = 0, ±N, ±2N, . . . m‘y ciin lawp ,mly k lkl e^{2πk} = 1 -y oeeik :dgked N−1∑ t=0 e^{jk1}[^{2πN} ]^t =

N−1∑ t=0 1 = N .

(14.2.6)

,iteq ixhne‘b xehl dgqepd jezn if‘ N ly dnly dletk epi‘ k_1 m‘ N−1∑ t=0 e^{jk1}[^{2πN} ]^t =

1 − e^{jk1}[^{2πN} ]^N 1 − e^{jk1}[^{2πN} ]

(14.2.7)

= 1 − e^{jk12π} 1 − e^{jk1}[^{2πN} ]

(14.2.8) = 0 .

(14.2.9) ik al miyp .ef d‘vezl divi‘ehpi‘ xzei zpzep xy‘ ,zyxetn ztqep dgked ‘iap N−1∑ t=0 e^{jk1}[^{2πN} ]^t = N∑ t=1 e^{jk1}[^{2πN} ]^te^{−jk1}[^{2πN} ]

= [_{N−1} ∑ t=0 e^{jk1}[^{2πN} ]^t + ( e^{jk1}[^{2πN} ]^N − e^{jk1}[^{2πN} ]^{N·0} )] e^{−jk1}[^{2πN} ].

,mly k_1-y oeeik e^{jk1}[^{2πN} ]^N = e^{jk1}[^{2πN} ]^{N·0} = 1 . ik okl eplaw N−1∑ t=0 e^{jk1}[^{2πN} ]^t =

N−1∑ t=0 e^{jk1}[^{2πN} ]^te^{−jk1}[^{2πN} ]

(14.2.10)

Version 1.1 164 September 2006 dixet xeh cica onfa dixet ik raep N ly dletk epi‘ k_1-y epgpdy oeeik

e^{−jk1}[^{2πN} ] ≠ 1

m‘ wx okzi ( 14.2.10)-a oeieey okle N−1∑ t=0 e^{jk1}[^{2πN} ]^t = 0 .

.l.y.n .dixet xeh incwn z‘ aygl ick lvpl lkep zeilpebehxe‘d zpekz z‘

ici lr lawp dixet xeh incwn z‘ 14.2.2 htyn

a_k = 1 N N−1∑ t=0 x(t)e^{−jk 2πN t} .

(14.2.11)

xehk x ze‘d z‘ meyxp :dgked 1 N N−1∑ t=0 x(t)e^{−jk 2πN t} = 1 N N−1∑ t=0 [_{N−1} ∑ m=0 a_me^{jm}[^{2πN} ]^t ] e^{−jk 2πN t}

= 1 N N−1∑ m=0 a_m

(_{N−1} ∑ t=0 [ e^{jm}[^{2πN} ]^t ] e^{−jk 2πN t} )

= 1 N N−1∑ m=0 a_mNδ(m − k) k = 0, 1, . . . , N − 1

= a_k .

.l.y.n

Version 1.1 165 September 2006

15 wxt

avnd agxna zekxrn

jetide oeqkil llek zevixhn ,x.c.n ici lr zex‘eznd zekxrn lr xefgl yi :df wxt z‘xwl dxfg .zevixhn lk z‘ xbe‘ avnd dxcbda xy‘k ,zeicegi zepekz lra xe‘z ‘ed avn ze‘eeyn ici lr zkxrn xe‘z zkxrnd zaebz aeyig if‘ t_0 rbxa zkxrnd ly avnd reci m‘ ,jky oeeik .xard zece‘ ihpeelxd rcind lr mkeqn s ≤ t_0 xara dqipkd iabl rcind .t_0 ≤ s ≤ t megza dqipkd ly drici wx yxec t > t_0 rbxa zil‘ivpxticd d‘eeyna opeazp ,dnbecl .t_0-a avnd jxr ici

ÿ + 2ẏ − 4y = x .

(15.0.1)

dqipkd drecie edylk t_0 rbxa y(t_0), ẏ(t_0) dlgzd i‘pz mireci m‘ ik mircei ep‘ (2 wxt) x”cn zepekzn avnd ef dnbeca ,ok m‘ .t ≥ t_0 lkl y ‘vend z‘ aygl xnelk ,d‘eeynd z‘ xeztl ozip if‘ t ≥ t_0 xear .[y, ẏ] (xehweed e‘) befd ‘ed ,miinipt mipzyn mb (‘ven e‘) daebz dpzyne dqipk dpzynl sqepa ok m‘ zllek avn zkxrn .state variables avn ipzyn mi‘xwpd

q(t) � x(t) � y(t)

avn zkxrn :15.1 xei‘

m‘ zkxrnd ly avnd xehwe ‘xwp q xehweede avn zkxrn z‘xwp y daebze x dqipk mr zkxrn 15.0.3 dxcbd

dqipkd ikxre q(t_0) igkepd avnd ici lr cigi ote‘a mirawp {q(t), t ≥ t_0} miicizrd avnd ikxr ,t_0 lkl .1 .{x(t), t ≥ t_0} miicizrd

.y(t) = g(q(t), x(t), t) :dqipkd lye avnd ly oexkf zxqg divwpet ‘id zkxrnd z‘ivi .2 sivx onf avn ze‘eeyn avnd agxn

yenin oke ,miixehwe zeze‘l mb cig‘e gep xe‘z llek ,miax zepexzi avnd beviil ,jynda d‘xpy itk x”cn ici lr zex‘eznd zekxrn xear wx avn ze‘eeyna oecp ep‘ ,zillk dxcbdl xarn .ziqgi heyt ,aygna ziqgi heyt yenin xyt‘n avnd bevi el‘k zekxrn xear .zeix‘pil yxtd ze‘eeyn e‘ zeix‘pil zeakxen zekxrna aikxk zkxrnd ly gep yeniye ,(MIMO) ze‘ivie zeqipk zeaexn zekxrna lw letih xyt‘n avn bevii .dxexa zilwifit zernyn zkxrnd ly miiniptd mipzynl yi miniieqn mixwna .xzei dnbeca ligzp .(dxvwa wx weqrp oda) onfa zepzyne (weqrp ‘l oda) zeix‘pil ‘l zekxrna letih mb .( 15.0.1)-l jynda .sivx onfa avn z‘eeyn ly

zkxrnd xear 15.0.4 dnbec

ÿ + 2ẏ − 4y = x .

(15.0.2)

xicbp

q(t) = q^1(t) q_2(t) = y(t)

ẏ(t) . (15.0.3)

:d‘ad dxeva meyxl xyt‘ ( 15.0.2) d‘eeynd z‘ d dt q^1 q_2 = 0 1 4 −2 q^1 q_2 + 0 1 x (15.0.4)

y = [ 1 0 ] q^1 q_2

(15.0.5)

.d‘eeynd ly oini cva mb zexfbp yiy dxwnl dnbecd z‘ zrk aigxp

dycg zkxrn zrk xicbp 15.0.5 dnbec

z̈ + 2ż − 4z = 2ẋ + x .

(15.0.6)

daebzd ‘id ẏ if‘ x dqipkl ( 15.0.2) zkxrnd ly daebzd ‘id y m‘ ik mircei ep‘ 2.2.20 dprh---x”cn zepekzn meyxl xyt‘ x dqipkl ( 15.0.6) zkxrn ly daebzd z‘y lawp x”cn ly zeix‘pild zpekz mr cgia .ẋ dqipkl :( 15.0.6) zkxrnd xear avn ze‘eeyn ciin meyxl lkep okl .z(t) = 2ẏ + y dxeva d dt q^1 q_2 = 0 1 4 −2 q^1 q_2 + 0 1 x (15.0.7)

z = q_1 + 2q̇_1

(15.0.8) = [ 1 2 ] q^1 q_2 . (15.0.9)

Version 1.1 167 September 2006 sivx onf avn ze‘eeyn avnd agxn

sivx onfa avn ze‘eeyn 15.1

‘id avnd zegztzd z‘eeyn :d‘ad dxeva illk ote‘a zx‘ezn sivx onfa avn ze‘eeyn zkxrn

q̇(t) .= q̇_1(t) q̇_2(t) . . q̇_N (t) = f_1[q(t), x(t), t] f_2[q(t), x(t), t] . . f_N [q(t), x(t), t]

(15.1.1)

= f[q(t), x(t), t]

(15.1.2)

‘id d‘ivid z‘eeyn .zixehwe divwpet ‘id f-e mixehwe md q, x, y xy‘k

y(t) = g[q(t), x(t), t]

(15.1.3)

md dlgzdd i‘pz .g zixehwe divwpet xear

q(0) = q_1(0) q_2(0) . . q_N (0) . (15.1.4)

-xtic ze‘eeyn N xnelk ,oey‘x xcqn zixehwe zil‘ivpxtic d‘eeyn ‘id avnd zegztzd z‘eeyn ,dnbecl .oey‘x hana d‘xp xy‘n dax zeyinb xyt‘n avnd bevii .oey‘x xcqn zecnevn zil‘ivp .onfa zyxetn zelz ‘ll avn z‘eeyn ici lr onfa dreaw dpi‘y zkxrn bviil ozip cvik d‘xp

x”cn jxc zkxrn xicbp 15.1.1 dnbec

ẏ = ay + t + x .

(15.1.5)

xicbp mle‘ .miniyi mpi‘ milibxd oexztd ilk okle ,onfa dreaw dpi‘y zkxrn oaenk ef

q_1(t) = y

(15.1.6) q_2(t) = t .

(15.1.7)

‘ad beviid z‘ lawp

q̇_1(t) = aq_1(t) + q_2(t) + x(t)

(15.1.8) q̇_2(t) = 1

(15.1.9) y(t) = q_1(t) .

(15.1.10)

Version 1.1 168 September 2006 avn ze‘eeynl x”cnn avnd agxn ,zixehwe dxeva ,e‘ d dt q(t) = a 1 0 0 q(t) + x 1 (15.1.11)

y(t) = [ 1 0 ] q(t) .

(15.1.12)

zaebzy ick .dycg dqipk jxc mibviin ep‘ onfa zelzd z‘ xy‘k ,onfa dreawe zix‘pil ,dlibx avn z‘eeyn idef .q_2(0) = 0 dlgzd i‘pz reawl yi ( 15.1.5) zkxrnd ly daebzl ddf didz ef zkxrn

yxetn ote‘a zeielz opi‘ f, g zeivwpetd m‘ (d‘ivi dqipk zkxrnk) onfa dreaw ‘id avn zkxrn zkxrnd xear lynl :igxkd epi‘ df i‘pz ik al miyp .onfd dpzyna

q̇ = 2 0 t t^2 q + 1 1 x (15.1.13) y = [ 1 0 ] q (15.1.14)

.onfa dielz dpi‘ exear d‘eeynde q_1-a wx dielz daebzd epi‘ df i‘pz mb j‘ ,q, x mipzyna zeix‘pil f, g zeivwpetd m‘ zix‘pil ‘id zkxrnd ,dnec dxeva dxeva zkxrnd z‘ meyxl xyt‘ if‘ zeix‘pil od zeivwpetd m‘ .igxkd

q̇(t) = A(t)q(t) + B(t)x(t)

(15.1.15) y(t) = C(t)q(t) + D(t)x(t)

(15.1.16)

.onfa zeielz zeidl zeleki illk ote‘a xy‘ ,mi‘zn cnina zevixhn od A(t), B(t), C(t), D(t) xy‘k da dxevd .onfa dreawe zix‘pil ‘id zkxrnd if‘ (onfa zeielz opi‘e) mireaw ly od zevixhnd m‘ ‘id onfa dreawe zix‘pil zkxrn ly ,oecp

q̇(t) = Aq(t) + Bx(t)

(15.1.17) y(t) = Cq(t) + Dx(t) .

(15.1.18)

avn ze‘eeyn ici lr x”cn bevii 15.2

cvik d‘xp .cigi epi‘ df bevii ik yibcdl aeyg .avn ze‘eeyn ici lr x”cn ly bevii epi‘x 15.0.4 dnbeca .d‘ad zkxrna ligzpe ,dfk bevii zepal

y^{(N)} + a_{N−1}y^{(N−1)} + . . . + a_1y^{(1)} + a_0y = x .

(15.2.1)

Version 1.1 169 September 2006 avn ze‘eeynl x”cnn avnd agxn xicbp

q_1 = y

(15.2.2) q_2 = q̇_1 = y^{(1)}

(15.2.3) q_3 = q̇_2 = y^{(2)}

(15.2.4) . . . . . . (15.2.5) q_N = q̇_{N−1} = y^{(N−1)} .

(15.2.6)

dxeva meyxl lkep ( 15.2.1) d‘eeynd z‘

y^{(N)} = −a_{N−1}y^{(N−1)} − . . . − a_1y^{(1)} − a_0y + x

(15.2.7) = q̇_N

(15.2.8) = −a_{N−1}q_N − . . . − a_1q_2 − a_0q_1 + x

(15.2.9)

‘id avnd zegztzd z‘eeyn okle

q̇_1 = q_2

(15.2.10) q̇_2 = q_3

(15.2.11) . . (15.2.12) q̇_{N−1} = q_N

(15.2.13) q̇_N = −a_{N−1}q_N − . . . − a_1q_2 − a_0q_1 + x

(15.2.14)

‘id d‘ivid z‘eeyne

y = q_1

(15.2.15)

avn ze‘eeyn ly dxeva e‘

q̇_1 q̇_2 . . q̇_{N−1} q̇_N

=

0 1 0 0 · · · 0 0 0 1 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 · · · 1 −a_0 −a_1 −a_2 · · · · · · −a_{N−1} q_1 q_2 . . q_{N−1} q_N

+

0 0 . . 0 1 x (15.2.16)

y = [ 1 0 0 · · · 0 0 ] q . (15.2.17)

-yna eplgzdy oeeik .minkqne miltkn ,mixehxbhpi‘ zxfra ef zkxrn ly iznkq yenin x‘zl xyt‘ mitvn ep‘ ,mireaw N miriten d‘eeynay oeeik .mixehxbhpi‘ N-l wwcfpy mitvn ip‘ ,N xcqn d‘ee ( 15.2.19) zkxrna m‘ .xeaig zelert N rvaiy mkqnl miwewf ep‘ ,seqal .miltkn N-l zegtl wwcfpy

Version 1.1 170 September 2006 avn ze‘eeynl x”cnn avnd agxn

�

� ∑ ∫ ∫ ∫ � x �q̇N � q_N = q̇_{N−1} � . . . q^2 = q̇^1

� � � −a_{N−1} −a_{N−2} · · · −a_1 −a_0 � � �

� � � � �

� � � � � � �

� q_{N−1} = q̇_{N−2} �q_1 = y

zexfbp ‘ll dqipk mr avn yenin :15.2 xei‘

dqipkd zxfbpl daebzd sqepae ,zix‘pil d‘ivi-dqipk zkxrn zx‘zn zix‘pil x”cn ik zrk xkfp if‘ zkxrnd ietin ‘ed Φ m‘ :daebzd zxfbp ‘id

Φ(dx/dt) = dΦ(x)/dt

(15.2.18)

x”cnd xear avn bevii meyxl xyt‘ ,xnelk .(2.2.20 dprh)

z^{(N)} + a_{N−1}z^{(N−1)} + . . . + a_1z^{(1)} + a_0z = b_{N−1}x^{(N−1)} + . . . + b_1x^{(1)} + b_0x

(15.2.19)

( 15.2.1) ly oexztd zxfra d‘ivid z‘ bviip .d‘ad jxca

z = b_{N−1}y^{(N−1)} + . . . + b_1y^{(1)} + b_0y .

(15.2.20)

:dpey d‘ivi z‘eeyn j‘ ,avnd zegztzdl zedf ze‘eeyn lawp avn ze‘eeyn ly dxeva q̇_1 q̇_2 . . q̇_{N−1} q̇_N

=

0 1 0 0 · · · 0 0 0 1 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 · · · 1 −a_0 −a_1 −a_2 · · · · · · −a_{N−1} q_1 q_2 . . q_{N−1} q_N

+

0 0 . . 0 1 x (15.2.21)

y = [ b_0 b_1 b_2 · · · b_{N−2} b_{N−1} ] q . (15.2.22)

z‘eeyna wx ‘ed iepiyd---zncewd zkxrnd ly avnd zegztzda xfrdl lkep ef zkxrn ynnl ick :d‘ivid ly N-d zxfbpd z‘ ‘vena siqedl jxhvp if‘ x ly N-d zxfbpd mb ritez ( 15.2.19) zkxrna m‘ mle‘ .x zxfrae y ly xzei zekenp zexfbp zxfra z‘f bviil xyt‘ ( 15.2.1) d‘eeyn zxfra mle‘ .y .d‘ad dpwqnl eprbd jk m‘ .{q_i} avnd ipzyn zxfra bviil xyt‘ y ly xzei zekenp zexfbp dxevdn zil‘ivpxtic d‘eeyn 15.2.1 htyn N∑ n=0 a_n d^ny(t) dt^n = M∑ m=0 b_m d^mx(t) dt^m

(15.2.23)

Version 1.1 171 September 2006 avn ze‘eeynl x”cnn avnd agxn

�

� ∑ �

� ∑

∫ ∫ ∫ � x �q̇N � q_N = q̇_{N−1} � . . . q^2 = q̇^1

� � � −a_{N−1} −a_{N−2} · · · −a_1 −a_0 � � �

� � � � �

� � � � � � �

� � q_{N−1} = q̇_{N−2} � � b_{N−1} b_{N−2} · · · b_1 � y � � �

� b_0 � q_1

avn yenin :15.3 xei‘

dxevdn avn z‘eeyn zxfra bviil xyt‘ a_N ≠ 0-e M ≤ N xy‘k

q̇ = Aq + Bx

(15.2.24) y = Cq + Dx

(15.2.25)

ozip if‘ M < N m‘ .( 15.2.21) dxeva reawl xyt‘ B xehweed z‘e A dvixhnd z‘ if‘ a_N = 1 m‘ hxtae .( 15.2.22) dxeva xegal C z‘e D = 0 xegal

zexfbp liknd iehial miwewf ep‘y meyn ,epgzity dxevdn avn bevii oi‘ if‘ M > N m‘ ik al miyp .el‘k zexfbp xyt‘n epi‘ avnd ze‘eeyn xear iehiade ,x dqipkd ze‘ ly ( 15.2.22)--( 15.2.21) ze‘eeyna xy‘ beviid .cigi epi‘ avnd beviiy ‘id ”xegal ozip” geqipl daiqd mb enk ,df ipkh myl) jynda ezernyna oecpe Controllable Canonical Form beqn ipepw bevi ‘xwp lawl ozip cvik d‘xp dligz mle‘ .(zixarl mebxz oi‘ ,mincwzn mi‘yepa mixeywd mixg‘ zenyl xn‘p ( 15.1.18)--( 15.1.17) dxevdn avn beviia zix‘pil zkxrn xear .zkxrnd dze‘l mipey mibevii .(A, B, C, D) ici lr zbvein zkxrndy

dxevdn avnd agxna bevii oezp 15.2.2 htyn

q̇ = Aq + Bx

(15.2.26) y = Cq + Dx

(15.2.27)

ici lr mb zbvein zkxrnd dze‘ if‘ .dkitd dvixhn T idz .(A, B, C, D) ici lr zbveind zkxrn xnelk

(T^{−1}AT, T^{−1}B, CT, D) .

(15.2.28)

Version 1.1 172 September 2006

.qt‘ dqipka oexzt avnd agxn miiwzn if‘ q = T z-y jk z = T^{−1}q xicbp m‘ xnelk

ż = T^{−1}AT z + T^{−1}x

(15.2.29) .= Ãz + B̃x (15.2.30) y = CT z + Dx

(15.2.31) .= C̃z + Dx .

(15.2.32)

-ze‘eeynd oexzt lr c‘n lwnd xac ,zpqkln dvixhn zeidl dleki T dvixhnd ,ihxt dxwnk :dxrd el‘ ze‘eeyn zniiwn z-y dcaerd :dgked .xzei illk ote‘a iyeniy htynd mle‘ .15.3 sirq d‘x-- :zxfbpd ly zeix‘pildn zexiyi zraep

ż .= d dt ( T^{−1}q ) (15.2.33) = T^{−1}q̇

(15.2.34) = T^{−1} (Aq + Bx)

(15.2.35) = T^{−1} (AT z + Bx)

(15.2.36) = T^{−1}AT z + T^{−1}Bx .

(15.2.37) y = Cq + Dx

(15.2.38) = CT z + Dx

(15.2.39)

dze‘ ef okle ,y ‘ven eze‘ z‘ lawp x dqipk dze‘ xear ik jkn raep .zeievxd ze‘eeynd z‘ eplawe .l.y.n .zkxrn j‘ .avnd ze‘eeyn ly zegep zexevl ribdl ick jynda epze‘ eynyi el‘k zeix‘pil zeivnxetqpxh .efk divnxetqpxh zxfra dievxd dxevl ribdl ozip ‘l mizirl ik yibcdl aeyg

avn ze‘eeyn oexzt 15.3

onfa zereawe zeix‘pil avn ze‘eeynl qgiizp

q̇(t) = Aq(t) + Bx(t)

(15.3.1) y(t) = Cq(t) + Dx(t) .

(15.3.2)

.(trajectory :zilbp‘a) icnn N agxna lelqn jxe‘l q(t) ly drepzk lkzqdl xyt‘ avnd zebdpzd lr

Version 1.1 173 September 2006

.qt‘ dqipka oexzt avnd agxn

qt‘ dqipka oexzt 15.3.1

xnelk ,zipeqkl‘ ‘id A-y dxwna ligzpe ,0 dqipka avnd zebdpzd aygp df sirqa

A = λ_1 0 0 · · · 0 0

0 λ_2 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 λ_{N−1} 0

0 0 0 0 0 λ_N

(15.3.3)

jk transition matrix xarn zvixhn xicbp ,df dxwna

Φ(t) = e^{λ1t} 0 0 · · · 0 0

0 e^{λ2t} 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 e^{λN−1 t} 0

0 0 0 0 0 e^{λN t}

(15.3.4)

‘ed q(0) = q_0 dlgzd i‘pzl mi‘znd lelqnd if‘ .x ≡ 0-e zipeqkl‘ ‘id A-y gipp 15.3.1 htyn

q(t) = Φ(t)q_0

(15.3.5)

‘id zkxrnd ly daebzde

y(t) = Cq(t) .

(15.3.6)

Version 1.1 174 September 2006

.qt‘ dqipka oexzt avnd agxn

d‘ivid xear d‘eeynd ixd x ≡ 0-y oeeik .avnd zegztzd z‘eeyn zniiwzn ik gikedl epilr :dgked

:ok m‘ wecap .htyna oezpk ‘id

d dt Φ(t)q_0 =

d dt e^{λ1t} 0 0 · · · 0 0

0^d_{dt} e^{λ2t} 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0^d_{dt} e^{λN−1 t} 0

0 0 0 0 0^d_{dt} e^{λN t} q_0

(15.3.7)

= λ_1e^{λ1t} 0 0 · · · 0 0

0 λ_2e^{λ2t} 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 λ_{N−1}e^{λN−1 t} 0

0 0 0 0 0 λ_N e^{λN t} q_0

(15.3.8)

= λ_1 0 0 · · · 0 0

0 λ_2 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 λ_{N−1} 0

0 0 0 0 0 λ_N

· e^{λ1t} 0 0 · · · 0 0

0 e^{λ2t} 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 e^{λN−1 t} 0

0 0 0 0 0 e^{λN t} q_0

(15.3.9)

= AΦ(t)q_0 .

(15.3.10)

.l.y.n .zniiwzn avnd zegztzd z‘eeyn xnelk

oexztd d‘xp cvik oiadl ok m‘ dqpp .oaenk illkd dxwnd epi‘ zipeqkl‘ dvixhn ly dxwnd

xeh ici lr hppetqw‘ ly beviia xkfp .illkd dxwna

e^α = ∞∑ k=0 α^k k! . (15.3.11)

Version 1.1 175 September 2006

.qt‘ dqipka oexzt avnd agxn

miiwzn zipeqkl‘ A xear ik al miyp

(At)^k = t^kA^k = t^kλ^k_1 0 0 · · · 0 0

0 t^kλ^k_2 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 t^kλ^k_{N−1} 0

0 0 0 0 0 t^kλ^k_N

(15.3.12)

∞∑ k=0 A^k t^k k! = ∞∑ k=0 t^k

k! λ^k_1 0 0 · · · 0 0

0^{tk}_{k!} λ^k_2 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0^{tk}_{k!} λ^k_{N−1} 0

0 0 0 0 0^{tk}_{k!} λ^k_N

(15.3.13)

=

∑_∞ k=0 t^k

k! λ^k_1 0 0 · · · 0 0 0 ∑_∞ k=0 t^k

k! λ^k_2 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0

∑_∞ k=0 t^k

k! λ^k_{N−1} 0

0 0 0 0 0

∑_∞ k=0 t^k

k! λ^k_N

(15.3.14)

= e^{λ1t} 0 0 · · · 0 0

0 e^{λ2t} 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 e^{λN−1 t} 0

0 0 0 0 0 e^{λN t}

(15.3.15)

.dvixhn ly hppetqw‘ xicbdl ick ef d‘veza ynzyp

zxcben onfa zereawe zeix‘pil avn ze‘eeyn zkxrn ly Transition matrix xarnd zvixhn 15.3.2 dxcbd

xehd ici lr xcben hppetqw‘d xy‘k A dvixhnd ly hppetqw‘d ici lr

Φ(t) = e^{At}

(15.3.16)

.=^∞∑ k=0 t^k k! A^k .

(15.3.17)

,zipeqkl‘ A -y dxwna heyt iehia eplaiwy oeeik .dizepekz odne xarnd zvixhn ‘idn oiadl dqpp

.oeqkill zpzip j‘ zipeqkl‘ dpi‘ A ea dxwnl jiynp

Version 1.1 176 September 2006

.qt‘ dqipka oexzt avnd agxn xnelk ,A z‘ zpqkln T -y gipp 15.3.3 htyn

T^{−1}AT = Λ

(15.3.18)

Λ = λ_1 0 0 · · · 0 0 0 λ_2 0 0 · · · 0 . . . . . . . . . . . . 0 0 0 0 λ_{N−1} 0 0 0 0 0 0 λ_N

(15.3.19)

miiwzne ,Φ z‘ mb zpqkln T if‘

T^{−1}e^{At}T = e^{Λt}

(15.3.20)

ici lr e^{At} z‘ aygl ozip okle

e^{At} = T e^{Λt}T^{−1} .

(15.3.21)

.zix‘pil miielz izla miinvr mixehwe N dl yi m‘ wxe m‘ oeqkill zpzip N xcqn A dvixhny xkfp .oeinc zivnxetqpxh z‘xwp zipeqkl‘d dvixhnl A z‘ dxiarnd divnxetqpxhd -y oeeik A^k z‘ zpqkln T dvixhnd :dgked

T^{−1}A^kT = T^{−1}AT T^{−1}A^{k−1}T

(15.3.22) = ΛT^{−1}A^{k−1}T

(15.3.23) = Λ^2T^{−1}A^{k−2}T

(15.3.24) = Λ^k .

(15.3.25) .l.y.n .dvixhn ly hppetqw‘ ly dxcbddn zrk zraep dprhd

:ze‘ad zepekzd z‘ yi e^{At} dvixhnl 15.3.4 htyn .dcigid zvixhn ,e^{A·0} = I .1 .^d_{dt} e^{At} = Ae^{At} .2 e^{A1t}e^{A2t} = e^{(A1+A2)t} if‘ A_1A_2 = A_2A_1 m‘ .3 ( e^{At}

)_{−1} = e^{−At} .4 .(zixlebpiq A m‘ elit‘) zixlebpiq dpi‘ dvixhnd .5 . e^{At1} e^{At2} = e^{A(t1 +t2)} .6

Version 1.1 177 September 2006

.qt‘ dqipka oexzt avnd agxn :dxcbdd z‘ meyxp 2 sirql .dxcbddn raep 1 :dgked d dt e^{At} = d dt ∞∑ k=0 t^k k! A^k

(15.3.26)

= ∞∑ k=0 d dt t^k k! A^k

(15.3.27)

= ∞∑ k=1 kt^{k−1} k! A^k

(15.3.28)

= A ∞∑ k=1 t^{k−1} (k − 1)!

A^{k−1}

(15.3.29)

= A ∞∑ k=0 t^k (k)!

A^k

(15.3.30)

= Ae^{At} .

(15.3.31)

ly zeillk zepekz jezn z‘f d‘xp .zrbiin dgked ef mle‘ ,dxcbdd jezn gikedl ozip 3 sirq z‘ onqp .zeil‘ivpxtic ze‘eeyn

ϕ_1(t) .= e^{(A1+A2)}t

(15.3.32) ϕ_2(t) .= e^{A1t}e^{A2t} .

(15.3.33)

z‘ zeniiwn zeivwpetd ,2 dpekze zxyxyd llk itl ,ipy cvn .dcigid zvixhn ,ϕ_1(0) = ϕ_2(0) = I if‘ :ze‘ad zeil‘ivpxticd ze‘eeynd d dt ϕ_1(t) = (A_1 + A_2)ϕ_1(t)

(15.3.34) d dt ϕ_2(t) = A_1ϕ_2(t) + e^{A1t}A_2e^{A2t}

(15.3.35)

eplaw if‘ miiwzn df i‘pz m‘ .A_1A_2 = A_2A_1 m‘ wxe m‘ e^{A1t}A_2e^{A2t} = A_2e^{A1t}e^{A2t} zrk d dt ϕ_2(t) = (A_1 + A_2)ϕ_2(t) .

(15.3.36)

.mieey md okle ,dlgzd i‘pz mze‘ mr d‘eeynd dze‘ z‘ miniiwn ϕ_2(t)-o ϕ_1(t) xnelk 3 sirqn lawp dnvr mr ztlgzn A-y oeeik

e^{At}e^{−At} = e^{(A−A)t} = I .

(15.3.37)

.zikted yi dvixhnl oky iciin zrk ‘ed 5 sirq .l.y.n .6 z‘ eplaw okle zetlgzn At_2-e At_1 zevixhndy ze‘xl lw ,dnec dxeva

avn lelqn lkle t ≥ τ lkl ,qt‘ ‘id dqipkd xy‘k m‘ xarnd zvixhn ‘xwz Φ̃(t, τ) dvixhnd 15.3.5 dxcbd miiwzn q

q(t) = Φ̃(t, τ)q(τ) .

(15.3.38)

Version 1.1 178 September 2006 zeipepw zexev avnd agxn rbxa eavnn (dvixhna ltk---zixabl‘ dlert ici lr) avnd z‘ dxiarn dvixhnd :xexa ‘ed myd xewn .ef dvixhn ep‘vn xak onfa zereaw zeix‘pil zekxrn xear .t rbxa avnl τ .Φ̃(t, τ) = Φ(t − τ) miiwzn ( 15.3.2)--( 15.3.1) zkxrnd xear 15.3.6 htyn .q(t) = Φ(t)q_0 miiwzn q_0 lk xear ik gikedl witqn onfa dreaw zkxrndy oeeik ,ziy‘x :dgked miiwzn 0 .rbxae ,avnd ly zegztzdd z‘eeyn z‘ zniiwn Φ(t)q_0 = e^{At}q_0-y oeeik iciin df mle‘ .l.y.n .Φ(0)q_0 = q_0 .illkd oexztd z‘ aygl xyt‘n df oexzt .qt‘ dqipka oexzt ok m‘ eplaiw

illk oexzt 15.3.2 (zqt‘zn dpi‘ dqipkd xy‘k) illkd oexztd ,oey‘x xcqn zix‘pil zil‘ivpxtic d‘eeyn ly oexzta enk jk ,cxtpa xai‘ lk zxifbn lawznd xehwed ,dzxcbda ,‘id xehwe ly zxfbpy itk .lxbhpi‘ jxc lawzn mixa‘dn cg‘ lk lr lxbhpi‘ revian zlawznd dvixhnd idef--‘ed dvixhn ly lxbhpi‘ ly dxcbdd .cxtpa ‘ed ( 15.3.1) avnd ze‘eeyn zkxrn ly oexztd 15.3.7 htyn

q(t) = e^{At}q_0 +

∫_t 0 e^{A(t−τ )}Bx(τ) dτ .

(15.3.39)

.qt‘ dlgzd i‘pza oexztd ‘ed ipyd xai‘de ,qt‘ dqipka oexztd oaenk ‘ed oini cva oey‘xd xai‘d :milibxd dxifbd iweg z‘ lirtp :dgked d dt q(t) = d dt [ e^{At}q_0 +

∫_t 0 e^{A(t−τ )}Bx(τ) dτ ] (15.3.40) = d dt e^{At}q_0 + d dt ∫_t 0 e^{A(t−τ )}Bx(τ) dτ

(15.3.41)

= Ae^{At}q_0 + d dt [ e^{At}

∫_t 0 e^{−Aτ} Bx(τ) dτ ] (15.3.42)

= Ae^{At}q_0 + Ae^{At}

∫_t 0 e^{−Aτ} Bx(τ) dτ + e^{At}e^{−At}Bx(t)

(15.3.43) = A [ e^{At}q_0 +

∫_t 0 e^{A(t−τ )}Bx(τ) dτ ] + Bx(t)

(15.3.44)

= Aq(t) + Bx(t) .

(15.3.45)

enk .heyt epi‘ e^{At} ly aeyigd illk ote‘a ik epi‘xy oeeik ,aeyigl cgeina dlw dpi‘ ef dgqepy oaenk .xzei gep miax mixwna ‘ed qltl zxnzd jxc aeyig ik jynda d‘xp ,x”cn ly dxwna

zeipepw zexev 15.4

zipeqkl‘d dxevl .icnl heyt ‘ed e^{At} ly aeyigd if‘ A dvixhnd z‘ oqkll ozipe dcina ik epi‘x xcqn ze‘eeyn N ly oexzt mvra ‘ed ze‘eeynd oexzt if‘ zipeqkl‘ ‘id A m‘ :mitqep zepexzi

Version 1.1 179 September 2006 qltl avnd agxn ze‘eeyn oexzt jxevl ltk zelert N-e xeaig zelert N xzeid lkle milxbhpi‘ N-a jxev yi .oey‘x cinz ‘l mle‘ .zetqep ltk zelert N-e xeaig zelert N xzeid lkl yxec d‘ivid xear oexzte ,avnd .(1-n lecb ieaixa md miinvr mikxr xy‘k hxta) zevixhn oqkll ozip yi N xcqn zkxrn xeztl ick ,o‘k mby ‘ed Controllable canonical form-d bevii ly aeyg oexzi .eny raep epnn ,sqep oexzi df bevil .minkqn N-e miltkn N xzeid lkl oke mixehxbhpi‘ N-a jxev

q_1-e t_1 > t_0 lkl ,avnd ly q(t_0) jxr lkl , t_0 lkl m‘ state controllable z‘xwp avn zkxrn 15.4.1 dxcbd .q(t_1) = q_1-y jk {x(t), t_0 ≤ t ≤ t_1} dqipk zniiw

if‘ Controllable Canonical Form zxeva md A, B m‘ .(dxwaa qxew d‘x---dgked ‘ll) 15.4.2 htyn .State controllable ‘id zkxrnd

.State controllable ‘id zkxrnd if‘ ,ef dxevl zkxrnd z‘ d‘iand T divnxetqpxh zniiw m‘ :dpwqn

A, B, C, D ici lr zx‘eznd zkxrn lk .Jordan Canonical Form ocxe’b ly zipepwd dxevd 15.4.3 htyn :ocxe’b ly dxevl dni‘zn divnxetqpxh ici lr xindl ozip

A =

A_1 0 0 · · · 0 0 A_2 0 · · · 0 . . . . . . . . . . 0 0 0 A_{k−1} 0 0 0 0 0 A_k

(15.4.1)

dxevdn ‘id A_n dvixhn lke ,mi‘zn cnina miqt‘ ly zevixhn od 0-d xy‘k

A_n = λ_n 1 0 0 · · · 0 0 λ_n 1 0 · · · 0 . . . . . . . . . . 0 0 0 λ_n 1 0 0 0 0 0 λ_n 1 0 0 0 0 0 λ_n

(15.4.2)

.A ly miielz izla miinvrd mixehwed xtqn ‘ed k

dveaw ly drtyd oi‘ xy‘k zeveawl zewxtzn avnd ze‘eeyn ,zipeqkl‘d dxevl dnecay al miyp .dnec yenind zeikeaiq o‘k mb .dzerx lr zg‘

Version 1.1 180 September 2006 qltl avnd agxn

qltl---dxnzd zehiy 15.5

ly dxnzd ,ef dxcbd zgz .cxtpa xai‘ lk ly dxnzd ‘id (dvixhnl e‘) xehweel qltl zxnzd d‘eeynd ly ziccv cg dxnzd rvap .dheyt ‘id avnd ze‘eeyn q̇(t) = Aq(t) + Bx(t)

(15.5.1) zpzep ziccv cg dxnzd .q(0^−) dlgzd i‘pz mr sQ_+(s) − q(0^−) = AQ_+(s) + BX_+(s)

(15.5.2) sQ_+(s) − AQ_+(s) = BX_+(s) + q(0^−)

(15.5.3) Q_+(s) = (sI − A)^{−1}BX_+(s) + (sI − A)^{−1}q(0^−)

(15.5.4) ipyd xai‘de ,qt‘ dlgzd i‘pza avnd zaebz ‘ed oini cva oey‘xd xai‘d xy‘k dwelg aey eplaiwe lawpe zkxrnd z‘ivi xear d‘eeyna aivp .qt‘ dqipka daebz ‘ed Y_+(s) = CQ_+(s) + DX_+(s)

(15.5.5) = [C(sI − A)^{−1}B + D]X_+(s) + C(sI − A)^{−1}q(0^−)

(15.5.6) o‘kn .qt‘ dqipka daebz ‘ed ipyd xai‘de ,qt‘ dlgzd i‘pza daebzd ‘ed oey‘xd xai‘d o‘k mbe ‘id zkxrnd ly zxeqnzd zivwpety wiqp H(s) = C(sI − A)^{−1}B + D .

(15.5.7) mb dfk mevnv rval yi ,dpknde dpend iyxy oia mevniv ixg‘ didz zxeqnz zivwpety epyxcy oeeik cg) zixlwq divwpet ‘id mb H(s) if‘ mixlwq md y-e x m‘ .zxeqnzd zivwpet z‘ lawl ick o‘k divwpet ‘id H ik raep s-a zix‘pil ‘idy dvixhn ly jetid ici lr zlawzn ‘idy oeeik .s ly (zicnn ipzyn bevi jetdl jxc ep‘vn .d‘ivi-dqipkd zkxrn z‘ zx‘zn xy‘ x”cn meyxl xyt‘ okl .zilpeivx ddeabd zxfbpd) cnind if‘ miqt‘e miahw ly mevnv did m‘y oaenk .qltl zxnzd jxc---x”cnl avn .avnd bevii ly (A dvixhnd cnin) cnindn ohw didi x”cnd ly (xzeia x”cn zniiwn dvixhnd ik epi‘x .Φ(t) = e^{At} dvixhnd z‘ aygl jxc epl zpzep qltl zxnzd d dt Φ(t) = AΦ(t)

(15.5.8)

ozz ziccv cg qltl zxnzd .Φ(0) = I xy‘k

sΦ(s) − Φ(0) = AΦ(s)

(15.5.9) (sI − A)Φ(s) = I

(15.5.10) Φ(s) = (sI − A)^{−1} .

(15.5.11) lawl zpn lr xai‘ xai‘ dketd qltl zxnzd revia okn xg‘le ,dvixhn zkitd ‘id df aeyig zernyn .e^{At} dvixhnd ixa‘ z‘

Version 1.1 181 September 2006 avn aeyn avnd agxn -xhnd ly miinvrd mikxrd weica md zkxrnd ly miahwd ik xexa (sI − A)^{−1} ly aeyigd zxevn ly zipiit‘d d‘eeynd weica ‘id det(sI − A) d‘eeynd .(envnhvdy miinvr mikxr hrnl) A dvi wiqdl xyt‘ ,BIBO zeaivie zihehtniq‘ zeaivi i‘yep llek ,zkxrnd zebdpzd z‘y o‘kn .zkxrnd zeaivi lr micnlne ipiit‘d mepiletd iyxey md A ly miinvrd mikxrd :A ly miinvrd mikxrd jezn ly l‘ny cva mi‘vnp A ly miinvrd mikxrd lk m‘ ik al miyp .dpey beqn zeaivi lr lke ,BIBO .meqg didi avnd ,dneqg dqipk lk xeary lawp ( 15.3.39) illkd oexztd jezn if‘ ,akexnd xeyind oiwzd dceard megna ebxgi ‘l zkxrnd iaikx mb ,dqipkd calny ‘ceel ick aeyg zeaivi ly df beq .mdly

avn aeyn 15.5.1 ick .ezeaiyg z‘ dyignnd dnbec wx okl ozip .df qxewn wlg epi‘ j‘ ,agxe aeyg ‘ed aeynd ‘yep gippe ( 15.2.21) Controllable Canonical Form beviia avn zkxrna opeazp ifkxnd oeirxd z‘ xiardl ,mixingn zegt mi‘pza rval ozip oldl gezitd z‘ .rbx lka avnd z‘ (cecnl ozip xnelk) dyib epl yiy .d‘ad dl‘yd z‘ ogap .df qxew ly xnegl xarn ‘ed ‘yepd xen‘k mle‘ Controllable dxeva ‘id mb xy‘ Ã ≠ A dvixhnd ici lr zx‘ezn zkxrnd ly dievxd zebdpzdd bdpzzy jkl mexbl (dnvr zkxrnd z‘ zepyl oaenk ilan) ozip m‘d .( 15.2.21) Canonical Form A dvixhnd ly a_n mincwnd eli‘k bdpzz zkxrndy jkl mexbl ozip m‘d xnelk ?dievxd dxeva xqegl minxebd ,oini cva miinvr mikxr yi A-le okzi ,lynl ?ã_n epxgay mixg‘ mincwna etlged ?oecipa zeyrl ozip dn .zeaivi .zkxrnl dqipkk mze‘ mixifgne mze‘ micarn ,zkxrnd avn ikxr z‘ miccen ep‘y ezernyn aeyn xicbp :avnd ikxr ly ix‘pil sexv x dqipkl siqep .d‘ad dxeva z‘f dyrp

r(t) =

N−1∑ n=0 â_nq_n(t)

(15.5.12)

jk m‘ didz lawpy zkxrnd .ciin xicbp â_n mincwnd z‘ xy‘k

q̇ = Aq + B(r + x)

(15.5.13)

= Aq + B

(_{N−1} ∑ n=0 â_nq_n ) + Bx

(15.5.14)

= Ǎq + Bx

(15.5.15) y = Cq + Dx .

(15.5.16)

.â_n = ã_n + a_n xgap zrk .â_n − a_n md dpexg‘d dxeyd ixa‘ xy‘k ( 15.2.21) dxeva ‘id Ǎ dvixhnd od avnd ze‘eeyn okle Ǎ = Ã ik lawp

q̇ = Ãq + x

(15.5.17) y = Cq + Dx .

(15.5.18)

Version 1.1 182 September 2006 avn ze‘eeynl d”nn avnd agxn .dievxd dxevl dzpzyd zkxrnd zebdpzdy eplaiw avn aeyn zxfra xnelk !epipevxk zkxrnd zebdpzd z‘ zepyl xyt‘ if‘ avn aeyn lirtdl epzlekia m‘y ‘id dpwqnd ,dxebq dqtew ‘id zkxrndy okzi .aeyna yeniy oial zkxrnd iepiy oia lcadl al miyl aeyg lbrn yenin ‘id aeynd zernyn if‘ ,miilnyg zeze‘ ‘id zkxrnl dqipkd m‘ .zipkn zkxrn ile‘e ze‘ iepiy ici lr dyrp zkxrnd zebdpzd iepiy .dqipkd ze‘ z‘ dpyie ,avnd ipzyn z‘ cecniy ilnyg .zkxrnd dpana iepiy ici lr ‘le dqipkd zeliril ‘ian qehn ly iebdd zkxrn ly miieqn oepkzy xazqn miinpicexie‘ milewiyn ,dnbecl leki epi‘ qiihy jkl ‘ian df zeaivi xqeg .qehnd ly zeaivi xqegl mxeb j‘ ,zizernyn zinpicexie‘ zlrtd) dqipk oa xywdy jkl znxeb zipexhwl‘ zkxrn :aeyn jxc ‘ed oexztd .qehnd lr helyl oepkzd ,ipy cvn .dhily zxa okle daivi zkxrn didi (qehnd zebdpzd) ‘venl (qiihd ici lr mi‘bdd axwd qehna dpey‘xl dnyei ef dhiy .qehnd zeliria xetiyl ‘iand xac ,dpzyd ‘l inpicexie‘d .F-16

cica onfa avn ze‘eeyn 15.6

‘id cica onfa avnd zegztzd z‘eeyn

q(n + 1) = f_1[q(n), x(n), n] f_2[q(n), x(n), n] . . f_N [q(n), x(n), n]

(15.6.1)

= f[q(n), x(n), n]

(15.6.2)

‘id d‘ivid z‘eeyn .zixehwe divwpet ‘id f-e mixehwe md q, x, y xy‘k

y(n) = g[q(n), x(n), n]

(15.6.3)

md dlgzdd i‘pz .g zixehwe divwpet xear

q(0) = q_1(0) q_2(0) . . q_N (0) . (15.6.4)

zecnevn yxtd ze‘eeyn N xnelk ,oey‘x xcqn zixehwe miyxtd z‘eeyn ‘id avnd zegztzd z‘eeyn .oey‘x xcqn

Version 1.1 183 September 2006 avn ze‘eeynl d”nn avnd agxn

avn ze‘eeyn ici lr d”n bevii 15.7

:d‘ad zkxrnd gezipa ligzp N∑ n=0 a_nσ^ny(t) = x(t)

(15.7.1)

ea ihxpchqd beviid epi‘ df bevii ik al miyp .σy(t) = y(t + 1) :dnicw dffdd xehxte‘ ‘ed σ xy‘k --( 12.5.35) ze‘eeyna hxtae 12.5.1 sirqa epi‘xy itk mle‘ ,yxtd ze‘eeyn zece‘ oeica epynzyd dxeva d‘eeynd z‘ meyxp f‘e ,a_N = 1 ik gipp zeigepd ornl .milewy mibeviid ( 12.5.36)

y(t + N) = −a_0y(t) − a_1y(t + 1) − a_2y(t + 2) − . . . − a_{N−1}y(t + N − 1) + x(t)

(15.7.2)

xicbp

q_1(t) = y(t)

(15.7.3) q_2(t) = q_1(t + 1) = y(t + 1)

(15.7.4) q_3(t) = q_2(t + 1) = y(t + 2)

(15.7.5) . . . . . . (15.7.6) q_N (t) = q_{N−1}(t + 1) = y(t + N − 1) .

(15.7.7)

dxeva meyxl lkep (a_N = 1 xy‘k) ( 15.7.1) d‘eeynd z‘

y(t + N) = −a_0y(t) − a_1y(t + 1) − . . . − a_{N−1}y(t + N − 1) + x(t)

(15.7.8) q_N (t + 1) = −a_0q_1(t) − a_1q_2(t) − . . . − a_{N−1}q_N (t) + x(t)

(15.7.9)

dxeva avn z‘eeyn lawpe

q(t + 1) =

0 1 . . . 0 0 0 0 1 . . . 0 . . . . . . 0 0 . . . 0 1 −a_0 −a_1 . . . −a_{N−2} −a_{N−1} q(t) +

0 0 . . 0 1 x (15.7.10)

y(t) = [ 1 0 0 . . . 0 ] q(t) .

(15.7.11)

dxeva avn z‘eeyn eplaw

q(t + 1) = Aq(t) + Bx(t)

(15.7.12) y(t) = Cq(t) + Dx(t)

(15.7.13)

.sivx onfa avn ze‘eeynl ddf dxev ‘idy

Version 1.1 184 September 2006 cica onf avn oexzt avnd agxn

�

� ∑ D D D � x � q_N (t + 1) � q_N (t) � . . . q^1(t + 1)

� � � −a_{N−1} −a_{N−2} · · · −a_1 −a_0 � � �

� � � � �

� � � � � � �

� q_{N−1}(t) �q_1 = y

didyd ‘ll dqipk mr avn yenin :15.4 xei‘

-xbhpi‘d zecigiy dcaerl hxt ,sivx onfl ddf ‘ed el‘ avn ze‘eeyn ly yenin e‘ iznkq xe‘iz dqipk xear ‘ed oldl xei‘d .onf meciwa zetlgen zexfbpde D = σ^{−1} didyd zecigia zetlgen mixeh .sivx onfa enk weica ‘id zillk dqipkl dagxdd :zeidyd ‘ll dcaera yeniy jez ,dqipkd ze‘ ly zeffd zllek dqipkd ea dxwna lthl xyt‘ sivx onfa enk -fde reawa ltka z‘hazn zffen dqipk letk reawl daebzdy jk ,zix‘pile onfa dreaw zkxrnd ik ‘id A, B, C zevixhnd ly dxevd .( 15.7.13)--( 15.7.12)-a enk zx‘yp zillkd dxevd .daebzd zf zxfbp C ly dxevde A, B ly ddf dxev zlawzn epi‘xy itk oky ( 15.2.22)--( 15.2.21)-a enk weica mekiql .zeix‘pildn

dxevdn yxtd z‘eeyn 15.7.1 htyn N∑ n=0 a_nσ^ny(t) = M∑ m=0 b_mσ^mx(t)

(15.7.14)

dxevdn avn z‘eeyn zxfra bviil xyt‘ a_N ≠ 0-e M ≤ N xy‘k

σq = Aq + Bx

(15.7.15) y = Cq + Dx

(15.7.16)

ozip if‘ M < N m‘ .( 15.2.21) dxeva reawl xyt‘ B xehweed z‘e A dvixhnd z‘ if‘ a_N = 1 m‘ hxtae .( 15.2.22) dxeva xegal C z‘e D = 0 xegal

.sivx onfa i‘pzd zernynl deeyd---zizaiq zkxrndy ‘id a_N ≠ 0-e M ≤ N i‘pzd zernyn

Version 1.1 185 September 2006

Z zxnzd avnd agxn onfd xeyina oexzt 15.7.1 dxeva onfd xeyina zyxetn dxeva xeztl xyt‘ cica onfa avnd ze‘eeyn z‘ ,yxtd ze‘eeyna enk :d‘ad q(n) = Aq(n − 1) + Bx(n − 1)

(15.7.17) = A[Aq(n − 2) + Bx(n − 2)] + Bx(n − 1)

(15.7.18) = A^2q(n − 2) + ABx(n − 2) + Bx(n − 1)

(15.7.19) = A^3q(n − 3) + A^2Bx(n − 3) + ABx(n − 2) + Bx(n − 1)

(15.7.20) okle q(n) = A^nq(0) + n∑ k=1 A^{k−1}Bx(n − k) .

(15.7.21)

ici lr dpezp xarnd zvixhn ( 15.7.13)--( 15.7.12) cica onfa avn z‘eeyn xear 15.7.2 htyn Φ(t) = A^t

(15.7.22) .( 15.7.21) ici lr oezp d‘eeynd ly illkd oexztde

Z zxnzd 15.8

d‘eeynd ly ziccv cg dxnzd rvap q(t + 1) = Aq(t) + Bx(t)

(15.8.1) zpzep ziccv cg dxnzd .q(0) dlgzd i‘pz mr zQ_+(z) − zq(0) = AQ_+(z) + BX_+(z)

(15.8.2) zQ_+(z) − AQ_+(z) = BX_+(z) + zq(0)

(15.8.3) Q_+(z) = (zI − A)^{−1}BX_+(z) + (zI − A)^{−1}zq(0)

(15.8.4) xai‘de ,qt‘ dlgzd i‘pza avnd zaebz ‘ed oini cva oey‘xd xai‘d .sivx onfl zedf ze‘gqep eplaiwe lawpe zkxrnd z‘ivi xear d‘eeyna aivp .qt‘ dqipka daebz ‘ed ipyd Y_+(z) = CQ_+(z) + DX_+(z)

(15.8.5) = [C(zI − A)^{−1}B + D]X_+(z) + C(zI − A)^{−1}zq(0)

(15.8.6) o‘kn .qt‘ dqipka daebz ‘ed ipyd xai‘de ,qt‘ dlgzd i‘pza daebzd ‘ed oey‘xd xai‘d o‘k mbe ‘id zkxrnd ly zxeqnzd zivwpety wiqp H(z) = C(zI − A)^{−1}B + D ,

(15.8.7) Version 1.1 186 September 2006

Z zxnzd avnd agxn .dpknde dpend iyxy oia mevniv ixg‘ oaenk ly zeaivid zepekz z‘ miraew A dvixhnd ly miinvrd mikxrdy ok m‘ xexa sivx onfa enk miinvrd mikxrd lk m‘ zihehtniq‘ daivi zkxrnd xnelk .dqipkl qgia avnd zeaivi llek ,zkxrnd mevnv ly zexyt‘d llba igxkd i‘pz ‘l df .BIBO zeaivi mb dgihan ef dpekze ,dcigid lbrn jeza md .miqt‘e miahw .zkxrnd iahw mewin lr helyl jke ,dxev dze‘a aeyn xicbdl ozip o‘k mb

Version 1.1 187 September 2006